Integrability and solvability of nonlocal wave

interaction models

Antonio Degasperis

Physics Department, Sapienza University of Rome,
Istituto Nazionale di Fisica Nucleare, Sezione di Roma

J.P. Borgna, M.F. De Leo Universitad Nacional de General Sarmiento, Buenos Aires,
D. Rial, Universitad de Buenos Aires

SC2011 S. Margherita di Pula, Sardegna, Italy

A. Degasperis (Univ. Rome) Nonlocal wave interaction October 10 2011



BACKGROUND

@ Integrability via Lax pair (differential geometry)
Vy=Vv  Vv;=Av | [V A+ Vi—A =0
V = iko + Q(x,t)

A. Degasperis (Univ. Rome) Nonlocal wave interaction October 10 2011 2/11



BACKGROUND

@ Integrability via Lax pair (differential geometry)
Vy=Vv  Vv;=Av | [V A+ Vi—A =0
V = iko + Q(x,t)

@ Solvability of the initial value problem (classical dynamics)
Q(x,t) —cr ST(k,t) together with ST(k,t) — Q(x,t)
Q(x,0) — ST(k,0) —, ST(k,t) — Q(x,t)

A. Degasperis (Univ. Rome) Nonlocal wave interaction October 10 2011



BACKGROUND

@ Integrability via Lax pair (differential geometry)
Vy=Vv  Vv;=Av | [V A+ Vi—A =0
V = iko + Q(x,t)

@ Solvability of the initial value problem (classical dynamics)
Q(x,t) —cr ST(k,t) together with ST(k,t) — Q(x,t)
Q(x,0) — ST(k,0) —; ST(k,t) — Q(x,t)
Q(x,t) - 0 as x — +oo

—c71 Means "canonical transformation to action—angle variables"
— means " linear evolution"

A. Degasperis (Univ. Rome) Nonlocal wave interaction October 10 2011



BACKGROUND

@ Integrability via Lax pair (differential geometry)
Vy=Vv  Vv;=Av | [V A+ Vi—A =0
V = iko + Q(x,t)

@ Solvability of the initial value problem (classical dynamics)
Q(x,t) —cr ST(k,t) together with ST(k,t) — Q(x,t)
Q(x,0) — ST(k,0) —; ST(k,t) — Q(x,t)
Q(x,t) - 0 as x — +oo

—c71 Means "canonical transformation to action—angle variables"
— means " linear evolution"

DOES LAX INTEGRABILITY IMPLY SOLVABILITY?
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BOOMERONIC EQUATIONS 1
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CnM

non boomeronic equations (such as vector NLS) correspond to
Cn = Cnho
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BOOMERONIC EQUATIONS 2

consequences:
@ noncommuting flows
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BOOMERONIC EQUATIONS 2

consequences:
@ noncommuting flows

© nonlocal (integro—differential) evolution equations

© solitons have a time—dependent velocity
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OPTICAL BOOMERON

A. Degasperis, M. Conforti, F. Baronio and S. Wabnitz
Stable control of pulse speed in parametric three-wave solitons
Phys. Rev. Lett., vol. 97, p. 093901, 2006.
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BOOMERONIC EQUATIONS 3

Uy = iko + QU DV | W= A(X, t, k)W — WA(—o0, 1, k)

v o — exp(ikox) X — —00 ,
VvV — exp(ikox)S(t,k) x— 400

S = A(+00, 1, k)S — SA(—o0, t, k)
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BOOMERONIC EQUATIONS 3

Uy = iko + QU DV | W= A(X, t, k)W — WA(—o0, 1, k)

v o — exp(ikox) X — —00 ,
VvV — exp(ikox)S(t,k) x— 400

St = A(+0o0, t, k)S — SA(—o0, t, k)
FOR BOOMERONIC EQUATIONS:
@ A(—oo,t, k) # A(+oo, t, k)
@ generically A(—oo, t, k) and A(+oo, t, k) depend on Q(x, t)

CONSEQUENCE :
the evolution of the spectral transform is generically NONLINEAR
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EXAMPLE: NON LOCAL WAVE INTERACTION

1 0 O ’ 0 f(M= f@)+
co=10 -1 0 , Q=—| M o 0
0 0 -1 V2 2 0 0

U, = (2ikC — oW + o[C, Q(x, )] ¥ |,

0 0 0 00 0
c=(o -1 0|, w=[0 o0 —g]|.
0 0 1 0g 0
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MODEL EQUATIONS

ft(1) B f)$1) _ —gf(2) : ft(z) i f)g2) — g*f(ﬂ’

X
g(x. t) = go(t) + / dy F2(y. 1) f(y, 1)
a
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SPECTRAL METHOD : DIRECT PROBLEM

, X — —00

v, — exp(ikxo
v, — exp(ikxo)Si(k,t) , x — +oo .

(ikxo)

(tkxo)
Vg — exp(ikxo) , X — 400
{ Vg — exp(ikxo)Sg(k,t) , x — —oc0 .
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SPECTRAL METHOD : DIRECT PROBLEM

, X — —00

v, — exp(ikxo
v, — exp(ikxo)Si(k,t) , x — +oo .

(ikxo)

(thxa)
Vg — exp(ikxo) , X — 400
{ (tkxo)Sp(k,t) , x — —o0 .

S.=(1+R)T/ ', Sk=(1+Rr)T5",

o R R®* o RY* R®"
Ri= R 0o o0 ,Rr=| RY 0o 0
R® 0o o0 R® o0 o0

T O 0 Tri1 O 0
T = 0 T T3 , Th= 0 Troe Tgos

0 T2 Tpss 0 Tgs2 Tgss
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INITIAL VALUE PROBLEM

fM(x,0) and f)(x,0) are given, and also g(a, t) = go(t) is given

RLt = [A+, RL] 5 RFl’t = [A, s RF!’] 5

0 O 0
A:t = 0 -2k - g+
0 g. 2ik

+oo

g2 (1) = go(t) + / dxf@* (x, 1) (x, 1)
a
0 0 0
A=A+ 0 0 (f3), (1)
0 —(f(M, £ 0

“+o00
CRAE / ax f@%(x, fD(x, )

[e.9]
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SOLVABLE INITIAL VALUE PROBLEMS

a=+oo , g+(t)=go(t)

R\ _( 2k gyt R
R ), \ —o( -2k )\ R
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SOLVABLE INITIAL VALUE PROBLEMS
a=+oo , g+(t)=go(t)

R\ _( 2k gyt R
R ), \ —o( -2k )\ R

a=-oc , g-(t)=go(t)

R,g? :< 2ik gg(;)) R,g?
RY ), \ —o() -2k )\ RY

A. D. "Integrable nonlocal wave interaction models", Journal of Physics
A: Math. Theor. 44 (January 2011) 052002 (7pp)

A. Degasperis (Univ. Rome) Nonlocal wave interaction October 10 2011 10/ 11



THREE REMARKS

@ there exists one family of infinitely (but not sufficiently) many
conservation laws

@ this dynamical system is Lagrangian and Hamiltonian

© the motion of one soliton can be investigated also in the case
la] < oo and go(t) = 0 in terms of elliptic integrals
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