Solving Finite Block Toeplitz Systems and
Systems of Finite-section Convolution
Equations

1 Solving Finite Block Toeplitz Systems

1. Auxiliary Linear Systems. Let (Hi)ﬁ_(;fl) be a sequence of compléxx k
matrices. Consider the finite block Toeplitz matrix

p
AP = (Hi—j)i,jzl‘
For convenience we also define the finite block Toeplitz matrix
Al — (H, .)p A@) — @ A®) p )
J—1 i,j:17 Y
whereM® = [6,.;,411i]; . Consider also the following linear systems
p
Z H;_;jX; 1 = 611y, t=1,- (1.1)
j=1
p
Y HiZ oy =0, i=1,p; (1.2)
j=1
p
Z Wi 1H;j = 011y, t=1--,p (1.3)
j=1
p
Z Y_-yHj—i = dinly, i=1,-,p, (1.4)
j=1

whereJ, ; is the Kronecker delta anfl, denotes the identity matrix of ordér
Then these four systems can be written in the concise form

XO ]k; Xp—l 0
X 0 - X, ;

e T L T e T PN
Xp,1 0 XO Ik



Then X, - - -

Y'O’...

Zo I Z 1) 0
A®) Z 0 A®) Z—(p-2) _ . 16 ;
: B : o 0 ’ ( : )
Z_p-n| |0 Z I
W Wyt AP = [1, 0 - 0],

- 1.7) |eq:1.7
2mm] [Wp,l WO] AP = [o 0 Ik} :
Yo o Y] A® =[5 0 - 0],

- (1.8) |eq:1.8
2mm] [Y_poy Y| A0 =0 - 0 L.
, Xp—1 occupy the first columnZ_,_y),--- , Z, the last column,

, Y_(,—1) the first row, andiV,,_1, - -

AW (if it exists). As a result, we have

XOZ}/EM

Z(]:

W07 prl = Wpfb

-, Wy the last row of the inverse of

Y_(p-1) = Z-(p-1);

provided the inverse afi®) exists. In fact, the solvability of Egs. (1.1)-(1.4) [or
Egs. (1.5)-(1.8)] is equivalent to the nonsingularity of the ma#. In that case
the solutions of these equations give us the “edge” of the mptfiX] .

2. Recursive Inversion Now consider the four matrices

- X,
X4

Iy,

0
I, O
0 I
1 0
0 0
1, 0
I
0

0] [Yo
0 0
2 y=|:
0 I | 0
Z*(Pfl)_ [ ]k
: 0
, W= :
Z 4 :
Z() | _Wp*

Y1
I,

1

Yop-1)]

I,
Wi

0
Wol

where only the first block column oX, the first block row ofY’, the last block
column of Z, and the last block row of differ from the corresponding block
row/column of the identity matrix of ordérp. Then one easily verifies thait?) Z

is obtained fromA®) by replacing its last block column by the last block column



of the identity matrix of ordekp and thatA?) X is obtained fromA® by replac-
ing its first block column by the first block column of the identity matrix of order

kp. As aresult,

WAP Z = APV gW,,  YAPX =Y, APV, (1.9)

Consequently,
[A(p)]—l -7 ([A(p—l)]—l D WO—l) %%

=X (Y e AP YTy (1.10)

Writing C®) = [A®]~! and introducing the column and row matrices

Z_(p-1)
Z = : , W:[Wp_l Wl];
Za
e
x=| | y=[ o v
_prl

we easily obtain, using, = W, and X, = Yj,
cw =z ([A(p—l)]—l D Wo—l) 1%7%
_ ko) Z c=b 0 Irp-1) 0
0 Z 0o Wil | w W,

(p-1) -1

w Wo

and

P — x (YO—I ® [A(P—l)]—l) Y

| Xo 0 \ 0 Yo Y
X Lyl [0 CPV][0 Loy

_ [YO Y ] . (112)

X COFr Y4 XYY

Equations (1.11) and (1.12) imply

cP —ce Nz WIW, o ij=1,- p—1
{w i T A=) Wo Wp—jy LI =L P (1.13) [eq:1.13

Cz(g) = Cz(fié)_l + Xi—l%_IWj_l, 1,) = 2’ RN )
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3. Inversion Formulae. Summing up either of (1.13) as a telescopic series,
we easily find the following Gohberg-Semencul type inversion formulae:

cWw —

and

Xo 0 - - 0 Y, Y.,
X : 2
s P X
X, X Xo| 0
0 0 0] 0 W,
Z—p-1) : P
5 H 2o |
7, Z 1 0 0
Zy 7 Z )] W, 0
o : W
3
Z_q :
0 - Zy | W,
0 X, X 00
P Y1)
Xp—l .
0 0 v,

Y ]

(114)

Yoy 0

(1.15)

4. Schur Complement ExpressionsLet us now partitiorA®) as follows:

AlP) — [

H,
H, A=Y

H_:|7 H—i-:

H,



Then

O — [A(p)]—l _ (Hgfé)_1 _(H#)tlg_c(p_l)v
~CrVH (H)T C0) 4 ¢V (B H_C V)
where v v
HS# - HO - H—C(p_l)H+.
Therefore,

Xo=Yo=(H)", X =-CPVH (H]), Y = —(H)'H.C"V.

(116

Analogously, let us now partitiod®) as follows:

. H_ (1)
Al-1) ) (p )
A(p):{ﬂ H]7 H =| : |, H{=[H. - H].
+ 0 ",
Then
c0) g1 [COY + COVH_(HE) OO O A ()
—(Hy) " H, O (HF)! »
where ) A
H6< = HO — H+C(p_l)H7.
Therefore,

Zo=Wo=(H), Z=—-CPVH (H})™, W =—(Hy)'H,C?™Y.

1.17)

5. Algorithms. Let us write down the algorithm to compui&?) from C'*~1),

a. Solve the linear system

b. Putiy = Hy — >"_} H_,X,.

c. ComputeX, = Y, = (H")™".



d. Solve the linear system

[Foa o Vo] APV = [Hoy o Ho)

e. Alternatively, putrly = Hy — >."_| Y H,.

f. Put X ) )
Cz(fij)—l + X’L’*l%%*l, Z,j = 2’ o . ’p’
C(p): — i—lX(]? ’L':]_,...7p7j:1’

17]

_K)Y—(j—l)a 1= ]-7 ]: 17 » P-
Alternatively, let us write down the algorithm to compui&) from C»—1),

a. Solve the linear system

b. PutHy = Hy — Y*_) H.Z_..

O

. ComputeZ, = W, = (Hy )™t

d. Solve the linear system

A

[Wp_1 Wl] A(p—l):[prl H1].

e. Alternatively, puty = Hy — >2~1 W.H_..

f. Put
Cz'(ﬁ‘_l) + Z g WoW,ey, i j=1,+,p—1,
C}? = —Z-p-i%o; t=1,---,p, J =0,
—W()W,(p,j), 1 = D, ] — 17 cee D,

2 Solving Systems of Convolution Equations on Fi-

nite Intervals

1. Auxiliary systems of convolution equations Leta > 0 be finite and lek <
L} . ..(—a,a),ie.kcan be considered as anx m matrix whose elements; €

mXxXm
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L'(—a, a). Consider the following systems of convolution integral equations:

z(t) — /Oak(t —s)x(s)ds = k(t), 0<t<a, (2.1)
S(—t) — /Oak(s S H)s(—s)ds = k(—1), 0<t<a  (22)
w(t) — /Oaw(s)k(t —5)ds = k(t), 0<t<a, (2.3)
y(—t) — /an(—s)k(s CHds—k(—t), 0<t<a  (2.4)

whose solutions(¢) andw(t) are soughtire L! . (0,a) andz(—t) andy(—t)

are soughtire L! . (—a,0). Replacingt andsmb;t —a ands — a, Egs. (2.2)

and (2.4) can also be written in the form
z(t—a)—/ k(t —s)z(s —a)ds = k(t — a), 0<t<a, (2.5)
0
y(t—a)—/ y(s—a)k(t —s)ds=k(t—a), 0<t<a. (2.6)
0

2. Main result. Let us search for a matrix functidn(¢,s) (0 < ¢,s < a)
which satisfies the system of convolution integral equations

[(t,s) — /Oak(t —7)(7,8)dr = k(t — s), 0<ts<a. (2.7)

For0 <t < a we easily compute

(t)+/0 k(t—s)+/0 k(t—T)r(T,s)dT] g(s) ds
t

olt)+ [ Tit.s)als) s
—g(0)+ [ k=) [g<s> + [ s dT] ds,

g
g
so that .
fO =90+ [ Togds  0<t<a 2.8

0

is a solution of Eq. (1.1). In other wordE(t, s) is the resolvent kernel of the
integral equation (1.1).

Theorem 2.1 Suppose the four equatio®.1)-(2.4) have a solution. Then for
everyg € LP (0,a) the convolution equatiofl.1) has a unique solutiorf €
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L? (0, a) which is given by2.8). The resolvent kernél(¢, s) is given by either of
the two expressions

['(t,s)

[Bmmly(t — s) +

and

['(t,s)

Proof.

x(t —s) +/05 [x(t —T)y(T —s) — 2(t — 7 — a)w(T — s + a)] dr,

t

0

w(t —s) +/ta [z2(t = T)w(T —s) —x(t — 7+ a)y(T — s —a)| dr,

[3mm]z(t — s) + /a [z(t —T)w(T —s) —x(t — T+ a)y(t —s —a)|dr, t<s.

x(t), z(—t), w(t), andy(—t). One obviously has

so thatl'(¢, s) is known on the boundary of the squabea| x [0, a].

['(t,0) = z(t), ['(t,a) = 2(t — a),
I'0,s) = y(—s), I(a,s) =w(a—s).

Let us prove that

where

F(t, S) = X(t — 8) + Xl(t, S) — Xg(t,S),

s <t

[t —T)y(T —s) — 2(t = 7 —a)w(T — s+ a)]dr, t<s,

29)

s <1,

2.10)

It is clear thatl'(¢, s) can be viewed as an extension of the functions

@11
212

213



Then fory = min(t, s) we have

xi(t,s) = i {k(t—7)+/ak(t—7—%) (A)d%] y(r —s)dr

/u
/Ok(t—T T—sd7'+// k(t — wa(u — 7) duy(r — s) dr
[

k(t—T1)y T—s)dT—i-/O k(t—u)/ x(u—T7)y(r — s)drdu

0 0

+/ k(- u /wx(u—ﬂyu—s)md&
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