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Determinants and minors are required in

Torthogonal matrices with elements +1 satisfying HH' = nl.
A. Karapiperi National and Kapodistrian University of Athens

Evaluation of minors for weighing matrices W(n, n — 1) having zeros on the diagonal



Introduction Weighing Matrices Weighing matrices W(n. = 1) Weighing matrices with zeros on the diagonal

Motivation of the problem

Determinants and minors are required in

m specification of pivot patterns
m the detection of P matrices
m self validating algorithms

m inferval matrix analysis

Torthogonal matrices with elements +1 satisfying HH' = nl.

Open research problems

A. Karapiperi National and Kapodistrian University of Athens

Evaluation of minors for weighing matrices W(n, n — 1) having zeros on the diagonal



Introduction Weighing Matrices Weighing matrices W(n. = 1) Weighing matrices with zeros on the diagonal

Motivation of the problem

Determinants and minors are required in

m specification of pivot patterns
m the detection of P matrices
m self validating algorithms

m inferval matrix analysis

High complexity for their computation.

Torthogonal matrices with elements +1 satisfying HH' = nl.

Open research problems

A. Karapiperi National and Kapodistrian University of Athens

Evaluation of minors for weighing matrices W(n, n — 1) having zeros on the diagonal



Introduction Weighing Matrices Weighing matrices W(n. = 1) Weighing matrices with zeros on the diagonal

Motivation of the problem

Determinants and minors are required in

m specification of pivot patterns
m the detection of P matrices
m self validating algorithms

m inferval matrix analysis

High complexity for their computation.

Open research problems

Analytical formulas only for specially structured matrices such as

Hadamard 'or Weighing matrices.

Torthogonal matrices with elements +1 satisfying HH' = nl.
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Minors of Hadamard matrices

Let H be a Hadamard matrix of order n.
Then all possible

m (n—1)x (n—1) minors of Hare 0 and n2~",

m (n—2) x (n—2) minors of H are 0 and 2n2 2,

m (n—3) x (n—3) minors of H are 0 and 4n2 =3,

m (n—4) x (n—4) minors of H are 0, 8n2~* and 16n2 .

2C. Koukouvinos, M. Mitrouli and J. Seberry, An algorithm to find formulae and values of minors for Hadamard matrices,
W(n,n - 1), Linear Algebra and ifs Appl., 330 (2001), 129-147.
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Definitions

A (0,1, -1) matrix W = W(n,n—k), k = 1,2, ..., of dimension n X n,
satisfying
W'W = wwW’ = (n— k),

is called a weighing matrix of order n and weight n — k or simply a
weighing matrix.
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Definitions

A (0,1, -1) matrix W = W(n,n—k), k = 1,2, ..., of dimension n X n,
satisfying

W'W = wwW’ = (n— k),
is called a weighing matrix of order n and weight n — k or simply a

weighing matrix.

A conference matrix C of order nis a n X n matrix with diagonal entries
0 and all other elements +1, satisfying

cC’ = (n=1)l,.
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Definitions

Two matrices are said fo be Hadamard equivalent or H - equivalent if
one can be obtained from the other by a sequence of the operations:

1. interchange any pairs of rows and / or columns

2. multiply any rows and / or columns through by —1.

We will denote the above relation of equivalence by ~.

3J.M. Goethals and J.J. Seidel, Orthogonal matrices with zero diagonal, Canad. J. Math; Vol. 19(1967), pp. 1001-1010.
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Definitions

Two matrices are said fo be Hadamard equivalent or H - equivalent if
one can be obtained from the other by a sequence of the operations:

1. interchange any pairs of rows and / or columns

2. multiply any rows and / or columns through by —1.

We will denote the above relation of equivalence by ~.

Every weighing matrix W(n, n-— 1), with n even, is H-equivalent to a
conference matrix.

3J.M. Goethals and J.J. Seidel, Orthogonal matrices with zero diagonal, Canad. J. Math; Vol. 19(1967), pp. 1001-1010.
A. Karapiperi National and Kapodistrian University of Athens
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Properties

Every row and column of a W(n, n — k) contains exactly k zeros;

Every two distinct rows and columns of a W(n, n — k) are
orthogonal to each other, which means that their inner product is

zZero.
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Properties

Every row and column of a W(n, n — k) contains exactly k zeros;

Every two distinct rows and columns of a W(n, n — k) are
orthogonal to each other, which means that their inner product is

zZero.

If Whxn is @ conference matrix, then nis even.
m If n = 2(mod 4), then W is H-equivalent fo a symmetric marix.
m If n = 0(mod 4), then W is H-equivalent fo a skew - symmetric
matrix.
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On the evaluation of minors for weighing
matrices W(n,n— 1)
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Minors of Weighing matrices

Let W be a weighing matrix W(n, n — 1), where n s even.
Then all possible

m (n—1)x (n=1) minors of W are 0 and (n — 1)z~
m (n—2)x (n—2) minors of W are 0, (n — 1)272 and 2(n — 1)272,
m (n—3) X (n—3) minors of W are
] O,2(n—1)g‘ or4(n—1) ~% for n = 0(mod 4) and
m 2(n—1)2"%or4(n—1)272 for n = 2(mod 4).

C. Kravvaritis, and M. Mitrouli, Evaluation of minors associated to weighing matrices, Linear Algebra Appl., 426 (2007), 774-809.
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Evaluation of minors for weighing matrices
W(n, n — 1) having zeros on the diagonal
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Notation

0,4,-) = (0,1, 1)

I : the identity matrix of order n
Imxn : M X n matrix with ones

Omxn : M X n matrix with zeros
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Notation

0,4,-) = (0,1, 1)

I : the identity matrix of order n
Imxn : M X n matrix with ones

Omxn : M X n matrix with zeros

W(j) : the absolute value of the minor of any j X j submatrix of the
matrix W.
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Weighing matrices with zeros on the diagonal

Open research problems

Notation
We write U, for all the matrices with r rows and the appropriate number
of columns, in which the vector Uy occurs uy times, k = 1, 2, ..., 21,
So,
u w Uor=1_4 Upr=1 th O 0214 1 agr—l
— —
+..+ +..+ +..+ +.+ + + + +
+ot 4ot —m —am + + - -
U = . . . ..
+o+ +ot Fot - + + - -
+ot —- +ot  —am + - + -

A. Karapiperi

Evaluation of minors for weighing matrices W(n, n — 1) having zeros on the diagonal

National and Kapodistrian University of Athens



Introduction Weighing Matrices Weighing matrices W(n. = 1) Weighing matrices with zeros on the diagonal Open research problems

Notation
We write U, for all the matrices with r rows and the appropriate number
of columns, in which the vector Uy occurs uy times, k = 1, 2, ..., 21,
So,
U 12 Y1 1 01 02 “e 021—1,] azr—l
— —
ot At +ot+ ot + 4+ . + +
R S S —— —- + 4+ ... - -
Ur = . . = .
+.4+ 4.+ +ot+ - +  + - -
Fot —= o4+ - + - + -
Example:
a] 02 aa GA U Uy Us Uy Us Ug u; Ug
Lo + 4+ 4+ + + + + +
Us = o+ - _ and U= + + + + - - - -
I + + - - + + - -
+ - 4+ - + - + -
A. Karapiperi National and Kapodistrian University of Athens
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Minor W(n — 1)

Proposition

Let W be a weighing matrix W(n, n— 1) of order n > 6, where nis even,
with zeros on the diagonal.

Then,

W(n-1)=0.

A. Karapiperi National and Kapodistrian University of Athens
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Minor W(n — 1)

Proof.
0 + . +
+
Wyl . .
: C
+
n-2 -1 . -1
. -1 n-2 ... -1
cC =
-1 -1 ... n=-2
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Minor W(n — 1)

Proof.

that is

A. Karapiperi National and Kapodistrian University of Athens

Evaluation of minors for weighing matrices W(n, n — 1) having zeros on the diagonal



Infroduction  Weighing Matrices ~ Weighing matrices W(n.n—1)  Weighing matrices with zeros on the diagonal ~ Open research problems

Suppose A is a m X m matrix satisfying A = (k — )l + AJm. then

det A = [k + (m—1)A](k — A)™"

50. Kravvaritis, and M. Mitrouli, Evaluation of minors associated to weighing matrices, Linear Algebra Appl.,; 426 (2007), 774-809.
A. Karapiperi National and Kapodistrian University of Athens
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Suppose A is a m X m matrix satisfying A = (k — )l + AJm. then

det A = [k + (m—1)A](k — A)™"

So,

detcC’ = (n-2)-[(n-1)=1](n-1)"DV" =0= detC =0.

50. Kravvaritis, and M. Mitrouli, Evaluation of minors associated to weighing matrices, Linear Algebra Appl.,; 426 (2007), 774-809.
A. Karapiperi National and Kapodistrian University of Athens
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Proposition 6

All possible (n— 1) X (n — 1) minors of a weighing matrix W(n,n — 1),
where nis even, are

Oand (n—1)z7".

éC. Kravvaritis, and M. Mitrouli, Evaluation of minors associated to weighing matrices, Linear Algebra Appl., 426 (2007), 774-809.
A. Karapiperi National and Kapodistrian University of Athens
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Minor W(n — 2)

Proposition

Let W be a weighing matrix W(n, n— 1) of order n > 6, where nis even,
with zeros on the diagonal.

Then,

W(n-2)=(n-1)272

A. Karapiperi National and Kapodistrian University of Athens
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Minor W(n — 2)

Proof.
If n = 0(mod 4), then
u u2 1
—_——
_|__|_ —_—e e —
+ —_
U
W~y + - ,
C
+ +
Uy
L + + |

where u; = up, = ”7_2

A. Karapiperi National and Kapodistrian University of Athens
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while, if n = 2(mod 4), then

_ u uw -
e NN
JOF Jg ¥ 5T
¥ +
wi o
W + o+ :
C
+ —_
By o
+ - |

where uy = p, = ”7_2
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Minor W(n — 2)

In both cases
D O

O D

where

National and Kapodistrian University of Athens

A. Karapiperi
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Minor W(n — 2)

In both cases

cc’ = :
O D
where
n—-3 -2 -2
-2 n-3 ... =2 n
D=| . o == =20 m=2 -1
-2 -2 n-3
Then,
detD = (n—1)272
A. Karapiperi National and Kapodistrian University of Athens
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Minor W(n — 2)

In both cases

D O
cc’ ,
where
n-3 -2 -2
-2 n-3 -2
D= . :(n—1)lm—2Jm, m=—--1
-2 -2 n—3
Then,
detD = (n—1)22
Thus,

det CCT = (det D)2 = det C = (det CC)2 = detD = (n—1)272.

A. Karapiperi National and Kapodistrian University of Athens
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Proposition

All possible (n —2) X (n —2) minors of a weighing matrix W(n,n— 1),
where nis even, are

0,(n-1)22and2(n-1)272,

éC. Kravvaritis, and M. Mitrouli, Evaluation of minors associated to weighing matrices, Linear Algebra Appl., 426 (2007), 774-809.
A. Karapiperi National and Kapodistrian University of Athens
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Minor W(n — 3)

Let W be a weighing matrix W(n, n— 1) of order n > 8, where nis even,
with zeros on the diagonal.
Then,
W(n—-3) =0, forn=0(mod 4)
and
W(n-3)=2(n-1)2"%, forn=2(mod 4).
A. Karapiperi National and Kapodistrian University of Athens
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Minor W(n — 3)
Proof for n = 0(mod 4).

u W u3 ug

0o + + —_—— —_——
L0 4 B T N T
T - =

u :
+ — —
+ -+

weo ol
+ - 4+
C

+ o+ -

Uy - .
+ o+ -
+ o+ o+

ug
+ o+ o+

whereuy = w =u =uandus =u-+1.
A. Karapiperi National and Kapodistrian University of Athens
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Minor W(n — 3)

Buxu —Juxu _Jux(u+1) —Juxu
T —Juxu Buxu Jux(u+1) Juxu
CC' ~y ,
_J(u+1)><u J(u+1)><u B(u+1)><(u+1) J(u+1)><u
—Juxu Juxu Ju><(u+1) Buxu
where Boym = (N = 1)hxm — 3dmxm. With m = u, u + 1.
A. Karapiperi National and Kapodistrian University of Athens
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Minor W(n — 3)

Buxu —Juxu _Jux(u+1) —Juxu
T —Juxu Buxu Jux(u+1) Juxu
e )y J B J ’
“Yut)xu  Y(ur)xu  Bu+1)x(u+1)  Y(u+1)xu
—Juxu Juxu Ju><(u+1) Buxu
where Boym = (N = 1)hxm — 3dmxm. With m = u, u + 1.
Buxu —Juxu _Ju><(u+1) —Juxu
cc’ Puxu Puxu Oux(u+1) Ouxu
Hip o) P o) ’
(u+1)xu (u+1)xu  F(u+1)x(u+1) (u+1)xu
Puxu Ouxu Oux(u—H) Puxu
where Py = (0= 1)l — 4dmsq. With m, I = u,u + 1 and
P
Purp = | =5 =g =4
A. Karapiperi National and Kapodistrian University of Athens
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Schur’s Formula 7

Let us consider the partitioned maitrix M = [ A B ] where the submatrix

C D

D is assumed to be square and nonsingular.

The Schur complement of D in M, denoted by (M /D). is the matrix
(M/D) =A-BD"'C.

If M is square, then

det M = det D - det (M/D).

7C. Brezinski, The Schur Complement in Numerical Analysis, The Schur Complement and its Applications, (Editor F. Zhang),

Springer, 2004, 227-228.

A. Karapiperi National and Kapodistrian University of Athens
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Minor W(n — 3)
If we write the matrix CC in the form

T _ | A B
ccr=m=[4 2]

Open research problems

where
A=Buxu, B= [ —Juxu _Ju><(u+l) —Juxu ] ,
Puxu Pusxu Oux(u+1) Ouxu
C=]| Putiyxu |[-D=| Owtnxu Puti)xu+1) Outn)xu |»
Puxu Ouxu Ou><(u+1) Pusxu
A. Karapiperi National and Kapodistrian University of Athens
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Minor W(n — 3)
If we write the matrix CC in the form

T _ | A B
ccr=m=[4 2]

where
A=Buxu, B= [ —Juxu _Ju><(u+1) —Juxu ] ,
Puxu Pusxu Oux(u+1) Ouxu
C=]| Putiyxu |[-D=| Owtnxu Puti)xu+1) Outn)xu |»
Puxu Ouxu Ou><(u+1) Pusxu
then,
n-4 -3 ... -3
: n-4 -3 ... -3
BD™ ' C =
n-4 -3 ... -3
A. Karapiperi National and Kapodistrian University of Athens

Evaluation of minors for weighing matrices W(n, n — 1) having zeros on the diagonal
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Minor W(n — 3)

0 o ... O
—(n=7) n-7 ... O
and (M/D) = A-BD™'C =

“(h=7) 0 .. n-7

Hence,
detM = det D - det (M/D) = detD-0=0

A. Karapiperi National and Kapodistrian University of Athens
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Minor W(n — 3)

0 o ... O
—(n=7) n-7 ... O
and (M/D) = A-BD™'C =

“(h=7) 0 .. n-7

Hence,
detM = det D - det (M/D) = detD-0=0
that is,
1
det C = det(CC')z = 0.
A. Karapiperi National and Kapodistrian University of Athens
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Proposition 8

All possible (n — 3) X (n — 3) minors of a weighing matrix W(n,n — 1),
where nis even, are

m 0,2(n—1)2"3or4(n—1)2"3for n = 0(mod 4) and

m 2(n—1)2"% or4(n—1)273 for n = 2(mod 4).

BC. Kravvaritis, and M. Mitrouli, Evaluation of minors associated to weighing matrices, Linear Algebra Appl., 426 (2007), 774-809.
A. Karapiperi National and Kapodistrian University of Athens
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Theorem ?
Let W be a weighing matrix W(n, n— 1) of order n > 6, where nis even,
with zeros on the diagonal. Then, the (n—r) X (n—r), r > 1, minor of W
is
_y_or=1
W(n—r)=[(n-1)""2" getM]'?,
where
n—1-ru U Cra uiCis Uy Cy o1
U Cy o n—1- Iy W Co s ooo Uz Cp o1
M = ,
Upr-1Cyom1 Upr1Coort Upr-1Capm1 oo N—= T —rUy1 | o,
C,‘J = —GiT 0 Gj, I,j = 1,. e e, 2r_].
A
QA. K., M. Mitrouli, J. Seberry and M. G. Neubauer, An eigenvalue approach evaluating minors for weighing matrices
W(n,n— 1), under revision in LAA.
A. Karapiperi National and Kapodistrian University of Athens
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(o3] ,2J C1 ’3J Cq o1 J
cr2J" D, C2.3J Cpo1J
cc’ =| asd cr3d Ds Cy -1
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D, Cq ’2J (o] ’3J Ce (o] ’2r—1J
(&3] ,QJT D2 CQ,3J . C2,2r—1J
CCT — Cy ,3JT CZSJT D3 Ce C3’2r—1J

(o] or=1 JT Cp or-1 JT C3’2r—1 JT Ce D2r—1

where
n—r—1 -r —r —r
-r n—r—1 —-r —-r
D,' -
—-r -r -r n—r—1
uiXu;
—_ol.0 0= r—1
c:ndc,',,-——u,--uj, I,j—],...,2 .
A. Karapiperi National and Kapodistrian University of Athens
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1st Step: Write v; = Z,’::1 u;. We take column v; from columns vi_y + 1,
Vii+2, ...V +u—1,i=1,2,...,2" (we consider v = 0).
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1st Step: Write v; = Z}:1 u;. We take column v; from columns vi_y + 1,
Vii+2, ...V +u—1,i=1,2,...,2" (we consider v = 0).

Then,
n—1 0 0 -r
0 n—1 0 -r
Dy ~ : : . : : ’
0 0 e o n=1 —-r
-n+1 -n+1 ... -n+1 n-r-1 uxu
o o0 ... Cij
C,'J'J ~ )
0 0 Cij
0 O Cij
k upXu;
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2nd Step: We addrows vi_y + 1, vi.1 +2,....vi.1 + uy — Ttorow v;,
i=1,2,...,27"

Then,
n—1 0 . 0 -r
0 n—1 . 0 —-r
D ~ . : ,
0 0 . n—1 —r
0 0 . 0 n—ur=11]_ .
0 0 Cij
Ci,jJ o . . . .

0 e Cij

o o0 ... UiCi; uxy
A. Karapiperi

National and Kapodistrian University of Athens
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3nd Step: We expand this determinant, using the basic definition of the
determinant, pivoting using the columns with a single non-zero entry.
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3nd Step: We expand this determinant, using the basic definition of the
determinant, pivoting using the columns with a single non-zero entry.

So, we have
r—1
detCCT = (n—1)"""2 detM

and :
r—1
detC = [(n—1)"""2" det Mz,
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3nd Step: We expand this determinant, using the basic definition of the
determinant, pivoting using the columns with a single non-zero entry.

So, we have
r—1
detCCT = (n—1)"""2 detM

and
n—r—21 1
detC=[(n—-1) det M)z,

where

n—1-ru UCro uCrs cee Uy Cy g1

WCi o n—-1- rup UpCog e Uz Cy or-1
M =
Uyr-1Cy gr-1 Uy-1Coor-1 Up-1C3m1 +o+ N—= 1= Uy
A. Karapiperi National and Kapodistrian University of Athens
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Implementation of the algorithm

This new algorithm

has lower complexity than an algebraic computing program
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Implementation of the algorithm

This new algorithm

has lower complexity than an algebraic computing program

requires the computation of inner products of the form ¢;; = —D,.T - U

A. Karapiperi National and Kapodistrian University of Athens
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Experimental Results

Open research problems

n | W(n=1) W(n-2) W(n—3) W(n—4) W(n-5)
14 0| (-7 (0= 1) Mexal? | [(n-1)*Myes]? -
16 0 [ (0-1082 | 0=[(n-1Meal? | [(0—1)*Mexe]? -
18 0| (n-1)3 0= 1) Wexal? | 1(0=17 M2 -
20 0| (0-1%2 [ 0= [(n-1)"Mueal? | [(n-1)°Mexsl? | 0=[(n—1)*Mizerz]?
24 0 (n— 1)5’2 0 = [(n—1)"7"Mg4]2 [(n— )WMSXS]; 0 = [(n—1)Miox12] 2
32 0| (h-1)3"2 (0= 1) Maal? | [(n—1)®Mosg]? [(n—1)"2Misxrs) 2

A. Karapiperi
Evaluation of minors for weighing matrices W(n, n — 1) having zeros on the diagonal
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Open research problems

m improvement of the algorithm in order to achieve an even lower
complexity

m possible application of the new algorithm in other orthogonal
matrices (i.e. binary Hadamard matrices)

m infroduction of other methods for the evaluation of minors of
matrices (i.e using eigenvalues).

A. Karapiperi National and Kapodistrian University of Athens
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