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BACKGROUND : RATIONAL SOLUTIONS

dispersive LINEAR equations cannot have rational solutions

++++++++++++++++++++++++++++++++++++

Korteweg-deVries equation ut + uxxx − 6uux = 0

un(x , t) = −2∂2
x log(Pn(x , t)) , n ≥ 0

Adler-Moser polynomials : P0 = 1 , P1 = x , P2 = x3 + 12t , ...

u0 = 0 , u1 =
2
x2 , u2 = 6x

x3 − 24t
(x3 + 12t)2 , ...

Boussinesq equation utt ± uxxxx + (u2)xx = 0
(1977–78) Airault, McKean, Moser, Ablowitz, Satsuma
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BACKGROUND : RATIONAL SOLUTIONS

defocusing Nonlinear Schroedinger equation iut + uxx − 2|u|2u = 0
(1985) Nakamura, Hirota, (1996) Hone, (2006) Clarkson

un =
gn

fn
, n ≥ 0

g1 = 1 , f1 = x , g2 = −2x3 + 12it , f2 = x4 − 12t2 , ...

++++++++++++++++++++++++++++++++++++

focusing Nonlinear Schroedinger equation iut + uxx + 2|u|2u = 0
(1983) Peregrine, (2010) Clarkson

un =
Gn

Fn
e2it , n ≥ 0

G0 = 1 , F0 = 1 , G1 = 4x2 + 16t2 − 4it − 3 , F1 = 4x2 + 16t2 + 1 , ...

++++++++++++++++++++++++++++++++++++

connection to Painleve’ II and IV : (1959–1965) Yablonskii–Vorob’ev
polynomials, (1999) Noumi, Yamada (generalized Hermite polynomials
and generalized Okamoto polynomials)
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APPLICATIONS TO WAVES

wave-packet (continuum spectrum)
shock wave
plane wave
periodic train
solitons (discrete spectrum)
lumps (rational solitons) (alias rogue waves, freakons)

" A rogue wave is large, unexpected, and dangerous" (National Ocean
Service)

Figure: ship damage (2004)
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PEREGRINE LUMP

rational soliton as ratio of polynomials of degree 2

Figure: background amplitude=1 , peak amplitude = 3
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EXTENSIONS

extensions of solutions : higher order rational solitons

extensions to other integrable models such as:
vector nonlinear Schroedinger equations
Hirota equation and coupled Hirota equations
three wave resonant interaction model
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BACKGROUND: resonant waves and integrability

generic wave equation in 1+1 dimensions

ut + iF (−i∂x )u = N(u) , u = u(x , t)

linear dispersion relation ω(k) = F (k)
multi-scale perturbation of monochromatic waves

u(x , t) = ε
+∞∑

α1,α2,−∞
A(α1,α2)(ξ, t1, t2)eiα1[k1x−ω(k1)t]eiα2[k2x−ω(k2)t]

ξ = εx , t1 = εt , t2 = ε2t

MONOCHROMATIC WAVES

ω(α1k1 + α2k2) = α1ω(k1) + α2ω(k2)
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BACKGROUND: resonant waves and integrability,
cont’d

ω(α1k1 + α2k2) = α1ω(k1) + α2ω(k2)

trivial solutions:

α1 = 1 , α2 = 0 and α1 = 0 , α2 = 1

if no other solutions:

A(1,0)
t1 + v1A(1,0)

ξ = 0 , A(0,1)
t1 + v2A(0,1)

ξ = 0 , vj = ω′(kj)

A(1,0)
t2 = i(γ1A(1,0)

ξξ +g1|A(1,0)|2A(1,0)) , A(0,1)
t2 = i(γ2A(0,1)

ξξ +g2|A(0,1)|2A(0,1)) ,

γj =
1
2
ω′′(kj)
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BACKGROUND: resonant waves and integrability,
cont’d

weak resonant condition

ω′(k1) = ω′(k2)

Vector Nonlinear Schrödinger (VNLS) equation{
A(1,0)

t2 = i[γ1A(1,0)
ξξ + (g1|A(1,0)|2 + g12|A(0,1)|2)A(1,0))]

A(0,1)
t2 = i[γ2A(0,1)

ξξ + (g2|A(0,1)|2 + g21|A(1,0)|2)A(0,1)]
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BACKGROUND: resonant waves and integrability,
cont’d

ω(α1k1 + α2k2) = α1ω(k1) + α2ω(k2)

strong resonant condition

α1 = α2 = 1 , ω(k1 + k2) = ω(k1) + ω(k2)

3 Wave Resonant Interaction (3WRI) equation
A(1,0)

t1 + v1A(1,0)
ξ = g1A(0,1)∗A(1,1)

A(0,1)
t1 + v2A(0,1)

ξ = g2A(1,0)∗A(1,1)

A(1,1)
t1 + v3A(1,1)

ξ = g3A(1,0)A(0,1)

v3 = ω′(k1 + k2)
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integrable model

Vector Nonlinear Schrödinger + 3Wave Resonant Interaction
+ Nonlocal 2Wave Interaction

u(1)
t = iα[u(1)

xx − 2(s1
∣∣u(1)

∣∣2 + s2
∣∣u(2)

∣∣2)u(1)] + β(−c1u(1)
x − s1w∗u(2))

u(2)
t = iα[u(2)

xx − 2(s1
∣∣u(1)

∣∣2 + s2
∣∣u(2)

∣∣2)u(2)] + β(−c2u(2)
x + s2 wu(1))

0 = β (wx + s1 s2 (c1 − c2) u(1)∗ u(2))

ψx = Xψ , ψt = Tψ

X (x , t , k) = ikσ + Q(x , t) , T (x , t , k) = α Tnls(x , t , k) + β T3w (x , t , k)

Tnls = 2ik2σ + 2kQ + iσ(Q2 −Qx ) , T3w = 2ikC − σW + σ[C,Q(x , t)]

σ =

 1 0 0
0 −1 0
0 0 −1

 , C =

 0 0 0
0 c1 0
0 0 c2


Q =

 0 s1u(1)∗ s2u(2)∗

u(1) 0 0
u(2) 0 0

 , W =

 0 0 0
0 0 −s1w∗

0 s2w 0


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Darboux construction

Ψ(x , t , k) =

[
1 +

(
χ− χ∗

k − χ

)
P(x , t)

]
Ψ0(x , t , k)

(
u(1)(x , t)
u(2)(x , t)

)
=

(
u(1)

0 (x , t)
u(2)

0 (x , t)

)
+

2i(χ− χ∗)ζ∗

|ζ|2 − s1|z1|2 − s2|z2|2

(
z1
z2

)

w(x , t) = w0(x , t)−
2is1s2(c1 − c2)(χ− χ∗)z∗1z2

|ζ|2 − s1|z1|2 − s2|z2|2

Z (x , t) =

 ζ(x , t)
z1(x , t)
z2(x , t)

 = Ψ0(x , t , χ∗)Z0
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Darboux construction of 1-soliton over the background

(
u(1)

0 (x , t)
u(2)

0 (x , t)

)
=

(
a1ei(qx−ν1t)

a2e−i(qx+ν2t)

)
w0(x , t) = is1s2(c2 − c1)

a1a2

2q
e−i[2qx+(ν2−ν1)t]

 ν1 = α[q2 + 2(s1a2
1 + s2a2

2)] + β[c1q + s2
a2

2
2q (c1 − c2)] ,

ν2 = α[q2 + 2(s1a2
1 + s2a2

2)] + β[−c2q + s1
a2

1
2q (c1 − c2)] .

Ψ0(x , t , k) = G(x , t)ei(Λ(k)x−Ω(k)t)

[Λ(k) , Ω(k)] = 0

Z (x , t) = G(x , t)ei(Λ(χ∗)x−Ω(χ∗)t)Z0
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RATIONAL SOLUTIONS - 1

ELEMENTARY OBSERVATION : if N is nilpotent,
Nm+1 = 0 , Nm 6= 0 , then ezN is a matrix-valued polynomial of z of
degree m

PROPOSITION : necessary condition for Λ(k) to be similar to a
Jordan form is that at least two eigenvalues of Λ(k) be equal to each
other.

DEFINITION : kc is a critical value of k if Λ(kc) is similar to a Jordan
form ΛJ :

Λ(kc) = T ΛJ T−1

REMARK :
Ω(kc) = T Ω̂ T−1 , [ΛJ , Ω̂] = 0

A. Degasperis (INFN, Sezione di Roma) rational solitons 2013 September 03 14 / 31



RATIONAL SOLUTIONS - 2

∆(k) = discriminant of the characteristic polynomial of Λ(k)
= fourth degree polynomial

∆(kc) = 0 , kc 6= k∗c

compute:

1 the critical value kc

2 the similarity matrix T , the Jordan form ΛJ and the matrix Ω̂

3 the vector  v(x , t)
v1(x , t)
v2(x , t)

 = Tei(ΛJ x−bΩt)

 γ1
γ2
γ3


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RATIONAL SOLUTIONS - 3

the solution(
u(1)(x , t)
u(2)(x , t)

)
=

(
ei(qx−ν1t) 0

0 e−i(qx+ν2t)

)[(
a1
a2

)
+

2i(k∗c − kc)v∗

|v |2 − s1|v1|2 − s2|v2|2

(
v1
v2

)]
w(x , t) = is1s2(c2−c1)e−i[2qx+(ν2−ν1)t]

[
a1a2

2q
+

2(k∗c − kc)v∗1 v2

|v |2 − s1|v1|2 − s2|v2|2

]
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CLASSIFICATION - 1

Case[λ1 = λ2 = λ3] :

ΛJ =

 λ1 µ1 0
0 λ1 µ1
0 0 λ1

 , µ1 6= 0 , Ω̂ =

 ω1 ρ1 ρ2
0 ω1 ρ1
0 0 ω1



q 6= 0 , kc = ±i
√

27
2

q , s1 = s2 = −1 , a1 = a2 = 2q(
u(1)(x , t)
u(2)(x , t)

)
=

(
ei(qx−ν1t) 0

0 e−i(qx+ν2t)

)
1

M4

(
P(1)

4
P(2)

4

)

w(x , t) = is1s2(c2 − c1)e−i[2qx+(ν2−ν1)t] P4

M4
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CLASSIFICATION - 2

Case[λ1 = λ2 6= λ3] :

ΛJ =

 λ1 µ 0
0 λ1 0
0 0 λ3

 , µ 6= 0 , Ω̂ =

 ω1 ρ 0
0 ω1 0
0 0 ω3


Subcases

q = 0 , s1 = s2 = −1 , vector Peregrine solution(
u(1)

u(2)

)
= e2iωt

[
(P2 + |f |2e2px )

(M2 + |f |2e2px )

(
a1
a2

)
+

fP1e(px+iωt)

(M2 + |f |2e2px )

(
a2
−a1

)]

q 6= 0 , a1 = a2 , s1 = ±1 , s2 = ±1
q 6= 0 , a1 6= a2 , s1 = ±1 , s2 = ±1
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resonant waves

Vector Nonlinear Schrödinger Equations (VNLS){
u(1)

t = i[u(1)
xx − 2(s1

∣∣u(1)
∣∣2 + s2

∣∣u(2)
∣∣2)u(1)]

u(2)
t = i[u(2)

xx − 2(s1
∣∣u(1)

∣∣2 + s2
∣∣u(2)

∣∣2)u(2)]

3Wave Resonant Interaction Equations (3WRI)
u(1)

t = (−c1u(1)
x − s1w∗u(2))

u(2)
t = (−c2u(2)

x + s2 wu(1))

0 = (wx + s1 s2 (c1 − c2) u(1)∗ u(2))
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parameter space 1

structural parameters: s1 , s2 , c1 , c2 , [c1c2(c1 − c2) 6= 0]

background solution parameters : q , a1 , a2(
u(1)

0 (x , t)
u(2)

0 (x , t)

)
=

(
a1ei(qx−ν1t)

a2e−i(qx+ν2t)

)

w0(x , t) = is1s2(c2 − c1)
a1a2

2q
e−i[2qx+(ν2−ν1)t]

VNLS : ν1 = ν2 = q2 + 2(s1a2
1 + s2a2

2)

3WRI : ν1 = c1q + s2
a2

2
2q (c1 − c2) , ν2 = −c2q + s1

a2
1

2q (c1 − c2)
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parameter space 2

Darboux construction(
u(1)(x , t)
u(2)(x , t)

)
=

(
ei(qx−ν1t) 0

0 e−i(qx+ν2t)

)[(
a1
a2

)
+

2i(k∗c − kc)v∗

|v |2 − s1|v1|2 − s2|v2|2

(
v1
v2

)]
w(x , t) = is1s2(c2−c1)e−i[2qx+(ν2−ν1)t]

[
a1a2

2q
+

2(k∗c − kc)v∗1 v2

|v |2 − s1|v1|2 − s2|v2|2

]
[v(x , t) , v1(x , t) , v2(x , t) ] = P1(x , t) + P2(x , t)× exponential(x , t)

P1 and P2 have one complex parameter and have degree 2 or 4
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parameter space 3

systematic search:

q = 0→ VNLS, s1 = s2 = −1
q 6= 0 , a1 = a2 = 2q → s1 = s2 = −1
q 6= 0 , a1 = a2 6= 2q , q2 ≥ 2a2

1 , s1 = s2 = 1 no solutions
q 6= 0 , a1 = a2 6= 2q , q2 < 2a2

1 , s1 = s2 = 1
q 6= 0 , a1 = a2 6= 2q , s1 = s2 = −1
q 6= 0 , a1 6= a2 , s1 and s2 arbitrary
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VNLS solutions 1

Baronio F, Degasperis A, Conforti M, Wabnitz S (2012).
Phys. Rev. Lett., vol. 109; p. 044102-044106

Figure: f = 0.1,a1 = 1,a2 = 0.
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VNLS solutions 2

Figure: Numerical transmission of two 50 ps spaced dark-bright solitons in
optical fibers, y-polarized dark waves (EY ), and x-polarized bright envelopes
(EX ).
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VNLS solutions 3

Figure: VNLS: kc = i
√

27
2 , s1 = s2 = −1, a1 = a2 = 2, q = 1, ε = 1; γ1 = i ,

γ2 = 0, γ3 = 1.
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VNLS solutions 4

Figure: kc = i
2

√
−13 + 16

√
2, λ1 = λ2 6= λ3, s1 = s2 = 1, q = 1, a1 = a2 = 2;

γ2 = 1, γ1 = γ3 = 0.
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VNLS solutions 5

Figure: kc = 0.625 + 1.879i , λ1 = λ2 6= λ3, s1 = 1, s2 = −1, q = 1, a1 = 1,
a2 = 2; γ2 = 1, γ1 = γ3 = 0.
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3WRI solutions 1

Baronio F, Conforti M, Degasperis A, Lombardo S (2013).

Figure: V1 = 1,V2 = 0.5,q = 1, s1 = s2 = −1, γ1 = 1, γ2 = 1, γ3 = 0.
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3WRI solutions 2

Figure: V1 = 1,V2 = 0.5,q = 1, s1 = s2 = −1, γ1 = 2, γ2 = 7, γ3 = 1.5 + i .
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Figure: Effective energy evolution
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3WRI solutions 3

Figure: 3WRI: kc = 1.319 + 0.256i , λ1 = λ2 6= λ3, s1 = s2 = 1, q = 1, a1 = 2,
a2 = 0.5, c1 = 1, c2 = 2; γ2 = 1, γ1 = γ3 = 0.

A Degasperis, S Lombardo, Rational solitons of wave resonant
interaction models, arXiv:1305.6636v1 [nlin.SI], (2013)
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BEST WISHES TO CORNELIS AND

CENTO DI QUESTI GIORNI !!!
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