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m Quadrature on the positive real line and OP
m ORF (incl. OP /OLP)

m Quasi and Pseudo versions

m Quadrature with QORF and PORF

m Differences and similarities

m Numerical examples
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Orthogonal Rational Functions (ORF)

Gauss-type quadrature

m Consider integrals [,(f) = [ f(x)du(x), > 0.

Adhemar Bultheel



Orthogonal Rational Functions (ORF)

Gauss-type quadrature

m Consider integrals [,(f) = [ f(x)du(x), > 0.
m Gauss-type QF: inner product (f,g), = Jo~ F(x)g(x)dp(x)

Adhemar Bultheel
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Orthogonal Rational Functions (ORF)

Gauss-type quadrature

Consider integrals I,(f) = [;° f(x)du(x), > 0.
Gauss-type QF: inner product (f, g), = Jo~ F(x)g(x)dp(x)
Construct OP {¢p}: on L Lp—1 =MN,H_1

Zeros pn: {Xk.n}p_q C Ry = nodes

Interpolating polynomial for f in these nodes = weights

Ba(F) = 1 (F) = Mo f (k)
k=1

m Equality for f € L, - Ln—1 = Lop—1 = MNap_1
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Orthogonal polynomials

Orthogonal Rational Functions

m Introduce poles: define £, = {f,/d, : f, € My}
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Orthogonal polynomials

Orthogonal Rational Functions

m Introduce poles: define £, = {f,/d, : f, € M,}
—_ 1 . <
[ | dn:r1r2“'l’n, rk(X):{ i‘k X7 lf OO<Ck_O
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m Orthogonalize v, 1 L,_1

Adhemar Bultheel



Orthogonal polynomials

Orthogonal Rational Functions

Introduce poles: define £, = {f,/dn : f, € M,}

o [ G—x, if —co< (<0
dy=nr--r, nx) = { I if (i = —o0o
Orthogonalize ¢, 1 L£,_1

OP = all {'s at —oc0
OLP = all ¢'s in {0, —c0}
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Orthogonal polynomials

Orthogonal Rational Functions

m Introduce poles: define £, = {f,/d, : f, € My}

—x, if —co< (<0
[ | dn g r1r2 o .. rnv rk(X) = { gk if Ck io_ogk

m Orthogonalize v, 1 L,_1
m OP =all ('s at —©

m OLP = all ¢'s in {0, —oc0}

m Zeros ¢n: {Xkn}i_; C Ry = nodes
m Interpolating RF for f in zeros ¢, =

1u(f) = 1, (F) = 3"p—1 Mkonf (Xk.n)
(equality for f € L, - L1 #° Lon_1)
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PORF
Zeros

QORF = Quasi ORF = ORF with a parameter

m Define

Qn(x,7) = @n(x) — Tr"rnzg)@n_l(x), 7€ RU {0}

(Qn(x,00) = r(X) SOn 1(x))
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PORF
Zeros

QORF = Quasi ORF = ORF with a parameter

m Define
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PORF
Zeros

QORF = Quasi ORF = ORF with a parameter

m Define

Qn(x,7) = @n(x) — Tr"rnzg)@n_l(x), 7€ RU {0}
(Qulx,00) = 2=t (x)
| Qn(Xa T) L »Cn—l(Cn) = {Zn L Pn—l(Cn) = 0} C ['n—l

n—1

m Zeros Qn: {xk.n(7)}7_; C7 Ry = nodes

m Interpolating RF for f in zeros ¢, =

Iu(F) 2 b, (F) = 3281 Mheon(T) F (xk,n(T))
(equality for f € L, 1-Ln_1 #’ Lon_2)
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PORF
Zeros

QORF = Quasi ORF = ORF with a parameter

m Define

I’nfl(X)

rn(x)
(Qnlx,00) = 20, 1(x))
| Qn(X T) L »Cn l(Cn) = {Pn - Pn— l(Cn) = 0} C ['n 1

m Zeros Qn: {xk.n(7)}1_, C° R+ = nodes
m Interpolating RF for f in zeros ¢, =

Iu(F) % By (F) = 2kes Mean(T)F (O (7))
(equality for f € L, 1-Ln_1 #’ Lon_2)
m At most 1 node x; (7) < 0 = weight A1 5(7) #°0
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Zeros

PORF = Pseudo ORF = ORF with a parameter

m Define
Pn(x,7) = pn(x) — Ton-1(x), 7€ RU{oo}.

(Pn(x,00) = ¢n-1(x))
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Zeros

PORF = Pseudo ORF = ORF with a parameter

m Define
Pn(x,7) = pn(x) — Ton-1(x), 7€ RU{oo}.

(Pn(x,00) = ¢n-1(x))
m Pp(x,7) L Ly2
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QORF

Zeros

PORF = Pseudo ORF = ORF with a parameter

m Define

Pn(xa T) = SDn(X) - T‘Pn—l(X)a T €RU {OO}

(Pn(x,00) = ¢n-1(x))
m Pp(x,7) L Ly2

m Zeros Py {xx.n(7)}7_; €7 R4 = nodes
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QORF

Zeros

PORF = Pseudo ORF = ORF with a parameter

m Define
Pn(x,7) = pn(x) — Ton-1(x), 7€ RU{oo}.

(Pn(x,00) = @n-1(x))
m Pp(x,7) L Ly2
m Zeros Py {xx.n(7)}7_; €7 R4 = nodes
m Interpolating RF for f in zeros ¢, =
Bu(F) = 1y (F) = 2ok=1 M (T)F (X,n(7))
(equality for f € L, - L2 #° Lon_2)
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QORF

Zeros

PORF = Pseudo ORF = ORF with a parameter

m Define
Pn(xa T) = SDn(X) - T‘Pn—l(X)v TeRU {OO}
(Pn(x,00) = ¢n-1(x))
m Pp(x,7) L Ly2

m Zeros Py {xx.n(7)}7_; €7 R4 = nodes
m Interpolating RF for f in zeros ¢, =

Iu(F) m B, (F) = 3281 Mkeon(T)f (Xk,n(T))
(equality for f € L, - L2 #° Lon_2)
m At most 1 node x7,,(7) < 0 = weight A\q 5(7) #70
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Zeros of QORF

The zeros of Qn(x,T) and Qn—1(x,T) interlace.
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Zeros of QORF

The zeros of Qn(x,T) and Qn—1(x,T) interlace.

" Qn(x,7) = oalx) — T2, 1 (x) = )
qn(Xa T) = qO,n(T) + ql,n(T)X G eecF qn7n(7')X"
fe(x) = fo i + fex + - + frpxk

f
ISOkZFi'
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Zeros of QORF

The zeros of Qn(x,T) and Qn—1(x,T) interlace.

= Qu(x,7) = palx) — 7R, (x) = Slx)

qn(Xa T) = qO,n(T) + ql,n(T)X oo r qn,n(T)Xn
By = (%, fe(x) = fo i + fex + - + frpxk
u qO,n(T) == fO,n - T(nflﬁ),nfly qn,n('r) = fn,n + 7_f_nfl,nfl

(if Cn—l 7& OO)
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Zeros of QORF

The zeros of Qn(x,T) and Qn—1(x,T) interlace.

= Qu(x,7) = palx) — 7R, (x) = Slx)

qn(x,7) = qo,n(7) + q1,a(T)x + - - - + Gn,n(T)X"

By = 2—1, fe(x) = fok + fux + -+ + fipxk

m qo,n(7) = fon — TCr1fon—1,  Gnn(T) = fan + T 101
(if Cn—l 7& OO)

m Z{Qn(x,7)} = {x1,n(7), ..., Xnn(7)}

Adhemar Bultheel



Zeros of QORF

(Theorem

The zeros of Qn(x,T) and Qn—1(x,T) interlace.

= Qulo7) = enl) — 7T en 1) = 67
4n(,7) = Qoa(T) + Qn( )X+ -+ Gun(T)x"

By = %, f(x) = fok + fex + - + fipx®

® Gon(7) = fon —7Cr-1fon-1,  Gnn(T) = fon+ Tfa-1n-1
(if Cn—1 # 0)

B Z{Qn(x,7)} = {x1,n(7), - s Xnn(7)}

m x10(7) Xnn(T) = (- 1)n 90,n 7-) = (=1)" nfo,n—=7C¢n—1f0,n—1

Clnn'r nn+7fn 1,n—1
(proper sign normalization and ¢,_1 # o0)
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Zeros of QORF

fo.n—7Cn—1f0,n—
m M p(7) = (—1)" B riozthas
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Zeros of QORF

fo.n—7Cn—1f0,n—
m M p(7) = (—1)" B riozthas

m sign change at 7 = Py - and 7 = yA——
positive for 7 = 0 (<= Qn(x,0) = ¢n(x))
a0 fO,n fn,n
Hence all zeros are positive for 7 € (Cnflfoynfl; fnflyn,l)
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Zeros of QORF

fo n_ Cn f n
m N9x40(7) = (— U”ﬁ

. fon fon
m sign change at 7 = 7—%— and 7 = —
n n n—1l,n—
positive for 7 = 0 (<= Qn(x,0) = ¢n(x))
s e fO n fn,n
Hence all zeros are positive for 7 € (Cnflfb,nfl 5 — fnfl,nfl)

m Here is the result plotting x4 »(7), 7 € R for (p—1 # o0
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Zeros of QORF

fo.n—7Cn—1f0,n—
m M p(7) = (—1)" B riozthas

m sign change at 7 = b
positive for 7 = 0 (<= Qn(x,0) = ¢n(x))

. f f
Hence all zeros are positive for 7 € (=2 —, — )
n—170,n— n—1,n—

and 7 = — " —

n—1,n—1

m Here is the result plotting x4 »(7), 7 € R for (p—1 # o0
m Here is the result plotting x4 »(7), 7 € R for (p—1 = o0

. foun
All zeros are positive for 7 € (£, +00)
n—
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Zeros of QORF

f fe
= Mixen(r) = (—1)" S Topte

3 — __fon fo.n
m sign change at 7 = Py - and 7 = N A
positive for 7 = 0 (<= Qn(x,0) = ¢n(x))
a0 fo n fn,n
Hence all zeros are positive for 7 € (Cnflfoynfl; fnflyn,l)

m Here is the result plotting x4 »(7), 7 € R for (p—1 # o0
m Here is the result plotting x4 »(7), 7 € R for (p—1 = o0
All zeros are positive for 7 € (2"~ B -, +00)

7or7':f—onezeroat0
i nflfb,nfl f
i.e., a Radau-type QF.

f'
m For7 = b
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ZerOS Of PORF (completely analogous)

The zeros of Py(x,T) and P,_1(x,T) interlace.
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ZerOS Of PORF (completely analogous)

The zeros of Py(x,T) and P,_1(x,T) interlace.

B P(x,7) = ¢n(x) — Ton—1(x) = p:i,(,)((;(;)

Pn(x, 7) = po,n(T) + p1,a(T)X + - - - + pan(T)X"
o= 2—1, fie(x) = foe + Aex + - - + fiox®
m po,n(7) = fon — TCafon—1,  Pnn(T) = fon + 71,01
(if Cn # 00)

Adhemar Bultheel



ZerOS Of PORF (completely analogous)

The zeros of Py(x,T) and P,_1(x,T) interlace.

B P(x,7) = ¢n(x) — Ton—1(x) = p:i,(,)((;(;)

Pn(x, 7) = po,n(T) + p1,a(T)X + - - - + pan(T)X"
By = %, f(x) = fok + fex + - + fipx®
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(if ¢ # 00)
m Z{Pp(x,7)} = {x1,n(7), ..., Xnn(T)}
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ZerOS Of PORF (completely analogous)

The zeros of Py(x,T) and P,_1(x,T) interlace.

B P(x,7) = ¢n(x) — Ton—1(x) = p:i,(,)((;(;)

Pn(X,7) = po,n(T) + p1,a(T)X + - - + pna(T)x
By = %, f(x) = fok + fex + - + fipx®
BP0 (@ ) ="ol BGal0 nm i PRl B =" a1 e

(if ¢ # 00)

m Z{Pp(x,7)} = {x1,n(7), ..., Xnn(T)}

n fo,n—7Cnfo,n—
= 00(r): - alr) = (1R = (1) et

(proper sign normalization and ¢, # o)

n
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Zeros of PORF

fc n— nf n—
m M (1) = (—1)" o Zipfbost
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Zeros of PORF

fon Cnf n
m N9x40(7) = (— 1)"%

m sign change at 7 = z f and 7 = =
n—1,n—

positive for 7 =0 (< P, (X 0) = ¢n(x))
f() n fn,n )

Hence all zeros are positive for 7 € (C fon 1’ Fo1ina
nl0,n— n—1,n—
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Zeros of PORF

fon Cnf n
m N9x40(7) = (— 1)"%

m sign change at 7 = z f and 7 = I rw—
n—1,n—

positive for 7 =0 (< P, (X 0) = ¢n(x))
f() n fn,n )

Hence all zeros are positive for 7 € (C At Rk s
nl0,n— n—1,n—

m Here is the result plotting x4 »(7), 7 € R for (, # o0
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Zeros of PORF

fo 7Cnfe
n n 0,n— 0,n—1
" I_lek’n( ) ( 1) nn+7'fn 1,n—1
M fl‘ll‘l
m sign change at 7 = z f and 7 = — P
n—1,n—

positive for 7 =0 (< P, (X 0) = ¢n(x))

" f f,
Hence all zeros are positive for 7 € (=g, —z—2—)
nTo,n— n—1,n—

m Here is the result plotting x4 »(7), 7 € R for (, # o0
m Here is the result plotting x4 5(7), 7 € R for (, = 00

)

. fon
All zeros are positive for 7 € (fbo—l’
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Zeros of PORF

fn Cnfn
m N9x40(7) = (— 1)"%

m sign change at 7 = z f and 7 = I rw—
n—1,n—

positive for 7 =0 (< P, (X 0) = ¢n(x))
f() n fn,n )

Hence all zeros are positive for 7 € (C At Rk s
nl0,n— n—1,n—

m Here is the result plotting x4 »(7), 7 € R for (, # o0

m Here is the result plotting x4 5(7), 7 € R for (, = 00

)

. fon
All zeros are positive for 7 € (fbo—l’

fo.n _ _fon
IFOFT—Cf or 7 = #m

i.e., a Radau- type QF. ;
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positive weights

Theorem

If the zero x1 5(7) > 0 or x1 5(7) # Ck, Vk
then the weights of the QF \i »(7) > 0, Yk QORF.
then the weights of the QF Ai n(7) > 0, if x4 o(7) > 0 PORF.
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positive weights

Theorem

If the zero x1 5(7) > 0 or x1 5(7) # Ck, Vk
then the weights of the QF \i »(7) > 0, Yk QORF.
then the weights of the QF Ai n(7) > 0, if x4 o(7) > 0 PORF.

m ORF of 2nd kind: o,(x) = fooo %ﬁf"(x)dt.
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positive weights

Theorem

If the zero x1 5(7) > 0 or x1 5(7) # Ck, Vk
then the weights of the QF \i »(7) > 0, Yk QORF.
then the weights of the QF Ai n(7) > 0, if x4 o(7) > 0 PORF.

m ORF of 2nd kind: o,(x) = fooo %ﬁf"(x)dt.

m QORF2: T,(x,7) = on(x) — Tr"r;(lg) on—1(x).
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positive weights

Theorem

If the zero x1 5(7) > 0 or x1 5(7) # Ck, Vk
then the weights of the QF \i »(7) > 0, Yk QORF.
then the weights of the QF Ai n(7) > 0, if x4 o(7) > 0 PORF.

m ORF of 2nd kind: o,(x) = fooo %ﬁf"(x)dt.

m QORF2: T,(x,7) = on(x) — Tr"r;(lg) on—1(x).

m PORF2: 5,(x,7) = op(x) — Top—1(x).

Adhemar Bultheel



positive weights

m QORF2: Ty(x,7) = on(x) — Tr"r;(lx())() on—1(x)
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positive weights

m QORF2: Ty(x,7) = on(x) — Tr"r;(lx())() on—1(x)
m Lagrange interpolant in L£,_1: >, Licn(X, 7)f (Xk.n(T))
Lin(x,7) € La-1, Lin(xi,n(7)) = 0j &
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positive weights

m QORF2: Ty(x,7) = on(x) — Tr"r;(lx())()an,l(x)

m Lagrange interpolant in L£,_1: >, Licn(X, 7)f (Xk.n(T))
Lin(x,7) € L1, Lin(X,n(T)) = 6jk

m QF exactin £,1- L1
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positive weights

m QORF2: Ty(x,7) = on(x) — Tr"r;(lx())()an,l(x)

m Lagrange interpolant in L£,_1: >, Licn(X, 7)f (Xk.n(T))
Lin(x,7) € L1, Lin(X,n(T)) = 6jk

m QF exactin £,1- L1

® hu(Lion(57)) = 225 hu(Ljn (s 7)) Lion (X, (7), 7)
= Ajn(7)0jk = Akn(T)
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positive weights

m QORF2: Ty(x,7) = on(x) — Tr"r;(lx())()an,l(x)

m Lagrange interpolant in L£,_1: >, Licn(X, 7)f (Xk.n(T))
Lin(x,7) € Ln-1, Lin(X,n(T)) = 6j &
QF exactin £,-1- L1
lu(Lin( 7)) = 225 u(Ljon(, 7)) Lien (X k(T), T)
= Ajn(7)0)k = Akn(T)
0 < hu([Lin (7)) = 325 hulLjn (s 7))Lk (.(7), 7)1
=\ n( )Jk—)‘kn( )
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positive weights

m PORF2: S,(x,7) = on(x) — Ton—1(X).
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positive weights

m PORF2: S,(x,7) = on(x) — Ton—1(X).

m previous proof does not work: [Lk,,,]2 &Ly Lno
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positive weights

m PORF2: S,(x,7) = on(x) — Ton—1(X).
m previous proof does not work: [Lk,,,]2 &Ly Lno

Sn(x,7)
P! (x,T)

m weights A\g »(7) =

X=X, n(T)
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positive weights

m PORF2: S,(x,7) = on(x) — Ton—1(X).
m previous proof does not work: [Lk,,,]2 &Ly Lno

Sn(x,7)
P! (x,T)

m weights A\g »(7) =

X:Xk,n(T)

m Z(Py(x,7)) and Z(Sp(x, 7)) interlace
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positive weights

m PORF2: S,(x,7) = on(x) — Ton—1(X).

m previous proof does not work: [Lk,,,]2 &Ly Lno
. _ Sn(x,7)

m weights A\ ,(7) = = .
Bhts Aen(T) = Bior) x=xn(7)

Z(Pn(x,7)) and Z(Sp(x, 7)) interlace
sgn(P(x, 7)) = sgn(Sp(x, 7)) for x > xp ()
= sgn(P,(xk,n(7), 7)) = sgn(Sn(xk,n(7), 7)), Vk

e e
P.(x,T)

Sa(x, 7)
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positive weights

m This may not work if 3k: x1 ,(7) < (k <0

‘\ Xn.n(T)

! ;

‘\

\ P.z,T)
n<,

?\>ﬁ/

_ Sn(z,7)
, x>0

X17n(7'
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Computation

m Recurrence

XV=1 — cprp_1(x)

ra(x)

wn—1(x) — dklrnr;é(()X)SOn—z(X)

Pn(x) ~

Yo = 1if (, = 00, v, = 0 otherwise

dl’ d27 sty dn—l
Jp = tridiag | c1, ¢, C3,...,Ch—1,Cn
d17 d27 ] dn—l

/,’)Y — diag(’YO,’Yla QI 7’7n—1)v Ir}_’y - /n - /r’1y
Zn = diag(po, PLs--- 7:017*1)

pn = Cp if Cp # 00, pn = 1 otherwise

An = JnZn— 1377, By=Jnly 7 +17.
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Computation

Theorem
Consider the pencil (An, Bn) as above.

Then the nodes xy , of the rational Gauss QF are its eigenvalues.
Ifex = [e1,n(k),...,enn(k)]T is the eigenvector corresponding to
Xi,n(T = 0) with ez—ek = 1, then the corresponding weight in the
rational Gauss QF is i (T = 0) = ey, »(k)>.
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Computation

Theorem
Consider the pencil (An, Bn) as above.

Then the nodes xy , of the rational Gauss QF are its eigenvalues.
Ifex = [e1,n(k),...,enn(k)]T is the eigenvector corresponding to
Xi,n(T = 0) with ez—ek = 1, then the corresponding weight in the
rational Gauss QF is i (T = 0) = ey, »(k)>.

m Note that in the polynomial case all v, =1, I) = I,, Z, = I,
and thus (An, Bn) = (nZn — 57, Jnln ™ 4+ 17) = (n, In)
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Computation QORF

| Use Qu(x.7) = pn(x) — 753501 (x) to et
Qn(X, 7_) ~ Xvnfl—cn(T)rn—l(X) Sanl(X) _ dnfl rnr:(2>((x) gpn72(x)

rn(x)
¢cn(7) is a simple modification of ¢, involving .
The same procedure as in the usual rational Gauss QF applies

for nodes and weights.
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Computation PORF

m Use P,(x,7) = ¢@n(x) — Tn—1(x) to get
Qn(x,7) ~ =G o 1 (x) = dfy EG ona(x)
Now c}, and d/_; are more complex modifications of ¢, and
dn—1 involving 7 but also ¢, and {,_1.
Moreover the symmetry of the pencil is lost.
The computation of the weights from the eigenvectors
becomes a nonlinear procedure:
(we drop n and 7 from the notation):
1/M(w) = 725 92(xk) + w92 1 (xk), where
Y ko1 Ak(w) =1 (normalized measure: [ dp = 1).
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Computation PORF

m Use P,(x,7) = ¢@n(x) — Tn—1(x) to get
Qn(x,7) ~ =G o 1 (x) = dfy EG ona(x)
Now c}, and d/_; are more complex modifications of ¢, and
dn—1 involving 7 but also ¢, and {,_1.
Moreover the symmetry of the pencil is lost.
The computation of the weights from the eigenvectors
becomes a nonlinear procedure:
(we drop n and 7 from the notation):
1/M(w) = 725 92(xk) + w92 1 (xk), where
Y ko1 Ak(w) =1 (normalized measure: [ dp = 1).

m It's a mess
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ORF
QORF

Example 1: Laguerre polynomials, PORF

3
T 1
0 5 0 1 20
7 du(x) = exp(—x)dx,
n=6,
20 all {x = o
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Example 2, PORF

du(x) = x10 exp(—x)dx,
n==o6,
Ck=—k, k=1,2,3,4,5,6
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Example 3, PORF

du(x) = x10 exp(—x?)dx,
n==o6,
Ck = 00, _17 0, _37 0, —5
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Example 4, PORF

du(x) = x10 exp(—x?)dx,
n==o6,
Ck = _17 00, _37 00, _57 oo
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The end

Thank you
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ORF
QORF

QORF 7(xx) = ) (n=4, (h—1 # )

n—1 (%) fa—1(xx)

m
o

fo,n
Cn—l ﬁ),n—

square = <n—1; circles = Z(@n), Crosses = Z(@n_l)
note interlacing

Adhemar Bultheel



ORF
QORF

QORF 7(x,) = — %) (n=4, ¢, 1 = )

rn—1 (%) fa—1(xx)
T
A

circles = Z(p,); crosses = Z(pn_1)
note interlacing
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ORF
QORF

PORF 7(x,) = ——202) _— (n =4, ¢, # )

(X« ) fa—1(Xx«)

m
o

fo,n
Cnfb,n—l

square = (;n; CirCIeS = Z((Pn)y crosses = Z((p,,_l)
note interlacing
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ORF
QORF

PORF 7(x,) = 7rn(x*f3$fi3(x*) (n=4, ¢, =o0)

~
A

circles = Z(p,); crosses = Z(pn_1)
note interlacing
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