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BACKGROUND : RATIONAL SOLUTIONS

dispersive LINEAR equations cannot have rational solutions
++++++++
Korteweg-deVries equation  u; + Uyxx — Buuy =0

un(x,t) = —202log(Pn(x,1)) , n>0
Adler-Moser polynomials : Py =1, Py = x, P = x3 4+ 12t ...

x3 — 24t

2
UO—O,U1—?,U2—6XW7

Boussinesq equation Uy & Uxxxx 4 (U2)xx = 0
(1977-78) Airault, McKean, Moser, Ablowitz, Satsuma
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BACKGROUND : RATIONAL SOLUTIONS

defocusing Nonlinear Schroedinger equation iu; + Uy — 2|uj?u =0
(1985) Nakamura, Hirota, (1996) Hone, (2006) Clarkson

un:@ , n>0
fn

g1=1,f1=x,go=-2x3+12it, b =x*—12¢2 ..
e B A A e e L

focusing Nonlinear Schroedinger equation  ius + uxy + 2|uj?u =10
(1983) Peregrine, (2010) Clarkson
Gn 2it
= — >
Un F. e, n>0
Go=1,F=1,G =4x®> +16t> —4it -3, F; = 4x®> + 161> + 1, ...
R i s o o e S e S e e e e e o
connection to Painleve’ Il and IV : (1959-1965) Yablonskii—Vorob’ev
polynomials, (1999) Noumi, Yamada (generalized Hermite polynomials
and generalized Okamoto polynomials

A. Degasperis (INFN, Sezione di Roma) rational solitons 2013 September 03 3/31



APPLICATIONS TO WAVES

@ wave-packet (continuum spectrum)

@ shock wave

@ plane wave

@ periodic train

@ solitons (discrete spectrum)

lumps (rational solitons) (alias rogue waves, freakons)

" A rogue wave is large, unexpected, and dangerous" (National Ocean
Service)

Figure: ship damage (2004)
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PEREGRINE LUMP
rational soliton as ratio of polynomials of degree 2

)
o_IO N N
N

X 0

t

5 -4
Figure: background amplitude=1, peak amplitude = 3
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EXTENSIONS

@ extensions of solutions : higher order rational solitons
°
°

@ extensions to other integrable models such as:
vector nonlinear Schroedinger equations
Hirota equation and coupled Hirota equations
three wave resonant interaction model
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BACKGROUND: resonant waves and integrability

generic wave equation in 1+1 dimensions
ut+ iIF(—iox)u = N(u) , u=u(x,t)
linear dispersion relation w(k) = F(k)
multi-scale perturbation of monochromatic waves
+o0
ux,t) =e Z Al 7062)(57 t, tg)ei"“ (ki x—w(ki)t] giazlkex—w(k2)1]
q,0,—00
E=ex, ty =¢€t, b=t
MONOCHROMATIC WAVES

w(atky + azke) = ajw(ky) + agw(ke)
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BACKGROUND: resonant waves and integrability,

cont’d

w(a1 Ky + Ozgkg) = a1w(k1) + Oégw(kg)

trivial solutions:
ar=1,a=0and a1 =0, ap =1
if no other solutions:
A Al =0, APD 4 1A =0, v =w(k)

1,0 ; 1,0
Ay = i1 A gy AT PACO)

~—

0,1 ; 0,1
AP = iAo AT PACY)
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BACKGROUND: resonant waves and integrability,

cont’d

weak resonant condition
(ki) = W' (ke)
Vector Nonlinear Schrédinger (VNLS) equation

A(1 0 _ ily1 A 1 ,0) + (g1 |A(1,0)|2 + g12|A(0’1)|2)A(1’0))]
A(O N _ ilyo A(O ) + (92|A(0’1)|2 + Goi |A(1,0)|2)A(O,1)]
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BACKGROUND: resonant waves and integrability,

cont’d

w(atky + agke) = ajw(ky) + aw(ke)

strong resonant condition
ar=as=1, w(k1 + k2) = w(k1) + w(kg)
3 Wave Resonant Interaction (3WRI) equation

(10 _ g, AODAD)
3

A§0,1) n V2A§o,1) — g AlO*A(Y)

A0 L v3A§1’1) — g A0 A1)

vs = w'(ki + ko)
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integrable model

Vector Nonlinear Schrddinger + 3Wave Resonant Interaction
+ Nonlocal 2Wave Interaction

ul) = ia[uly) — 2(sy [uD| + sz [u®P)uD] + B(—crl") — sywru®)
u®) = iofu? - 2(s O + 55 !u‘ﬂ Ju®) + (ot + s wuih)
0 = B(wx+ s182(cr — c) U u®)

=Xy =Ty

X(x,t,k) =iko + Q(x,t) , T(x,t,k)=a Tys(x,t,k)+ 3 Tan(x,t, k)
Tois = 2ik?c + 2kQ + io(Q% — Qx) , Taw = 2ikC — oW + o[C, Q(x, )]

1 0 O 0 0 O
c=10 -1 0 ,C=101c¢ 0
0O o0 -1 0 0 ¢

0 suM* sy 0 0 0
Q=1 uM 0 0 ., W=[0 0 —sw
u(@ 0 0 0 sw 0
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Darboux construction

W(x, 1, k) = [1 + (’j{__’; ) P(x, t)] Wo(x, 1, k)

( u(x, 1) ) (w2 X ( z )
u®(x, 1) u(()z)(X, t) 12 — 51|21 — 852|222 \ 22
2is182(cy — C2)(x — X*)Zi 22

C2 = s1]21]2 — 82| 22/?

w(x,t) = wy(x,t) —

( ¢(x, 1) )
Z(Xv t): Z1(X7 t) :\UO(Xv taX*)ZO
)
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Darboux construction of 1-soliton over the background

U(()1)(Xa t) & e’@‘—w t)
u(()z)(x, f) T\ ayeilaxtiel)
WO(X7 t) = sy 52(02 — €y )aégze—i[ZqX—i-(yz_w)[]

a[q? +2(518 + 528B)] + flerq + 25 (01— c2)]

4
2
{ ve = a[q®+2(s188 + 588)] + B[—C2q + S155(c1 — &2)] -

Vo(x, t, k) = G(x, t)ei(A(k)X—Q(k)t)
[A(k), Q(k)] =0
Z(x,t) = G(x, )"0 Z,
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RATIONAL SOLUTIONS - 1

ELEMENTARY OBSERVATION : if N is nilpotent,
N1 =0, N™ £ 0, then eV is a matrix-valued polynomial of z of
degree m

PROPQOSITION : necessary condition for A(k) to be similar to a
Jordan form is that at least two eigenvalues of A(k) be equal to each
other.

DEFINITION : k¢ is a critical value of k if A(k;) is similar to a Jordan

form Ay :
Nks)=TA;T7!

REMARK : ~ R
Qk)=TQT ', [N, Q=0
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RATIONAL SOLUTIONS - 2

A(k) = discriminant of the characteristic polynomial of A(k)
= fourth degree polynomial

A(kc) — 0 B kC # kg
compute:

@ the critical value k.

@ the similarity matrix T, the Jordan form A, and the matrix Q

V(X7 t) . ~ 7
vi(x, 1) | = TR0 | o
va(X, t) V3
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RATIONAL SOLUTIONS - 3

the solution

1'1(1)()(7 t) ei(qX—V1 t) 0 aj
(ot )= (770" e J|(2)+

2i(K; — ko)v* ( vy >]
V|2 — 51|v1]2 — S| W22 \ V2

aias 2(/(; — kC)V1* Vo :|
2q V]2 - si|vif? — sp|vef?

w(x, t) = isySp(Co—cy )@ PP H a1l [
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CLASSIFICATION - 1

Case[A1 = Ao = 3]

Ao O R w1 op1op2
A= 0 A ;s m#0, Q=1 0 wy p
0 0 N\ 0 0 wi

q+#0, kczii%q, S1=8=-1, ag=a=2q

( u(x, 1 ) < glan g ) 1 ( Py )
2 = —i(gx-+vat M 2

ut )()(7 [‘) 0 e—i(gx+vat) My '1:)1(1 )

qPa

W(X7 t) = iS1 32(02 — C1)e—i[2qX+(y2_V1)
M,
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CLASSIFICATION - 2

Case[)\1 = )Xo 7& )\3]

Mop O R wi p O
Ay = 0 N O , u#0, Q= 0 wy O
0 0 X3 0 0 ws
Subcases

@ g=0, sy =s,=-1, vector Peregrine solution

ut) vivt | (P2 + |f2€2P%) [ a P, e(Px-+iwt) 2
u® (My + [f2e2PX) \ & (Mo + [f[2€2P%) \ —ay
©q#0,a=a, sy ==+1, sp=+1

0g#0,a#a, s1==+1, sp==+1

rational solitons
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resonant waves

Vector Nonlinear Schrédinger Equations  (VNLS)

/[uxx —2(s1 [uM | + 55 [u®[?)uM)]
= iU —2(sy [uD]* + sz [u@)[*)u®)]

3Wave Resonant Interaction Equations (3WRI)

up) = (—cul") — sywu@)
u® = (—cu® + s wuM)

= (Wx + 81 82(c1 — ¢2) ul* u(?)

o
|
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parameter space 1

structural parameters: s{, So, ¢, G2 , [c1C2(C1 — C2) # 0]
background solution parameters: q, a1, a

U(()1)(X7 t) _ ( a ei((f]x—mt) >

U(()z)(X, t) aze—l(qx+u2t)

Wo(x, t) = isySa(C2 — ¢y) 3;22 e ax+(va—11)]

VNLS : =y = q + 2(8132 + 8282)
a2 a
BWRI: vy = €19+ S252(C1 — C2) , v2 = —C2q + S155(C1 — C2)
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parameter space 2
Darboux construction
u(1)()(7 t) B e"(qX*W t) 0 ay
u®(x,t) ) 0 g i(axtral) a )"
2i(k; — ke)v* ( 2 )]
V]2 = 51[v1[2 — sp|v22 \ V2

ai ads .2(/(;;k — kC)V1* Vo :|
2qg V2= si|vif? — sp|vef?

[vix,t), vi(x,t), va(x,t) | = P1(x, t) + Pa(x, t) x exponential(x, t)

P; and P, have one complex parameter and have degree 2 or 4
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parameter space 3

systematic search:

g=0— VNLS,s1 =5 =—1

q#0,a =a = 29— s1 =5 =—1

q#0,a =a # 29, ¢° > 222, sy = s, = 1 no solutions
q#0,a1=a # 29, q° <28 ,s =5 =1
q#0,a1=a # 29, 51 =S =—1

qg#0, a#a,s and s, arbitrary
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VNLS solutions 1

Baronio F, Degasperis A, Conforti M, Wabnitz S (2012).
Phys. Rev. Lett., vol. 109; p. 044102-044106

Figure: f=0.1,a; =1,a, = 0.
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VNLS solutions 2

/1000 1000

/500 500
07 ; ’distance 0 ) distance
50 time (ps) 0 50 0 (km) 50 time (ps) o 50 O (km)

Figure: Numerical transmission of two 50 ps spaced dark-bright solitons in
optical fibers, y-polarized dark waves (Ey), and x-polarized bright envelopes

(Ex)-
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VNLS solutions 3

TV ex,0)l

Figure: VNLS: k :i@,a =S =-l,as=a=2,g=1,e=1,7 =/,
72:0,’)/3:1.

A. Degasperis (INFN, Sezione di Roma)

rational solitons

2013 September 03 25/31



VNLS solutions 4

I

Figure:k \/—13+16 )\1—/\2;&/\3, Sy =8 =1, q—1 a = a =2;

3
Yo=1,71=v=

2013 September 03 26 /31
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VNLS solutions 5

U@

Figure: ko =0.625+1.879/, \f = o # A3, 51 =1, =-1,g=1,a; =1,
2=272=1,vm=73=0.
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3WRI solutions 1

Baronio F, Conforti M, Degasperis A, Lombardo S (2013).

3 4 3

IE,| E,l IE,|
2 2
A 2
1 1

1
~ ' 3 8\ - 3 g\ - P
o 0 % T

-3 -3

t z t

Figure: Vi =1,V =05,g=1,s1 =S =-1,71=1,7%2=1,93=0.
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3WRI solutions 2

4 4
IE,| E,l
2. 2
0 1 0
2 2
! 1 2 " — 1 2
t 44 t 4 -4 2

Figure: Vi=1,Vo=05,g=1,51 =8 =-1,v1=2,7%2=7,v3=15+1.

I,
o
I,

5 5 5 0 5

~Oo

Figure: Effective energy evolution
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3WRI solutions 3

Iw(x.0l

[u@x.0|
-5

0 -5 0 -5 0
X 5 X 5 5

Figure: BWRI: k. = 1.319+ 0.256/, \{ = Ao #£ X3, 81 =S =1,g=1,a =2,
a=05c=1,0=29%=1,v=9=0.

A Degasperis, S Lombardo, Rational solitons of wave resonant
interaction models, arXiv:1305.6636v1 [nlin.Sl], (2013)
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BEST WISHES TO CORNELIS AND

CENTO DI QUESTI GIORNI !l
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