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Oscillatory integrals: A numerical challenge
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o Classical quadrature deteriorates rapidly as the oscillations
become strong.

e New methods / New oscillatory quadrature methods were
developed.



The plan

@ The three most popular methods:

e Extrapolation methods
e Sequence transformations

o Numerical steepest descent

@ Applications & Comparison:

e We computed four integrals using the three methods
e We introduced some refinements to the algorithms

o We performed comparisons with regard to efficiency

@ Conclusion



Extrapolation methods

Let f(x) satisfy:

Y @ kS
f(x) kz_:lpk(x)f (x) where pg(x)~x ,Z;Xi as x — 00.
Then [Levin & Sidi 1981]:

0 m—1 0o )
/ f(t)dthkaf(k)(x)ZBLi" as X — 00.
X
x k=0

i=0

o0
Let D{™ represent approximations to / f(t)dt [Levin & Sidi]:
0

(m) " = () & B
m) +1 g(k 1
Dy _/0 f(t)dt+ E x Y (x) g PR

k=0 =0
where {x}/”%F is an increasing sequence.

In general, m is equal or can be reduced to 1 or 2.



Extrapolation methods

When m = 2, we use the D{? approximation [Sidi 1982]:
n—-1 5 x
DY = F(x) +x2F () 3" 25 where  F(x) = / F(£) dt,
X
i=0 7 0
where {x/};’iol are the successive positive zeros of f(x).
To compute D,(,l) or D,(,z), we use the W algorithm [Sidi 1982]:
Mr(rl) Mr(rz)
N N

wptY) = or  wWD@ =

M,(;j) and N,(;/) for n,j =1,2,..., are computed recursively by:
1

wo — _F) RV
xf'(x))

X2 f/(x})

41 _ py0) (+1) _ )
m9 = Mo Mg g o Mo = e
Xjsn =% Xitn =X



Sequence transformations

Let us consider /(\):
1) —/ Fa N dx~ S ().
0 k=0

S[a] — Snla] ~ Rala] = S[a] = Sp[a] + Rx[a].

Consider the case where the remainder is given by:
[ee]

_ ~w _ 9 .
S[a] Sn[a] njz_; (n“‘ﬁ)J as n—

A Levin transformation [Levin 1973]:
k

. n k-1 nijla

J-O (n+ B+ kKT wnyj

(n+p+7)" 1
Z(_ () (n+ B+ k)T wny;

L(B) =




Sequence transformations

A recursive algorithm [Fessler et al. 1983] to compute Li")(ﬁ):
@ Forn=0,1,..., set:

n 1

and Q(g ) =

Wn wn‘
@ Forn=0,1,..., k=1,2,..., compute P,E") and Q,((") from:

B+n (B+n+k—1 k’ZU(,,)
B+n+k\ B+n+k k=1

= U -

where the U,E") stand for either P,((") or Q,((").

©® For all n and k, set:
P(”)
k

Q"

1 =

We choose w, = a,,, which gives rise to the t,E")(B) transformation.



Numerical steepest descent

Huybrechs and Vandewalle 2006. Consider the integral:

7— / T ) €M E) dx, i WB() — g wB() i a(x)
The steepeast descent is based on:
@ ') decays exponentially fast if Sg(x) > 0.
@ e"8(X) does not oscillate if Rg(x) is fixed.

® The value of Z does not depend on the exact path
taken (Cauchy theorem).

A new path is defined at a [Huybrechs & Vandewalle 2006]:
g(ha(x)) = g(a)+rxi with x > 0.

The integral is then equivalent to:

T = F(a) — F(b) where F(t)= efwg(a)/ fla+ri)e " idr.
0



Numerical steepest descent




The first integral

7,(8) = /0 h X:Xﬁ dx = —e* Ei(~ ).

No substitution is required to apply Gauss-Laguerre quadrature.
The integrand satisfies a first order linear differential equation:

x4+

PR FRLL

Alx) = -
The integral has the asymptotic expansion:

o0

I1(B) ~

as [ — oo.



The first integral

Table: Numerical valuation of Z; ().

B8 n  ErrorGtn n ErrorWDSl) n ErrorLTﬁO)
0.03 | 124  87(-03) 17 22(-12) 16 .32(-01)
0.10 | 124  .25(-05) 17 .84(-12) 17 11(-02)
0.30 | 124 .16(-09) 17 71(-14) 17 .14(-05)
1.00 | 124  .13(-13) 12 .56(-15) 21 .18(-07)
3.00 34 .36(-14) 8 13(-14) 20 21(-12)
4.00 34 .40(-14) 7 22(-14) 19 40(-15)
5.00 22 .65(-15) 6 31(-14) 18 .16(-15)

10.00 15 .61(-15) 3 .30(-14) 16 .30(-15)
30.00 9 .17(-14) 3 A4A7(-14) 13 .00( 00)
100.00 6 .18(-15) 2 21(-14) 9 .18(-15)

. . (1) . . (0)
Calculation time WD, 049 and Calculation time LT, — 0.075.

Calculation time GL, Calculation time GL,




Refinement — The first integral

For the sequence transformation:
As the values of the governing parameter(s) tend to 0", we resort
to using a series representation of the integrals:

Ti(B) = — <C+In,8+zk k)|k> as B — 0T,

For the Steepest descent:

/ f(x)e ™ dx :/ e ™ dx—l—e_x”/ f(x+ xp) e ™ dx
0 0 0

° Compute/ X dx = Z/ e~ dx.
0 Xi—1

@ nis determined by:
Xn Xn—1

/ f(x)e *dx / f(x)e *dx|.
Xp—1 Xn—2

<1
2




Refinement — The first integral

Table: Numerical valuation of Z;(3) with the refinement.

B8 n ErrorGLn n ErrorWDﬁl) n ErrorLTSO)
0.03| 70 .10(-12) 17 22(-12) 7 .15(-15)
0.10 | 53  .18(-14) 17 .84(-12) 9 .00( 00)
0.30 | 41 13(-14) 17 71(-14) 12 .18(-15)
1.00 | 22 13(-14) 12 .56(-15) 17 .00( 00)
3.00 | 12 17(-14) 8 13(-14) 28 A47(-14)
400 | 12 17(-14) .22(-14) 19 40(-15)
( ( )
( ( )
( ( )
( )
)

500 | 12 .28(-14) 31(-14) 18 .16(-15
10.00 | 8  .33(-14) 16 .30(-15
3000 6 .47(-14) 47(-14) 13 .00( 00

100.00 | 5  .19(-14) 21(-14) 9 .18(-15

Caleulation time WD Caleulation time LT _

Calculation time GL, Calculation time GL,
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The second integral

To(a, b) = /OOO sin (;) sin(bx) dx = g\/%Jl(zx/E).

Asymptotic expansion as a b — oc:

Io(a, b) ~ Fa\/_{cos (2vVab — 3r/4)

(— 1)k r(3/2 + 2k)
% Z ¢ (162 b)* (2K)IT(3/2 — 2k)

S|n(2\/_ 3n/4) = (—1)k r(5/2 + 2k)
- Vab Z(l6ab)’< (2k + 1)IT(1/2 — 2k)



The second integral

Splitting the integration interval with respect to xg =

Tr(a,b) = Xosin ? sin(bx)dx + oosin ? sin(bx)dx
0 x x

X0

_ /X:j sin <i> Si”)((‘;)oder/oosin (g) sin(b x) dx

X0
00 b ia x 00 )
= Im{/ sin () € 5 dx}+1m{/ sin <f) e‘bxdx}.
e xX) x o X
The substitutions x,ey = ia(xo_1 — Xo1d) and Xpew = 1b(X0 — Xo1d)
lead to: . e b iax—!
Tr(a,b) = Im 1/ sin | —— e_l i 'e dx
aJo Xy +ix/a) (xg = +ix/a)?

i o . a ibxg ,—Xx
I — _— 0 dx p .
-+ m{b/o Sm<x0+ix/b>e e x}

oo




The second integral

Table: Numerical valuation of Z,(a, b).

»(2)
a b n  ErrorGLn n  ErrorWDn

10 10| 124 19(-09) 16 .86(-15) )
20 10| 124 .60(-11) 17  .12(-14) )
20 20| 124 72(-12) 17 17(-14) 24 33(-12)
30 10| 124 .12(-11) 18  27(-15) 23  .10(-11)
3.0 20| 124 .75(-14) 17  55(-15) 25 .17(-14)
30 30| 117 .68(-14) 17  51(-15) 18 .13(-15)
) ) )
) ) )
) ) )
) )

23 29(-08
24 34(-10

100 10| 124 29(-14) 19  .16(-14) 20 .44(-15
1000 1.0 | 124 .76(-14) 10  .91(-01 8 .21(-14
100 100 | 124 59(-14) 7  .79(-02 8 .20(-14
1000 100 | 69 .20(-14) 8 26(01) 5 .16(-14

. . =(2) . . ©)
Calculation time WD, — 0096 and Calculation time LT, _

Calculation time GL, Calculation time GL,




Refinement — The second integral

Table: Numerical evaluation of Z(a, b) with the refinement.

L wbD® L7

n Error
) 10  .37(-15)
) 12 .12(-15)
) 15 .15(-14)
) 14 .00( 00)
) 25 .17(-14)
) 18 .13(-15)
) )
) )

)

)

n Error
16 .16(-14
18 12(-14
18 .360(-14

a b n  Error®
1.0 1.0 | 53 .86(-15)
2.0 1.0 | 53 .75(-15)
2.0 2.0 | 53 .24(-14)
3.0 1.0 | 53 .13(-14) 18 54(-
3.0 20| 70 .92(-15) 17 1
3.0 3.0| 53 .77(-15) 17 .64(-
)
)
)
)

100 10|56 .11(-14) 19  .44(- 20  .44(-15
100.0 1.0 | 34 .38(-14) 26  .12(- 8 .21(-14
100 100 | 56 .12(-14) 29  .98(-13) 8 .20(-14
100.0 10.0 | 53 .39(-14) 35 .17(-11) 5 .16(-14

Calculation time WD,(,2) 1000 and Calculation time LT,SO) .
Calculation time GL, ’ Calculation time GL,




The third integral

To(wa,f) = /0 xte=a7 Ko(( x) dx.

ek ey o)

204/23 8a 4oy

The integral has the asymptotic expansion as v — 00!
Q@

T3(u, o, B) ~ {F(MTH)}2 i {(HTH)k}2 <_4a>k.

1—pBp+l I B2
2 K\
Z3(u, o, B) also has the series representation as 1o —07:
L STk 150 (82
I3(,U,,C¥,ﬁ) = 2 ()
4@’%1 kz:;) (k|)2 4«



The third integral

The substitutions x,ew = axgld + B Xo1q leads to:

/°° (—6+ \/m>“
0 2a

I3(:U'7 «, ﬂ) =

oo (—52 +5\/m>
2a

o [ = +8VB +4ax) e Xdx
i 2a VP +hax



The third integral

Table: Numerical valuation of Z3(u, «, 3).

v« B n Error®n p ErrorWD'(’Q) n ErrorLTso)
0 30 110|124 .59(-02) 16 .30(-03) 18 .57(-03)
0 1.0 1.0 124 .46(-02) 15 .33(-03) 18 .80(-06)
0 3.0 30124 .39(-02) 20 .36(-03) 19 .25(-08)
0 1.0 3.0]124 .35-02) 19 .38(-03) 21 .11(-12)
1 40 1.0 124 .13(-03) 17 .23(-06) 17 .11(-01)
1 1.0 4.0]124 .20(-04) 17 .24(-06) 19 .40(-15)
1 1.0 8.0 124 .17(-04) 18 .23(-06) 15 .12(-15)
2 50 10| 124 .90(-05) 18 .32(-09) 16 .41(-01)
2 1.0 5.0/ 124 .15(-06) 17 .21(-09) 19 .73(-15)
2 10 100|124 .12(-06) 19  .19(-09) 15 .15(-15)
Calculation time WD Calculation time LT.”

=0. =0. 2.
Calculation time GL, 0.089  and Calculation time GL, 0.0002



Refinement — The third integral

Table: Numerical evaluation of Z3(u, ar, 8) with the refinement.

wD{ Lr®

« 15} n Error®» n  Error n Error
3.0 1.0| 123 .14(-03) 18  .30(-06) 9 .38(-15)
1.0 10123 .11(-03) 18 .33(-06) 12 .00( 00)
3.0 3.0|123 .91(-04) 16 .36(-06) 16 .51(-15)
1.0 3.0|123 .83(-04) 16 .38(-06) 24 .12(-14)
40 10| 81 .24(-06) 17 .97(-12) 9 .00( 00)
1.0 4.0| 8 .44(-07) 17 .95(-12) 19 .40(-15)
(-07) )

08) )

) )

) )

10 80| 87 .38(- 19  .87(-12) 15 .12(-15
50 10| 56 .15(- 20 14(-12) 9 .00( 00
1.0 50| 61 .51(-10) 17 .72(-13) 19 .73(-15
1.0 100 | 63 .42(-10) 20 .25(-13) 15 .15(-15

. . =(2) . . (0)
Calculation time WD, —17 and Calculation time LT, — 0.00042.

Calculation time GL, Calculation time GL,

NN, RFRPROOOOT




Conclusion

@ The three methods are capable of reaching high
pre-determined accuracies.

@ The sequence transformation methods applied to the
asymptotic expansions of the integrals provide an extremely

accurate and efficient algorithm.

@ Further research is needed
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