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Main objective:
footbridge

AUTOCAD representation

Real picture: prototype (Spain 2004)

Project: Prototipo de pasarela
peatonal con estructura de
- i o membrana portante: estudios
Al T — previos, proyecto, construccion

P & s y pruebas in situ
B ﬁ
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Membranes Overview

QSurface with minimum thickness (no bending stiffness).
Tensions

Stress tensor. Tangent plane (tensions: positive tensor)
dClosed/Open €@ boundaries and support external
structure (positive or negative Gaussian curvature)
UBoundaries: rigid (bending stiffness) or cables (tension)

Z
UCommon applications: covers, airbags, kites,... LLI
Bearing applications ¢ to bear external loads (footbridges) %

CLOSED
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Projected domain and boundaries
of a membrane for footbridge

I'=0D TI'=I'"ur*®

Q Cable: geometric restrictions €9 convex shape (catenary)
' depends on the stress tensor

0 Rigid boundary: NO restriction. ' not depending

f

P T —
Fr / \ Fc : . \ FI‘

— Rigid boundary (projection) _ | | T

I Cable boundary (projection)

D v
\/
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—— Natural stress tensor
.......... » Projected stress tensor

2
S <> z(x,y)z,z,-7,<0

~— —

T

4

Z
Negative gaussian curvature surface /y
A

O = Na,B (@B=120rX,))

N 5 =
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Problem formulation: EQUILIBRIUM EQUATIONS-MEMBRANE

"~

Weight neglected * No external load (Prestressing phase)

—

N+ N, =0 direction x
N+ N, =0 drection y

xy,x

- div(o-Vz)=0

N,z +2N_z  +N, z =0 direction z |

SHAPE FINDING PROBLEM (Elliptic)

Surface £ = Z(x, )/) Unknown
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Problem formulation:ﬁ EQUILIBRIUM EQUATIONS-BOUNDARY
[ /"‘\\c Fy(x) /“\\11
= >
1:——?\———\/--/ }f:/-&j\v/Tr

z=g on [' €<—> Dirichlet condition

‘Z,xx +2y'z  + " z,, =0 on I"|Cable-membrane compatibility equation

b NOT COMMON BOUNDARY CONDITION

Osculator plane cable <= Tangent plane surface
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MATHEMATICAL FORMULATION
GIVEN

2
O = Naﬂ stress tensor such that zNaﬁ,ﬂ =0 (e=1,2)

=1
Y « I'° projection of the cable,depenging on O
[) domain (oD=T=T"uUTl")
g shape of Z on [

FIND

z =2z(x,y) solving
div(c-Vz)=0 in D
cz=g on I

N3790dd
ANNI™EGITIND3 TVH3AN3IO

' 12 . C
\z)xx+2y z,+y"z,=0 on I
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. . 1 Remark

div(e-Vz)=0 m D (1) (1),(2) and (4): Dirichlet Problem

— r 2
1z=g on I (2) Unique solution = ;
' 12 _ C
Zot2y'z +yTz, =0 on I™ (3) XK

z +2y'z, +y"z,#0 (NOT (3)!)

(1),(2), (3) and (4) <= overdetermined Problem

z(x,y(x))=:h(x)unknown <) FREE BOUNDARY PROBLEM

t (by differentiation) )
divic-Vz)=0 in D

z=g on I"
z=h on I'°

- __ r’ Cc
Z,Y =h on [’

2
Zot2y'z +y"z, =0

¢

A AL
z, V'=h

(1),(2), (3) and (4)
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FREE BOUNDARY STRATEGY

Problem A ( Z unknown)

h(x); (i=0,1,2,3,...)

(div(o-Vz)=0 in D
5Zz=g on I’ Solve A _>Zi(x, y)
z=h on " LOOP '

Problem B (/1 unknown)

. o (6) % ()
zZ,)y = /
{ T iti l-I-l(x)

Solve B

h(¥a) = b (Boundary conditions) 1+1 (x) = /’l (x)
Generally _ A
2(x, y(x)) # h(x) Solution z.(x,y); h(x)= zi(x,y(x))
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A NUMERICAL EXAMPLE: DOMAIN and STRESS TENSOR
N, =10 kN/m, N, =0kN/m,N =4kN/m

O 49 2
Convex curve <+— xX)=—— — X
yx)=> \/4 5

DEFINING THE DOMAIN (lengths in metres)

=220~ r o~ . _129 9
2W ~_ V=x(x) 7 T~ T 55 5g”

\
( a=5b=3c=12 D
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A NUMERICAL EXAMPLE: BOUNDARY CONDITIONS (step 0)

IOZ,xx+4Z,yy=O in D Z’yy”:h”
z=0 on I/ h y
216 - h(¥a,¥b)=g(¥a,5b)
1z=g=6-—|x[+—|y| on T
I ) o
3
z=h, =1+—(x*+y’) on I*
0 34( y)

"

REMARK: %, convex Finite Element Method (2D problem)
Finite Difference Method (1D problem)

N° triangles: 8100
N° vertexes: 4251

Integration step size: 0.1

Nonlinear Evolution Equations and Linear Algebra (VDM60)



TIPOR

,‘%@ VDM®60,Cagliari
September 2-5, 2013

UHISETE Th DESL ETUD | M GG LA

JHIDOHZ CUAOPEA
Fanicka srclala s

A NUMERICAL EXAMPLE: RESULTS-Cable

Evolution of Comparison #/; and 4.,

INITIAL DATUM

-
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A NUMERICAL EXAMPLE: DISPLACEMENT-Cable

Iteration N° | Displacement d (m)
A R B

o
& N d // 2 | o.401882
'y ‘ ‘

w I J // 3 | 0.430081
Q I . // 4 [ 0420342 |
& I ) / 5 [ 042058 |

Nonlinear Evolution Equations and Linear Algebra (VDM60)
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A NUMERICAL EXAMPLE: BOUNDARY CONDITIONS (step 0)

10z, +4z,=0 in D — - z,y"'=hn"
z=0 on Flr h(ia’ ib) — g(ia’ ib)
< 26 72 r
Z=g:6—4—3|x|+4—3|y| on I, -
z=hy=40on I®
REMARK: 7, straight Finite Element Method (2D problem)

Finite Difference Method (1D problem)

N° triangles: 8100
N° vertexes: 4251

Integration step size: 0.1
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A NUMERICAL EXAMPLE: RESULTS-Cable

Evolution of /4 Comparison 7/, and #,_,

INITIAL DATUM

Nonlinear Evolution Equations and Linear Algebra (VDM60)




@E@. VDM®60,Cagliari

~3POR
St SHRDEGH September 2-5, 2013

JHIDOHZ CUAOPEA
Fanicka srclala s

A NUMERICAL EXAMPLE: DISPLACEMENT-Cable

lteration N° | Displacement d (m)

& I d / 1 | 0.493791
Q _2 Id | // 2 | o0.418611
Q | Id | / 3 |  0.41909
Q Id \ / 4 | 042122
w I ‘< / 5 | 0.420892
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A NUMERICAL EXAMPLE: BOUNDARY CONDITIONS (step 0)

KIOZ)xx+4Z,yy=O in D Zyy”:h”
= .

z=0 on I/ h

216 - h(¥a,¥b)=g(¥a,5b)
1z=g=6-—|x[+—|y| on T

I -

3 2 2 c
z=h,=T7-—(x" + on I

0 34( yo)

"

REMARK: /4, concave Finite Element Method (2D problem)
Finite Difference Method (1D problem)

N° triangles: 8100
N° vertexes: 4251

Integration step size: 0.1
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A NUMERICAL EXAMPLE: RESULTS-Cable

Evolution of }

1

INITIAL

4
da Ln Ly €

i €

1

L

Comparison 7, and 7,

N
s

DATUM

=
3
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A NUMERICAL EXAMPLE: DISPLACEMENT-Cable

Iteration N° | Displacement ¢ (m)
m I d/ 1| 0811832
\hz s dI / 2 | 0.455888
e,
w 5| ¢ / 3 | 0.408099
Q ;}gI d / 4 | 0.422097 |
& I d / 5 [ 0421205 |

... fast and unconditioned method
Nonlinear Evolution Equations and Linear Algebra (VDM60)
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A NUMERICAL EXAMPLE: Final shape-Membrane

ot y e

P S e

Qualitative
final shape

Reference shape

m‘llllllllllllllllllll:m
0 1 2 3 =

All lengths are in meftres
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