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Matrix geometric means provide a tool to average a set of positive definite
matrices in such a way that the inverse of the matrix mean coincides with
the mean of the inverse matrices. Different definitions of matrix mean have
been given in the literature together with algorithms for their computations.

In some applications one needs to compute the geometric mean of a set
of structured matrices. This happens, for instance, in radar detection prob-
lems where the matrices to average are Toeplitz. For physical reasons, one
requires that the mean of structured matrices maintains the same structure
of the input matrices. Unfortunately this requirement is not satisfied by the
available definitions.

In this talk we give an overview on matrix geometric means, and recall
their relationships with the Riemannian geometry of the cone of positive def-
inite matrices. Then we treat with more attention the Karcher mean, relate
it to a matrix equation, and provide numerical algorithms for its solution.
Finally we present a modified version of the Karcher mean which preserves
the structure of the input matrices and satisfies almost all the nice proper-
ties of the scalar geometric mean. An effective numerical algorithm for its
computation is given in terms of solution of a vector equation.

References

[1] T. Ando, C. Li, and R. Mathias. Geometric means. Linear Algebra and
its Applications, 385:305–334, 2004.

[2] R. Bhatia. The Riemannian mean of positive definite matrices. Matrix
Information Geometry, (Eds.) F. Nielsen, R. Bhatia, Springer 2013.

[3] R. Bhatia and J. Holbrook. Riemannian geometry and matrix geometric
means. Linear Algebra and its Applications, 413(2-3):594–618, 2006.



[4] D. Bini, B. Meini, and F. Poloni. An effective matrix geometric mean
satisfying the ando–li–mathias properties. Mathematics of Computation,
79(269):437–452, 2010.

[5] D. A. Bini and B. Iannazzo. A note on computing matrix geometric
means. Advances in Computational Mathematics, 35(2-4):175–192, 2011.

[6] D. A. Bini, B. Iannazzo. Computing the Karcher mean of symmetric
positive definite matrices. Linear Algebra and Appl., 438(4):1700–1710,
2013.

[7] D. A. Bini, B. Iannazzo, B. Jeuris, R. Vandebril, Geometric means of
structured matrices, BIT, in press.

[8] J. Lawson and Y. Lim. Monotonic properties of the least squares mean.
Mathematische Annalen, 351(2):267–279, 2011.

[9] M. Moakher. On the averaging of symmetric positive-definite tensors.
Journal of Elasticity, 82(3):273–296, 2006.


