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x, y :  projectile coordinates
θ : tangent inclination

p = dy
dx

= tanθ : tangent slope

s : trajectory arc
v : projectile velocity
t : time

d2x
dt 2

= −F(v)cosθ

d2y
dt 2

= −F(v)sinθ − g
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x = (v0 cosθ0 ) t

y = (v0 sinθ0 ) t −
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y = x tanθ0 −

gx2
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2 cos2 θ0

F(v) = 0 :



d (v cosθ )
dt

= −F(v)cosθ

d (v sinθ )
dt

= −F(v)sinθ − g
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gd(v cosθ ) = vF(v)dθ

gdx = − v2dθ
gdy = − v2 tanθ dθ

gdt = − v
cosθ

dθ

gds = − v2

cosθ
dθ
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Francesco Siacci, 1888	


“Our intention is not to present a treatise of 
pure science, but a book of immediate 
usefulness. Few years ago ballistics was still 
considered by the artillerymen and not 
without reason as a luxury science, reserved 
for the theoreticians. We tried to make it 
practical, adapted to solve fast the firing 
questions, as exactly as possible, with 
economy of time and money.”	




Strategy 1:	

To calculate an approximate integral of the exact differential equation	


• Calculate the integral by successive small arcs	

• Develop the integral into an infinite series and keep the first terms	

• Construct graphically the integral curve 	


Strategy 2:	

To calculate the exact integral of an approximate differential equation	




Leonhard Euler	

« Recherches sur la véritable courbe 

que décrivent les corps jettés dans l’air 
ou dans un autre fluide quelconque »	


Histoire de l'Académie Royale des 
Sciences et des Belles-Lettres de Berlin	


1753	
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Henning Friedrich von Grävenitz	

Akademische Abhandlung von der Bahn der Geschütz-Kugeln	


Rostock, 1764	




Jacob Christian Friedrich Otto	


Tafeln für den Bombenwurf	

Berlin, 1842	


Ballistische Tafeln nebst einer Anleitung vermittelst derselben einige Hauptfälle 
des ballistischen Problems in Zahlen aufzulösen, für quadratischen Luftwiderstand	


Berlin, 1834	




Johann Heinrich	

Lambert	


« Mémoire sur la résistance des fluides 
avec la solution du probleme balistique »	


Histoire de l'Académie Royale des 
Sciences et des Belles-Lettres de Berlin	


1765	




Jacques-Frédéric	

Français	


Unpublished paper, 1805	

(quoted by Didion in 1848)	




Lambert 1767	




Alexandre-Magnus d’Obenheim 1818	

“Planchette du canonnier”	




Isidore Didion 1848	




Strategy 1:	

Calculate an approximate integral of the exact differential equation	


Strategy 2:	

Calculate the exact integral of an approximate differential equation	


• Choose an air resistance law so that the equation can be solved in 
finite form	


• Accept a given air resistance law and modify the other coefficients 
so that the equation can be solved in finite form	




D’Alembert 1744	


“It is easy to deduce from formulas that we gave 
(...) that the resistance of a fluid to the movement 
of a body is generally as the square of the 
velocity, all other things being equal. To give 
more generality in all what we say afterwards, we 
will assume however that resistance is as a power, 
or even as any function of the velocity.”	


“(...) by the method which I used, we see that this 
problem can be still resolved in cases in which 
Gentlemen Bernoulli, Herman, Euler, did not 
mention. (...) As the detail of these cases can 
interest Geometers, I will explain the way to find 
them.”	




F(v) = a + bvn

F(v) = a + b ln v
F(v) = avn + R + bv−n

F(v) = a (ln v)2 + R ln v + b

Integration cases found by D’Alembert in 1744:	




F(v) = a + bv2

Integration case found again by Legendre in 1782 
(without quoting D’Alembert):	


Integration cases found again by Jacobi in 1842 
(quoting Legendre, but not D’Alembert):	


F(v) = a + bvn

F(v) = a + b lnv



v < 250 m            250 m < v < 350 m          350 m < v < 500 m       250 m < v < 500 m	


Chronograph	

Francis Bashforth	


1864	


F(v) = v2 (a + bv) F(v) = av3 F(v) = av4F(v) = av2

Ballistic pendulum	

Isidore Didion	


1839	


Newton	

Euler	




v2 (a + bv)

av2

avn (n = 2.5, 5, 3.83, 1.77, 1.91)

v2 (a + bv2 )
av6
av2
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Didion 1839-40, 1856-58	


Saint-Robert 1839-40	


Mayevski 1868-69	


Hélie	


Bashforth 1866-70	


Hojel 1884	


Sabudski 1875-81, 1866-70, 1868-69	


Chapel 1874	

Vallier 1894	

Scheve 1907	


Siacci 1896	


37 empirical laws of air resistance (Cranz 1921)	


v2 (a + bv2 )

avn (n = 2, 3, 3, 2, 1.7, 1.55)
a + bv
av5
av2.5

⎧
⎨
⎪

⎩⎪

av + b + cv2 + dv + e + v( f v + g)
h + i v10

av3



Integration cases found by Francesco Siacci in 1901:	




Jules Drach	

« L’équation différentielle de la balistique extérieure et son intégration 
par quadratures »	

Annales scientifiques de l’École normale supérieure, 37 (1920), p. 1-94	


Ballistic equation put on the form 	
 dv
du

= 1− v2

v + ρ(u)

Application of his 1914 systematic study of reducible cases for equations	

dy
dx

= P(y)
Q(y)

where P and Q are polynomials with coefficients in x 	


All previous integrability cases (D’Alembert, Legendre, Jacobi, Siacci) 
are found again  	




Jean-Charles	

de Borda	


« Sur la courbe décrite par les 
boulets et les bombes en ayant 
égard à la résistance de l’air »	

Histoire de l’Académie royale 

des sciences	

1769	


dsddy = ad3y

Δ
D
dsddy = ad3y

D = fluid density at origin	

∆ = fluid density at current point	


“ I guess now we give such a value Δ 
that the equation is integrable, it is clear 
that if this value of Δ does not stray 
much from a constant quantity, the 
curve that will be found by integration, 
will depart very little from the required 
curve.”	




1) Δ
D

= ndx
ds

2) Δ
D

= mdy
ds

3a) Δ
D

= ndx + mdy
ds

3b) Δ
D

= ν dx − µ dy
ds

(angle < 45°)	


(angle > 45°)	


(ascending branch)	


(descending branch)	


n = 1
cosθ0



θ0 = 30°

θ0 = 45°

θ0 = 60°

Blue: exact curve	


Red: approximation with 
first Borda’s method	




Adrien-Marie Legendre	


1782 : Prize of the Berlin Academy	

“Determine the curve described by 
cannonballs and bombs, by taking the air 
resistance into account; give rules to 
calculate range that suit different initial 
speeds and different angles of projection.”	




AP = x
PM = y

p = dy
dx

= tanθ

θ0 , h, k : constants

dx
2k

= − dp
k

h cos2 θ0
+ sinθ0
cos2 θ0

+ L tang 45° + θ0
2

⎛
⎝

⎞
⎠ − p 1+ p2 − L p + 1+ p2( )

dy = pdx



Second method (inspired by Borda)	


Third method (inspired by Borda)	


   • Ascending branch :	


   • Descending branch : 	


1
k
≈ 1
k
1+α p2

1+ p2
with α = cosθ0

1+ cosθ0

1
k
≈ 1
k

1
1−α p

1

1+ p2
with α = sinθ0 cosθ0

1
k
≈ 1
k
1+α p

1+ p2
with α = 1− cosθ0

sinθ0

First method = Euler’s method	




10 tables	

for h from 1 to 10	




Painlevé	

“There is no hope of finding an elementary law of air resistance.”	


Charbonnier 1924	

“There is no longer need to race after the finite equation of the trajectory that 
preoccupied almost exclusively ballisticians in the past.”	


Cranz 1921	

“The tendency which predominates, nowadays, is to improve the methods of 
numerical calculation, rather than to improve the analytical study of differential 
equations.”	



