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SPECTRAL ANALYSIS OF THE TRANSPORT EQUATION
II. STABILITY AND APPLICATION TO THE MILNE PROBLEM

C.V.M. van der Mee

0. INTRODUCTION
In this article a study is made of the integro-differen-
tial equation
pay(x,u) + pix,u) =

ax
+1 27
(0.1) [ {g? f‘(uu'+/T:H?'/T:ETT cosa)da} Y(x,ut)du’,
-1 0

(=1<u<+1, O<x<T<+o)
where 1t is either finite or infinite. In astrophysics this
equation describes the stationary transfer of unpolarized ra-
diation through a homogeneous stellar or planetary atmosphere
(see [5,24,131). In neutron physics Eg.(0.1) describes the
stationary transport of mutually non-interacting, undelayed
neutrons with uniform speed through a homogeneous plane-paral-
lel fuel plate of a nuclear reactor (see [6]1). In both cases
the function § is given and describes the scattering properties
of the medium; in astrophysics g is called the phase function.
(Here the albedo has been included as a factor). The problem
is to determine the unknown function ¢ under suitable boundary
conditions. In astrophysics (resp. neutron physics) y represents
the azimuth-averaged intensity of the radiation (resp. the angu-
lar neutron density). The variable x is a position coordinate

and u is the direction cosine of tne propagation vector. In
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astrophysics (resp. neutron physics) the parameter 1 is the
optical thickness (resp. the thickness of the fuel plate in
units of neutron mean free path); there are no internal radia-
tive (resp. neutron) sources.

If the parameter T is finite, one imposes the boundary
conditions

(0.2a)  $(0,u) = ¢{u) (O=u<i), ¥(t,u) = ¢(u) (-1su<0),

and calls the problem (0.1)-(0.2a) the finite-slab problem. If T

is infinite, one imposes the boundary conditions

(0.20)  Y(0,u) = ¢ (u) (O=<u<1), _1f+1|w(X,u)[2du = 0(1) (x»+),

and the problem (0.1)-(0.2b) is called the half~space problem.

Both problems are presently investigated, both in astrophysics and

neutron physics (see [24,13]1; [6]). In astrophysics for infinite

T one also imposes the boundary conditions

(0.2¢) w(0,u) = O (O<u<1); 3Inz0: _1f+1‘¢(x,u)[2du = 0(x20) (xr+w);
Lin _JThwtwan = -am

the problem (0.1)~(0.2¢) is known as the Milne problem (see

[13,531). The functions ¢ and ¢, appearing in (0.2) describe the

radiative or neutron fluxes incident on the surface; F denotes the

radiative flux coming from the stellar interior (see [51, Eq.(86)

of Chapter I).

For physical reasons the phase function g must be nonnegative
and ¢ = _1f+1g(t)dt < +o, In this article we solely consider the
case O<c<1, which in astrophysics always occurs and in neutron
physics occurs for non-multiplying media (see [24,13]1; [6]1). For
c=1 (resp. Os<c<1) the term "conservative" (resp. "non-conservati-
ve") case 1is customary.

In this paper we continue the research leading to (181 by
investigating the stability of the solutions of the finite-slab
and half-space problems under perturbations of the phase function
§. One of the perturbations of the phase function §, for which
the stability is estéblished, is the truncation of its Legendre
series expansion. The method we employ has been inspired by some
work of Feldman [7] on a related stability problem.

Another stability result of this article is the stability of
the bounded solutions of the half-space problem in the conserva-
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tive case under perturbation from the non-conservative case. This
result will enable us to derive analytic expressions for the solu-
tion of the Milne problem as we did in Section VI.5 of [18] for
isotropic scattering. A result derived differently in a not com-
pletely rigorous way by Pahor [21] and by Busbridge and Orchard
(cf. [41) is reproduced.

Next we give a short description of the present mathematical
approach to the Transport Equation (see also [17,181). To study
Eq.(0.1) in the Hilbert space L2[—1,+1] one puts ¢(x)(u) = vix,u)
(O<x<t, -1<us<+1) and one defines the operators T and B on
Lg[-1,+1] by

(Th) (u) = uh(u),
(Bn) (W) = _ f*em ™7 [E 2 (uu +/Tu/Imn Feosa)dan (u au'

Now Eq.(0.1) is rewritten as an operator differential equation of

(0.3)

the form
(0.4)  (Ty)'(x) = -(I-B)y(x), O<x<rt,
with suitable boundary conditions. An equivalent form of the ope-
rator differential equation (0.4) with boundary conditions appears
to be a vector-valued convolution equation of the form
(0.5)  (x) = of H(x-y)BU(¥)dy = w(x),  O<x<t.
The so called propagator function H(.) is given by
( +u_1e_t/u h(p); O<t<+w, Ospsi;
CH(£)R1(u) = i -7l T M B(); mwet<0, ~1su<0;
0 3 Tu<0.

The existence and unigueness of the solution of finite-slab and
half-space problems can be established by applying semigroup
theory to Eq.(0.4) and factorization methods to Eg.(0.5) (see
{181, Chapters IV and V). Problems of stability are studied by
establishing the stability of the kernel H(.)B of the convolution
equation (0.5) in a certain operator norm.

In Section 1 we review the main elements of the theory of
semi-definite admissible pairs. By means of such pairs, of which
the pair (T,B) in (0.3) is just an example, the half-space, finite-
slab and Milne problems can be studied in an abstract framework.
In Section 2 the stability of the solution of the convolution

equation (0.5) under perturbation of the operator B in the semi~
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definite pair (T,B) is established. By specifying the results for
the case of the Transport Equation (0.1) in Section 3 we obtain
stability statements in Transport Theory. In Section 4 an analytic
expression for the bounded solution of the half-space problem in
the conservative case is derived by means of a stability argument.
In Section VI.3 in [18] such an expression has been given for the
non-conservative case only. Finally in Section 5 the solution of
the Milne problem is obtained.

As to notation, by <.,.> we denote the inner product of a
complex Hilbert space. The kernel or null space of a linear opera-
tor T is denoted by Ker T and the image or range of T by Im T. The
Banach algebra of bounded linear operators on a Banach space X is
referred to as L(X). The identity operator on X is denoted by Iy
(or by I, if no confusion is possible). The spectrum of an opera-
tor T on X is denoted by o(T). For the orthogonal complement of a
subset M of a Hilbert space we write Mt.

ACKNOWLEDGEMENT. I am greatly indebted to André Ran, because
he improved Theorem 2.4 considerably by pointing out that
X;<O<A; for N large enough.

1. PRELIMINARIES

Throughout this section H is a complex Hilbert space with in-
ner product <.,.>. By a semi-definite admissible pair on H we mean
a pair (T,B) of bounded linear operators on H such that
(C.1) T is self-adjoint and has a trivial kernel;
(C.2) B is compact and A = I-B is (non-strictly) positive (i.e.,

<Ah,h> > 0 for every heH);
(C.3) there exist O<a<l and a bounded linear operator D on H such

that

B = |T|%.

If A is strictly positive (i.e., <Ah,h> > 0 for every O#hecH), the
pair (T,B) is called positive definite. If A has a non-trivial
kernel and thus A is non-strictly positive, the pair (T,B) is
called singular.

In Chapter III of [18] a theory of semi-definite admissible
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pairs has been developed. Positive definite pairs have been intro-
duced earlier in [17] under the name of self-adjoint admissible
pairs. Here we review the main elements of this theory. Consider
the pencil

(1.1) L(Ax) = A - AT.

If the pair (T,B) is singular, the point at A=0 is an isolated
point of the spectrum Z(L) = {AeC: L(A) is not invertible} of
L(A). If T is a positively oriented circle with centre 0 that se-
parates the point at A=0 from the remaining part of I(L), then

the operators

Py = —(2ni)_1f L(x) " 'mda, Py = -(2ni)_1J TL(A) " Taa
r T

are projections of the same finite rank. Denoting Hy = Im P
+ + - + +
HO = Im PO’ H1 = Ker P0 and H1 = Ker PO, one has
+ _ i L §
(1.2) Hy = Hy, Hy = Hy, T[HQ
Ker A < HO, A[Hlj = Hl’

It appears that A actsAas an invertible operator from H1 onto H;

O)

+

1 = HY 13

g1 = A

and T acts as an invertible operator from the so-called singular
subspace H, onto Hg. Thus Hy is contained in the domain of the
possibly unbounded operator T_xA. Moreover,

(1.3)  (T7'A)%x = 0,  xeH,.

If the pair (T,B) is positive definite, then H, = Hg = {0},

0
H1 = H1 = H and PO = PO = 0.
On H1 the sesquilinear form
(1.4) <X,¥>, = <AX,y> (X,yeHl)

is an inner product equivalent to the one inherited from H. Since
A acts as an invertible operator from H1 onto HI and T[H1] c HI,
there exist unique bounded linear operators S: H1 > H1 and
s*: H] » H] such that
(1.5) As = s*a = T,
It appears that S is self-adjoint with respect to the inner product
{1.4) on H;. We call S the associate operator of the pair (T,B).
One has

L(A) = UL(I - A8) @ (T7'a - V)|, , Ae@,
where U = A(I - PO) + TP, is invertible.OHence,
-1

o(8) = {A 0#£rer (L)} < IR;
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further, o(S)\o(T) consists of isolated eigenvalues of finite mul-
tiplicity only. If the pair (T,B) is positive definite, then S and
s* are defined on the whole of H and § = A”'T and s* = ma™".

Let F be the resolution of the identity of SeL(Hl) (as a
self-adjoint operator with respect to the inner product (1.4)).
Analogously, let F' be the resolution of the identity of S+eL(HI)
(note that, by (1.5), S and s* are similar). For xeH put

Pox = F((0,+=))(I - P)x,  Phx= FT((0,+=))(I - B{)x;

P x = F((—w,O)z(I - Pszx, Py = F+((—w,2))(I - Eg)x.
Denoting Hp = Im Pp, Hp = Im Pp, Hm =Tnm Pm.and Hm = Im Pmione has
(1.6a) H=H ®H ®H), H-= H; o H; ® HY;

(1.60) TP P;T, TP = P;T, AR = P;A, AP = P;A;
(1.6¢) TIHT = H;, TOH1 = H;, ACH,T = H;, ACH ] = H;;
(1.64) P; = P;, P; = P, H; = (@ Hé)l, H; = (5, 8 o)

Finally,the operator T is self-adjoint and Ker T = {0}. So if
P, (P_) denotes the spectral projection of T corresponding to the
positive (negative) part of its spectrum and H, (H_) refers to
the range of P_ (P_), then
H=H_0H,.
The next decomposition theorems play an important role in
establishing the existence and uniqueness of a bounded solution

of the half-space problem. The second one of these theorems ap-
peared in [18] under the extra condition of inversion symmetry
and will therefore be proved here without using this condition.
THEOREM 1.1. (cf. Th. IIT.5.1 of [18]1). Let (T,B) be a posi-
tive definite admissible pair on H. Then
(1.7) H, @ H_ =H ®3H, =H
THEOREM 1.2. (cf. Section III.8 in [18]1). Let (T,B) be a
semi-definite admissible patr on H. Then there exist subspaces N+
and N_ of Ker A such that
(1.8) Hp'G N+ ® ?_.= Hm.@ N_-@ H+ = H. .
Moreover, i1f the finite-dimensional operator T A[H has Jordan
blocks of order 2 only (i.e. if T 'A[H,1 = Ker A), Phen in (1.8)
one may take N, = N_ = Ker A.
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Proof. On H, one considers the indefinite inner product
(1.9) <X,¥>p = <Tx,y> (x,yeHo).

According to Proposition III.5.3 of [18] the space Hy endowed
with this inner product is a Krein space (see [2] for the defini-
tion and main properties of Krein spaces) and [Hp ® H_ 1 n Hy
(resp. [H ® H 1 n Hy ) is a maximal strlctly negatlve (resp.
positive) subspace of Hy- For x = T Ay e T A[H ] and z ¢ Ker A
one has
(1.10) <S8y, 2Z>p = <Ay,z> = <y,Az> = 0,
and thus the subspace T A[H ] of Ker A (ef. (1.3) to see this)
is a neutral subspace of HO' Let M denote a complement of T A[H ]
in Ker A. Then the indefinite inner product space M (endowed w1th
(1.9)) has a maximal positive subspace N_ and a maximal negative
subspace N_ (c.f. [21). Using (1.10) one sees that T—1A[HO] ® N,
(resp. T_1A[HO] ® N_) is a maximal positive (resp. maximal nega-
tive) subspace of HO that is contained in Ker A. Since
[Hp ® H J n HO (resp. [Hm ® H+] n HO) is maximal strictly negative
(resp. positive), one has
(s, ®H_]n Hy) © (TTALH ] @ N,) =

qu: @H]nH)@(TlA[H]@N)=HO.
From this identity the decomp031tlons (1.8) are clear. The second
part of the theorem is straightforward. O

To study stability properties we now introduce uniform col-
lections. A collection {(T,Bi)}ieI of semi-definite admissible
pairs on H is said to be wuniform if in Condition (C.3) there exist
one and the same O<a<l and a bounded set of bounded linear opera-
tors Di on H such that ’

|T]%D; , iel.
If the index set I is countable, we shall often use the term
"uniform sequence®.

For the non-conservative isotropic case of the Transport
Equation (and later for the degenerate anisotropic case too)
Hangelbroek [11] introduced the projections Pp, Pm’ P, and P_,
and the subspaces Hp, H , H and H_, and proved (1.7). His work
has been extended by Lekkerkerker [15] to the conservative iso-
tropic case; in [15] a singular subspace is introduced and de-
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compositions like (1.8) are derived.

With a semi-definite admissible pair (T,B) on H an operator
differential equation with boundary conditions and a vector-valued
convolution equation are connected. Their equivalence is the con-
tent of the following

THEOREM 1.3. (= Th. V.2.1 of [181). Let (T,B) be a semi-
definite admissible pair on H. Let O<t<+w, gnd let w:[0,T] - H
be a continuous vector function such that Tw ts differentiable on
(0,1). Then an essentially bounded (strongly measurable) vector
funection Y:(0,1) + H Zs a solution of the operator differential
equation
(1.11a) (Ty)'(t) = (I - BYyp(t) + (Tw)'(t) + w(t) (0<t<T)
with boundary eonditions

(1.11b) 1lim P+w(t) = P+w(0), Iim P_y(t) = P_w(Tt),
40 tit
if and only if ¢ Zis a solution of the vector-valued convolution

equation

(1.12) 9(t) - fTH(t-s)BY(s)ds = w(t) (0<t<T).
Here, in terms of the resolution of the identity E of T, the

propagator function H(.) is given by

( 1

- T
+T—1e—tT P, =+ J u Te ME(du), O<t<too;
(1.13) H(t) = 0

+
-1 _-tT O _1 -t/u
et p = - j W le B ¥E(a),  —w<t<O.

- OO

For t=+» an analogous theorem holds (cf. (181, Th. V.3.1). In that

case one requires that w:[0,+x) > H is a bounded continuous vec-
tor function such that Tw is differentiable. Then an essentially
bounded (strongly measurable) vector function y:(0,+») ~ H is a
solution of the operator differential equation (1.11a) on the
half-line (0,+®) with boundary condition

(1.14) 1im P_y(t) = P,w(0),
t40 »

if and only if v is a solution of the convolution equation (1.12)
(with T=+~). For finite t the system of equations (1.11) is called

an (abstract) finite-slab problem; its analogue for T=t® is re-
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ferred to as an (abstract) half-space problem. Concrete versions
of these two problems are studied and applied in neutron physics
and astrophysics (see [61; [13,5,241).
The next two results express the existence and uniqueness
of (bounded) solutions of the finite-slab and half-space problems.
THEOREM 1.4. (= Th. IV.2.1 of [181). Let (T,B) be a semi-
definite admissible pair on H, and let O<T<+x, Then for every ¢el

there is a unique solution of the operator differential equation

(1.15a) (Ty)'(t) = -(I - B)y(t) (O<t<T)
with boundary conditions
(1.15b) lim P y(t) = P ¢, lim P_y(t) = P_¢,
t40 thr
namely
=1 =1
_ —tT ‘A -1 (t-t)T A =1 -1 -1

(1.16) w(t) = e vaT ¢ + e vaT ¢ + (I-tT A)POVT ¢,
where the invertible operator V% 18 given by

=1 -1

_ +tT A ‘ -1T A _ -1

(1.17) VT = P+[Pp+e Pm] + P_[Pm+e Pp] + Py P_T AP,

Note that Eq.(1.15a) withﬂboundary conditions (1.15b) is

equivalent to the convolution equation (1.12) with right-~hand side
-1 -1
tT (=0T 5 4, ostsr.

(1.18) w(t) = e P.o + e
A statement of the finite-slab problem by Hangelbroek [12]
stimulated the author to investigate this problem. For a case when
the pair (T,B) is positive definite and parallel to the research
leading to [18] Hangelbroek proved the invertibility of Vr‘
THEOREM 1.5. (= Th. IV.3.1 of [181). Let (T,B) be a positive
definite admissible pair on H. Then for every ¢ cH,  there is a
unique bounded solution of the operator differential equation
(1.19a) (Ty)'(t) = -(I - Bluy(t) (O<t<+e)
with boundary condition
(1.19p) 1im P w(t) = ¢,
t+0 :
namely
(1.20)  ¢(t) = e T 1AP¢+ (O<t<oo).
Here P denotes the project?on of H onto Hpalong H_.
The existence of the projection P is clear from Theorem 1.1.
If the pair (T,B) is only assumed to be semi-definite, then still
the half-space problem (1.19) has at least one bounded solution
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for every ¢eH. Uniqueness holds if and only if the finite-dimen-
sional operator T_1A]H has Jordan blocks of order 2 only. Assum-
ing inversion symmetryothis has been shown in [18] (see Th. IV.3.4
there). With the help of Theorem 1.2 this additional hypothesis
can be dropped.

Finally, to deal with the Milne problem we need the following

THEOREM 1.6. (= Th. IV.3.5 of [18]). Let (T,B) be a semi-
definite admissible pair on H. Then under the boundary conditions

lim P, y(t) = 0; an>0: [yt ] = 0(t™)  (to+w)
t40
the complete solution of the operator differential equation

(1.19a) <Zs given by
=1

(1.21) () = e 7T Axp # (1 - 6T x,  (O<tere),
where er[Hp & H 1 n Hy and xo+xpeH_. The vector Xy 18 uniquely
determined by Xy and conversely.

A concrete version of this (abstract) Milne problem appears
in astrophysiecs (see [5,13,31).

In the next section we shall need certain Banach spaces of
strongly measurable functions on (0,t). Given O<t<+eo, 1<p<+e and
a Banach space H, by Lp((O,T);H) we denote the Banach space of

all strongly measurable functions y:(0,t) - H that are bounded
with respect to the norm

(T ]1/p
| Dlvrllae] 7, asperss
lwl = {+0’
ess sup v ()], pz+m,
O<t<T

By strong measurability we mean measurability with respect to
Lebesgue measure as treated in Section VI.31 of [26]. Finally, by
BC((0,t);H) we mean the closed subspace of L_((0,7);H) consisting

of all bounded continuous functions y:(0,t) -+ H.

2. STABILITY PROPERTIES: SEMI-DEFINITE ADMISSIBLE PAIRS
In this section a detailed study is made of the stability of
the solution of the convolution equation

T
(2.1) p(t) - OJ H(t-s)By(s)ds = w(t) (O<t<T),

where H(t) is the propagator function of the semi-definite ad-

missible pair (T,B) on the Hilbert space H. Using the equivalence
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of Eq.(2.1) to a finite-slab problem (for finite 1) or to a half-
space problem (for t1=+w) (see Theorem 1.3 and the paragraph fol-
lowing its statement), one gets the stability of the solution of
these two problems.

THEOREM 2.1. Let (T,B) be a semi-definite admissible pair on
H, and let {(T,B )};mo be a uniform sequence of semi~definite ad-

missible pairs on H sueh that lim ||B- BNH = 0. Fix O<t<+» agnd
N+ 4e0
1<p<+o., Then for every right-hand side weLp((O,T);H) the unique

solution ¢ of Eq.(2.1) in the space Lp((O,T);H) ig the limit in
the norm of Lp((O,T);H) of the unique solution wNeLp((O,T);H) of

the convolution equation

T
(2.2) wN(t) - J H(t—s)BNwN(s)ds = w(t) (0<t<+o)

0
as N>+, The convergence is uniform in w on bounded subsets of
Lp((O,T);H).

Proof. For N = 0,1,2,... consider the operators K and K

N
given by

T
2.3 x0)() = [ H(e-0Be(slas, () (6) = o[ TH(s-s) Bys (s)as.

Then the operators K and K,, are bounded on L ((0,T);H) and

N

(2.4)  [Ix-K J NH(e) (B-B) || at < ||p® DNH j+ﬂl| T | *H(t)ljat.
T

all s
Here O<a<l is some constant with the property that for certain
operators D% and Dg in L(H) the identities B = |T|%D% and

= |T|%Dy hold true (N = 0,1,2,...). Such o exists because of
the uniformity of the sequence {(T B )} -O’ and o can be chosen in

such a way that the sequence {||D% DNH} is bounded.

N=0
Note that for O<Bsa one has B = }TfBD and By = lTlBDB, where
P = 7)*"fp% ang Df = o[ BD (N =0,1,2,...).

Let E denote the resolutlon of the identity of the self-
adjoint operator T, and let O<B<a and xeH. A straightforward
application of H8lders inequality yields

Hriee? = [ 1o B ncanx P -

+eo -B/a +oo B/a
< [T maox?] T [Tisanx ] -
L R PY SIS
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With the help of the estimate (2.4) (with a replaced by B) one
gets

(2.5)  [Ix-kyll = |33y P 3 o-0gE/® [l 17 Puce) e
=T

Since {HDa—Dﬁn}gjo is a bounded seguence, one obtains
1im  ||K-K| Loy = 0.
im Ryl (0,00 5m)

By Theorem V.4.1 (valid for positive definite pairs only)
and the remark at the end of Section V.4 of [18] the operator I-K
is invertible on Lp((O,T);H). Thus

lo-vgll = ITT-0)7" = (T-k ™ Twll > 0 (Nrte),

uniformly in © on bounded subsets of Lp((O,T);H).D
THEOREM 2.2. Let (T,B) be a positive definite admissible pair
on H, and let {(T,BN)}EfO be a uniform sequence of positive de-

finite admissible pairs on H sueh that lim HB—BNH = 0. Fix 1s<ps+o,
N+
Then for every right-hand side w ¢ Lp((0,+m);H) the unique solu-

tion ¥ of EQ.(2.1) (with t=+=) in the space Lp((O,+w);H) is the
1imit in the norm of Lp((0,+m);H) of the unique solution

by € L_((0,+=);H) of the comvolution equation
D A

wN(t) - OJ H(t—s)BNwN(s)ds = w(t) (0<t<+x)

as N++o. The convergence is uniform in w on bounded subsets of
Lp((0,+w);H).

The proof of this theorem 1s the same as the proof of Theorem
2.1 and is therefore omitted. The restriction to positive definite
pairs is needed for the application of Thecrem V.5.1 of [187, ac~-
cording to which the operator I-K (defined analogously to (2.3))
is invertible on Lp((0,+w);H) for 1sps+e,

COROLLARY 2.3%. Let (T,B) be a positive definite admissible

p&ir on H, and let {(T,BN)}EtO be a uniform sequence of positive

- definite pairs on H such that lim HB-BNH = 0. Then the following

identities hold true: Nt

(2.6a) 1im gap(H_,HY) = 0, lim gap(H_,HY) = 0;
N->+-c0 Np p N+ +o mem

(2.6b) 1lim ||P-P"| = 0, vim [Je-"|| = o5
N++o N N+ N

(2.6¢) 1im ||v=V'|| = 0, lim [|v_-vY] = 0.
N>+ N+>+e Tt

In these expressions the superschript N refers to subspaces and
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operators connected to the pair (T,BN) (N =0,1,2,...)

T ]

Proof. Apply Theorem 2.2 for p=+» and w(t) = e ¢,
(O<t<+e), where ¢, ¢ H, . In the norm of L _((0,+=);H) one has
loll = 1l¢,ll- According to the equivalence of Eq.(2.1) to an opera-

tor differential equation (see the paragraph following the state-
ment of Th. 1.3%; see also Th. V.3.1 of [18]) and Theorem 1.5 one

has

-1 -1
p(t) = e tT AP¢+, Py(t) = e tT ANPN¢+ (O<t<+m),
where A1= I-B,,. Therefore, for O<t<+e= one has
-1
-tT A, _ _-tT AN N
(2.7) [e P P ] < |lo-v HL ((0,+)3H)

uniformly in ¢+ on bounded subsets of H . Inserting t=0 one gets
the first one of the identities (2.6b). The second one follows by

considering the pair (-T,B) and.the uniform sequence {(- T,BN)}N 0

rather than (T, B) and the uniform sequence {(T,B )}
N

Slnce || p- pV | + 0 as N>+, Hy = Im P and Hp = Im p , one has
gap(Hp,hp) + 0 as N»+= (cf. [14,9], where the gap between sub-
spaces was introduced). The second one of the inequalities (2.6a)
is proved likewise. From (2.6a) one derives, with the aid of
[14,91,

(2.8)  1im|[[P_~PN|| = 0,  lim |l_-PN| = oO.
N+4w P P N>+
From (2.8) and (2.7) (with ¢, replaced by P+Pp¢) one obtains
-1 -1
(2.92) 1lim '[e-tT Ap o tT ANPN]¢“ = 0, Ost<+w,
N>+ b p
uniformly in ¢ on bounded subsets of H. This is clear from the

identities P ¢ = P(P P Yo and P ¢ = PN(P Pg)¢ ¢eH. Considering
the pair (-T B) and the unlform sequence {(-T,B )}N g one gets

(2.9b) 1lim ‘L HET Ayl ]¢H = 0, Oct<tom,
N—>+oo m
uniformly in ¢ on bounded subsets of H. Since
) -1 =1
v_ =P, [p 4+ o*TT Ap ] + P [P +e7TT Bp ]
T P m 1Y

and VN admits a similar representatlon, the second part of (2.6c)

is clear O

Next a stability theorem is derived for solutions of Eg.(2.1)
on the half-line in case (T,B) is only assumed to be a semi-defi-
nite pair. This theorem will play an essential role in the solu-

tion of the half-space problem in the conservative case (cf. Sec-
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tion 4).

THEOREM 2.4. Let (T,B) be a semi-definite admissible pair on
H, and let A = I-B, dim Ker A = 1 and dim HO = 2, where Hy denotes
the singular subspace of (T,B). Suppose that {(T’BN)}§fO 18 a uni-
form sequence of positive definite admissible pairs on H such that

1im HB—BNH = 0. Then for N large enough the operator T_1(I-BN)
N>+
has exactly two eigenvalues AN and AE tending to zero, where

Ao < 0 < Al Further,

N N
(2.10) 1im gap(HY , H_ ® Ker A) = lim gap(HN , H_ @ Ker 4) = O.
N+ p P N>+ m m

Here Hg(Hg) denotes the spectral subspace of T_1(I-BN) correspond-
ing to the positive (negative) part of its spectrum.
Proof. According to Theorem 1.2 one has
Hp ® Ker A 8 H_ = Hm ® Ker A B H+ = H,
indeed. Consider the operator polynomials
L(}) = A - AT, Ly(d) = (I - By) - AT,
Then 1lim ||L(A)

N>+
lated point of the spectrum of L(A). Let T be a positively orient-

LN(A)H = 0, uniformly in XeC, and A=0 is an iso-

ed circle with centre 0 such that the point at A=0 is separated

by T from the remaining part of the spectrum of L(A). By a result
of Gohberg and Sigal (cf. [10]) there exists M=0 such that for
N>M the sum of the algebraic multiplicities of the eigenvalues of
the pencil LN(A) within T equals the algebraic multiplicity of the
eigenvalue of L(A) at =0 (which coincides with dim Hj = 2). More
precisely, one chooses M in such a way that for NzM

(2.11) max [[LOOTTILOY) - LT < 1.

Ael
For N2M put
R = -(27i)] JL(x)'1dA, Ry = -(2ri)”] JLN(A)_1dA;
T r
then R and Ry are self-adjoint and lim HR—RNH = 0, It is stralght-
N+

forward to prove that for Nx=M the operators TR, TRN, RT and RNT
are projections. By definition, Hy = Im RT, and thus dim RT = 2.

But then (2.11) yields that for N=M all these four projections

have rank two. Putting HO’N:= Im RNT and Hl’N:= Ker RNT one gets

In TRy = (B4, Ker TR = @Myt e
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Put
N - - -
WS o= PO(RNT) + (I PO)(I RNT), N>M,
- N .. . . 0,N 1,N
where PO = RT. Then W 1is 1nvertible, maps H onto HO and H
onto H, and satisfies lim J|w"-I]| = 0. For N2M put
N++w
. -1 _ _
(2.122) s%% = wlr'(1-3) whH™, %= "Aly
HO,N 0
defined as operators on HO' Then in the norm of HO one has
(2.12b) 1im ||s%sN-5%)| = o;

N>+
further, o(S ) = {0} and S, has one Jordan block at A=0 of order

2. However, A T is 51m11ar to a self-adjoint operator. (Note that

N 1 1 1 1
- pATs(pTzmppTzypts O,N
AN is strictly positive and AN T = AN (AN TAN )AN ). So S can be
diagonalized for N large enough and SO’N has two different eigen-
0,N

values, to be denoted by x§ and A& (with AE > A&). Thus S”°" has
exactly two non-trivial (one-dimensional) invariant subspaces,
namely Ker (SO’N - Aﬁ) and Ker (SO’N - Ag). As an application of
Theorem 8.2 of [1] one finds

+
(2.13) 1im gap(Ker (s%°N- ) - Ker A) = o.
N>+ _ +
Let us prove that AN < 0 < AN for N large enough. Since

dim Hy = 2 and dim Ker A = 1, there exist vectors 0# Py and P4 in
o
<p1,ApO> =0, a:= <Tpo,p1> = <Ap1,p1> > 0 (because A =2 0 and

-1
such that T Ap1 = Py T Ap0 = 0. Then <Tpo,p0> = <Ap1,po> =

1 ¢ Ker A) and vy:= <Tp1,p1>eIR. A straightforward calculation
yields that <T(p1+EpO),(p1+EpO)> is strictly positive (resp.
strictly negative) for £>-y/2a (resp. E<-y/20). Therefore, the
two-dimensional vector space HO endowed with the inner product
(1.9) is a Krein space with a maximal p051t1ve and a maximal ne-
gative subspace of dimension one (see [2] for the terminology).
For N large enough the operator SO’N in (2.12a) is strictly posi-
tive in the inner product

-1 1

(2.18)  {x,y}y = <7D %, (0D T Tys

on Hy, while HSO’N - son + 0 and HWN-IH + 0 as N » +o,
Therefore, for N large enocugh the space HO with inner product

(2.14) is a Krein space with a maximal positive and a maximal ne-
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gative subspace of dimension one. Using Theorem VII.1.2 of [2]
one easily sees that A

N < 0 < AE for N large enough.
Next, put

By = By(I - RyT) + (I + T)RT; B = B(I - Py) + (I + )Py
As in the proof of Theorem III.6.3 of [18] one shows that (T,§N)
and (T,B) are positive definite admissible pairs on H and that
the spectral subspaces of their associate operators corresponding
to the positive part of their spectrum coincide with Hg n Hl’N
and H_, respectively. Further, {(T,ﬁN)}EZO is a uniform seguence
and lim [[B-By]| = 0. From (2.6a) it is clear that

N++o

lim gap(HN

N->+eo b N
With the help of (2.13) (for AN>O) one obtains the first identity

in (2.10). The second part of (2.10) is proved likewise. 0

1,N
n HOULH) = 0.

In [7] Feldman investigated the stability of discrete eigen-
values and eigenfunctions of the operator polynomial L(A) = A=-AT.
The similarity of his approach to the present one consists of
showing the stability of the operator X in (2.3) (for t=+=) in
the norm of Lp((O,+M);H) under perturbations of B in the operator

norm.

3. STABILITY PROPERTIES: SPECIFICATION FOR THE TRANSPORT
EQUATION
In this section the stability theorems 2.1 and 2.2 are ap- -
plied to the linear Transport Equation
wday (x,u) + v(x,u) =

dx
+1 2m
(3.1) J {g? J@(uu'+/1—u2 Vi-pt? cosa)da} plx,ut)dp'
-1 0

+ fx,ul); O<x<T, -lsu<+l.
On this integro-differential equation one imposes the boundary
conditions (0.2a) (for finite 1) or (0.2b) (for infinite t1). It

-~

is assumed that the phase function § is real-valued, belongs to

. . -1 +1.
L.[-1,+1] for some r>1 and satisfies a = (n+1) 2_1[ g(t)Pn(t)s 1

- 2 n .
(n = 0,1,2,...). Here Pn(u)= (2%en1) 1(5%)n(u -1)" is the usual
Legendre polynomial of degree n. As to the inhomogeneous term
f(x,u), which in astrophysics (resp. neutron physics) describes
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internal radiative (resp. neutron) sources, one supposes that f
acts as a bounded continuous vector function from (0,t) into
Lp[—1,+1] for some p>2.

If one defines the operators T and B on L2[—1,+1] by

(Th) (u) = ph(u),
(3.2) +1 27
(Bh)(u) = J [(2v)'1fé(uu'+/1—u2 Vi-u'? cosu)da]h(u')du',
- 0

then (T,B) is a semi-definite admissible pair on L2[—1,+1] (ef.
183, Thecrem VI.1.1). In fact, B 1s an integral operator on
L2[-1,+1] with the property that

+
BP, = a P, a = (n+1) 2 1f %(t)Pn(t)dt; n=0,1,2,..
(see [25], Appendix XII.8). So the pair (T,B) is positive definite
if and only if all coefficients a, are strictly less than +1.
Putting

p(x)(u) = plx,u), f{x)(u) = £{x,u) (O<x<t, -1lsps+l),
Eq.(3.1) is easily rewritten as an operator differential equation
on L2[—1,+1] of the form

(3.3)  (Ty)'(x) = -(I - Blw(x) + £(x) (0<x<1).

As a consequence of the condition on f, for finite T (resp.
for t=+») one can find a unique continuous function
w:[0,T] » L2E—1,+1] (resp. a unique bounded continuous function
w:l[0,+o) > L2[—1,+1]) such that Tw is differentiable on (0,t) and
satisfies the system of equations
(3.4a) (Tw)'(t) + w(t) = £(£) (O<t<T);

P.w(0) = P ¢, Pw(t) = P_¢;  O<t<e;

(3.4p)

P+w(0) 6,3 T4,

This unique vector function w is given by

_em— 1 - -1 T
e tT P o + e(T 6T P ¢ + J H(t-s)r(s)ds, O<t<T;
(3.5) w(t) = . o 0
e—tT ¢+<+ f H(t_S)f(S)dS, T=+®,
Q

For the proof we refer to Sections V.2 and V.3 and to Theorem
VI.1.2 of [181. (The uniqueness of w has not been shown there, but
this is easily derived from Theorems 1.4 and 1.5 applied to the
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pair (T,0) on L2[—1,+1]). In (3.5) the vectors ¢ and ¢, are arbi-
trary vectors of L2[-1,+1] and L2[O,1], respectively.

The expression (3.5) makes sense (i.e., contains the abso-
lutely convergent Bochner integral OITH(t—s)f(s)ds), if f is only
assumed to be an element of L_((0,t); Lp[—1,+1]) for some p>2.
Further, with the aid of the parts of [18] mentioned in the pre-
ceding paragraph one easily shows that the operator mapping (¢,f)
into w acts as bounded linear operator from Ly0-1,+1] @
Lw((O,r);Lp[—1,+1]) into Lw((O,T);Lz[‘1,+1]) (p>2 fixed, O<T<+w;
an analogous statement holds true for T=+=).

The next two theorems specify Theorems 2.1 and 2.2 for the
pair (T,B) in (3.2) and amount to the stability of the finite-
slab and half-space problems.

THEOREM 3.1. For r>1 let (gN)ng be a sequence of real-val-
- N

ued fumnctions in.Lr[—1,+1] whose expansion coefficients a, =
-1 (*1 ‘
(n+l) 2 J @N(t)Pn(t)dt do not exceed +1 (N,n = 0,1,2,...). Let §

be a function in L [-1,+1] such that g - QNHI’+ 0 as N+io, Fig
O<t<+» gnd ¢ ¢ L2[—1,+1], and let £:(0,1) + Lp[—1,+1] be a bounded
continuous vector function for some p>2. Then for N++x the unique

solution y':(0,7) » Ly0-1,+17 of the integro-differential equation

wap ) + M)

dx +1 217
J [g? JQN(up'+/1-uz J1-yt? oosa)da]W(X,u')du'
-1 0

+ P(x,u)s O<x<t, =-lgus+l,

with boundary conditions

W0, = oG (osus+1),  WN(r,u) = e(w)  (-1su<0),
converges to the unique solution P:(0,1) =+ LyL-1,+11 of Eq.(3.1)
with boundary conditions (0.2a). In fact,

+1
lim sup f o) - N, |%an = 0

N>+t O<x<tT -1
and the convergence 18 uniform in ¢ on bounded subsets of

L,0-1,+1) and <n £ on bounded subsets of BC((O,T);Lp[—1,+1]).
Proof. Introduce the pair (T,B) by (3.2) and the pair (T,BN)

by an analogous set of formulas in terms of gN. Then for

N =0,1,2,... the pair (T,BN) is a semi-~definite admissible pair
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on L2[—1,+1]. It is well-known that there is a constant ¢ (not
depending on N) such that for N = 0,1,2,

(3.6)  |IBll = cllgll., IB-Byll = cll&g=3yll., 1Byl < cllgyll,

Using the proof of Theorem VI.1.1 in [18] one sees that for a fix-
ed 0<a<(2r)—1(r—1) there exist bounded operators D and DN such
that B = |T|%D, BN = |7|%Y ana ||V < dlgyll, r = 0,1,2,...).
Here d is a constant not depending on N. Hence, {(T,BN)}gjb is a
uniform sequence of semi-definite admissible pairs on L2[—1,+1]
such that HB—BNH + 0 as N»+o. Thus the stability theorem 2.1 may
be applied.

With the help of Theorem 1.3 it is clear that the present
theorem merely is an application of Theorem 2.1 with w taken as
in (3.5). The statement on uniform convergence is clear from the
corresponding statement in Theorem 2.1, because the operator map-
ping (¢,f) into the right-hand side of (3.5) is a bounded linear
operator from L Sl-1,+11 & L ((0,1)3L [ 1,+11) into

(0,1} L,0-1 +1]) 0

THEOREM 3.2. For r>1 let (@N)gfb be a sequence of real-val-

ued functtins in L [ 1,+13 whose expansion coefficients aN =

+
(n+}1) %1J gN(t)P (t)dt are strictly less than +1 (N,n = 0,1,2,...).
Let & be a function in L. [-1,+1] sueh that ||g- gNH + 0 as Nr+o,

Fix o, € L [0,1], and Zet £:(0,+0) > L [-1,+1] be a bounded con-
tinuous uactor funetion for some p>2. Then for N++= the unique

N
solution P :(0,+w) - Ly0-1,+11 of the integro-differential equa-
tion

way" o)+ N (x,0) =

dx
+1 217
1
J EE J N(Uu'+/1°uz Vl‘u'z COSa)da]w(x,u')du'
_1 O

+ f(X,u); O<x<+o, =-1<ps<+l

2

with boundary conditions
N +1 5
o = 0,0 ausrn), [ utow ] %an = 001) (o),
-1

converges to the unique solution Y:(0,+o) - L [-1,+1] of Eq.(3.1)
with boundary conditions (0.2b). In fact,
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: +1 N 2
lim  sup J [o(x,0) - ¥ (x,u)|%du = 0
N>+ Q<x<te =1

and the convergence is uniform in ¢ on bounded subsets of L2E1,+1]
and in £ on bounded subsets of BC((O,+w);Lp[—1,+1]).

This theorem follows from Theorem 2.2 in the same way as
Theorem 3.1 follows from Theorem 2.1. Therefore, the proof is
omitted.

The situation that HQ-QNHr + 0 as N++o, occurs in several
instances. Feldman studied a general nonnegative phase function
g in L.[-1,+1] such that _1I+1g(t)dt < 1 (see [7]), and approxi-
mated it by the nﬁnnegative degenerate phase functions

By = T+ D) (-pip) (-gip)a P (w0 (W = 0,1,2,...)

n=0
in the Lr-norm. The second instance 1s the case when geAL2[-1,+1].

In this case the condition that [|g-8yll, ~ 0 as N>+~ for some r>1

is satisfieqd, if
+ oo

lim ] la -a
N++o» n=0

N|2 -0

n B N

To see this, note that Hg—éNﬂg = 3 la,-2
n=0.

ﬁ”z = HB-BNug, where
|B-Byll, denotes the Hilbert-Schmidt norm of B-By. The third exam-
ple is provided by the cut-off of the Legendre series expansion

of the phase function, an approximation often implicitly used by
physicists (see [13], Section 6.4.2). For this cut-off the approx-

imants gN of g are given by
N
@N(u) = Zoan(n+%)Pn(u); N =0,1,2,..., -1l<us+1.
n=

By a well-known result of Pollard [22] one has H@—QNHP + 0 as
N»>+e, provided r > %. For 1srs% this need not be true (cf. [20]).
To generalize the approximation by truncating the Legendre
series expansion to phase functions in Lr[—1,+1] (1<rs?) we in-
troduce the orthogonal projections PN of L2[—1,+1] onto the (N+1)-
dimensional subspace spanned by the Legendre polynomials PA,...PN.

Defining B by (3.2) and BN analogously in terms of gN, one has

By = BP,. However, for some O<a<(2r)_1(r—1) one has B = IT]aD,
where D is a bounded operator ([18]1, Theorem VI.1.1). So

.. +o
By = |T/%0PY (N = 0,1,2,...). Now it is clear that ((T,B)}yo

is a uniform sequence of semi-definite admissible pairs on
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L,[-1,+1] such that lim [[B-By|| = 0. The conclusions of Theorem 3.1
N>+

(for the case ans+1) and Theorem 3.2 (for the case an<+1) appear
to be straightforward applications of Theorems 2.1 and 2.2, res-
pectively. Hence, the approximation by cutting off the Legendre
series expansion of the phase function has been mathematically
justirfied.

We conclude this section by pointing out two other applica-
tions of the stability theorems for semi-definite admissible
pairs. One of these applications is the stability of the solution
of the symmetric multigroup Transport Equation in a non-multi-
plying medium. This equation may be described by a semi-definite
admissible pair on L2((-1,+1);¢N), where N is the number of groups
considered (see[18], Section VI.7). For the physical aspects of
the multigroup Transport Equation we refer to [6].

In astrophysics Eq.(3.1) is obtained from the more general
integro-differential equation

“(cos ©)dy (x,w) + v(x,w) = (2ﬂ)-1ng(w~w')w(x,w')dw' +
(3.7) dx ;

+ f(x,w); O<x<T, W e Q,
by averaging the solution ¥ over azimuth (see [5,24,13]1). In the

above equation Q denotes the unit sphere inIR3 and w is a point
of © with spherical coordinates 6 and ¢. It 1s easy to see that
Theorems 3.1 and 3.2 also hold true for Eq.(3.7) under analogous
hypotheses on the phase function g.

4, THE CONSERVATIVE CASE
In this section we compute the unique solution y:(0,+x) -
L2[-1,+1] of the integro-differential equation
wdy(x,u) + p(x,u) =

dx
(4.1a) oo
J {é? Jg(uu'+/1—u2 /1-ut? cosa)da}w(x,p’)du'
-1 70

(O<x<+w; -1sus+1)

under the boundary conditions

+1
(5.10) w(0,w) =0, () (Osusn), | TuGo,w [Pau = 0(1) (xese).
-1

The phase function g is nonnegative, degenerate and conservative,
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i.e.,

N
(4.2)  E(w) = nZO a (n+1)P (W3 ay =1, -lsa <+l (n=1,2,...,N).
Note that the situation that for some 1<MsN the coefficients a,
satisfy a, = +1 (n = 0,1,...,M) and -l<a <+1 (n = M+1,...,N),
is excluded.

First we introduce some functions and terminology. No matter
possible restrictions on the expansion coefficients of a phase
function & one associates with & its Xu¥¥er polynomials (Hn);:B’
which are given by the recurrence relation

(4.32) (2n+1)(1-a JuH, (0) = (n+D)H () + nH _, (W);

(4.3b) H_l(u) =0, Ho(u) = 1, Hl(u) = (1—ao)u-
In case an# 1 (n=0,1,2,...), in the non-conservative case, for
instance, the Ku¥¥er polynomial has degree n (n = 0,1,2,...). In
case g satisfies (4.2), one has
(4.4) Ho(w) =1, H (W) =0, Hy(w) = -3, deg H = n-2
(n = 2,3,4,...),

where deg H denotes the degree of H, . Moreover, comparing (4.3a)
with the recurrence relation of the Legendre polynomials one sees
that Hn(O) =P (0) (n=0,1,2,...).

By ¥(v,u) one denotes the characteristic binomial, which is

given by

N
(b.5a) ¥(v,u) = nzoan(n+%)Hn(v)Pn(u);
by ¥(p) we mean the characteristie function, 1l.e.,
N

(4.5p)  ¥(u) = ¥(u,u) = nzo an(n+%)Hn(u)Pn(u).
In terms of ¥(u) (or ¥(v,u)) one defines the dispersion function

A by
+1 -1
(ose) 200 =140 [ GenTvan, e g1,
-1

All these functions have appeared in literature (see [13]).
The term "dispersion function™ and its notation by A are custo-
mary in neutron physics; in astrophysics A is usually denoted by
T and the equation T(z) = 0 is called the characteristic equation
and its roots characteristic roots. If (4.2) holds, A has a double

zero at infinity and the other zeros of A outside [-1,+1] are
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real-valued and simple. This follows by writing A(X) as the deter-
minant

AN = detl[I - A(x-T) 'BI,
where T and B are given by (3.2) (cf. [12], for instance).

In the non-conservative case (i.e., if an<+1 for n=0,1,...,N
and an=0 for nx=N+1) the dispersion function A is uniformly HSlder
continucus on the extended imaginary line and there exists a
unique, so-called H-function H that is continuous and non-zero on
the closed right half-plane and analytic on the open right half-
plane, satisfies H(0) = 1 and the factorization formula

(4.6) AN = HOOT'H(-M)TT, Re A =0

(cf. [181, Th.2.1 and Eqg.(2.10)). Factorization results like (4.6)
have appeared in literature several times; for the references we
refer to Section VI.2 of [18].

PROPOSITION 4.1. Let the phage function g satisfy (4.2), and
for 0O<c<1 let H, denote the H-function associated with the phase
function cB. Then there exists a unique function H, defined, con-
tinuous and non-zero on the closed right half-plane with the
exception of the point at infinity, and analytic on the open
right half-plane, such that the factorization formula (4.6) holds.
The function H satisfies

(4.7) 1im H_(A) = H()),
etr ©
uniformly in A on bounded subsets of the closed right half-plane,

and 18 a solution of the H-equation

1
(4.8) E%FT =1 - uo} Xﬁ%%%§ﬁldv; Re u > 0.

Proof. Let T be the positively oriented circle with centre 0O
and radius R>1. Then there exists O<co<1 such that for cosc<1 the
dispersion function AC associated with the phase function cg has
precisely two zeros outside T, namely vc>R and —vc<—R. This is

clear, because lim AC(A) = A(X), uniformly in A on compact subsets
ctl
of ¢ _\[-1,+1], and A has a double zero at infinity.

From Theorem 2.1 of [181 it follows that for O<c<l and O<a<}
the dispersion function Ac is HOlder continuous of exponent o on
the extended imaginary line; the same is true for A itself. Fur-

ther, A, and A are strictly positive for imaginary A. Hence, for
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cy<c<l and O<a<} the functions vcz(v;—kz)_1(1—A2)Ac(X) and
(1-22)A(X) are HBlder continuous of exponent o and strictly posi-
tive on the extended imaginairy line, while

1im sup vCZ(l_AZ) 2
c41 Rer=0 —:zjjiq—— AC(X) = (1=A2)A(N)| = 0.

By Theorem III.4.1 of [23] the function (1-A2)A(A) has a canonical
factorization with respect to the imaginary line, namely

(1-22)AA) = B TTHEMNTT, Re A = 03
here fl is continuous and non-zeroc on the closed right half-plane
and analytic on the open right half-plane. Put H(A) = (1+A)E(A),
Re X 2 0. Then H has all the properties described in the statement
of the present proposition and is unique in this respect. Using
the sfability of a canonical factorization (ef. [81; Section I.5)
one sees that

lim vc(1+A) 1

c4l vc+x
uniformly in X on the closed right half-plane. Since lim v, = te,

ctl
formula (4.7) is clear. The H-equation (4.8) is clear from (4.7)

ant its analogue for the non-conservative case (c¢f. [18], Section
VIi.2). O

The H-equation (4.8) is frequently employed (see [5,13], for
instance); its rigorous derivation is due to Busbridge [31, also
for the conservative case. Here (4.8) is mentioned to link up the

function H to the H-function studied by Chandrasekhar [5].
Next we compute the bounded solutions of the half-space pro-

H, (DT - ()T = o,

blem for phase functions of the form (4.2). For such phase func-
tions the pair (T,B) (defined by (3.2)) is semi-definite and sin-
gular. It has the property that Ker A = span {PO}; its singular

subspace Hg is two-dimensional and is given by Hy
(ef. [161). According to Theorem 1.2 one has
Hp ® span {Py} ® H_ = H @& span {Py} @ H,

span {Po’Pl}

Ly[-1,+1].

For the conservative‘isotropic case these decompositions have been
found by Lekkerkerker [15].

THEOREM 4.2. Let the phase function B satisfy (4.2). Then the
projection P of L [-1,+1] onto Hp ® span {PO} along H_ Zs given by
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1
2y (0 (-1 (=) [v (o= T, ()R )w;
0

N
)}
20

(4.9)  (PhXu)={" (~151<0)

h(u), O<ps<+1.
For N = 0;1 one has qo(u) = 1 and qi(u) = 0. For N 2 2 the func-
tion a4 vanishes and qo,q2,q3,...qN are certain polynomials of
degree < N-1, which are the unique polynomial solutions of the

equations

1W(X,u)qn(u)—w(u,u)qn(k)
(4.10a) q (A) = Hn(x) + A H(u)du,
0

WA A€ [0,1];

1
(4.10b) an(u)H(u)du = 28, (n = 0,2,3,...,N).
0

Proof. For 0<c<l to the phase function c¢g there corresponds
the positive definite admissible pair (T,c¢cB), with T and B defined
by (3.2). Obviously, {(T,cB)}y . 4 is a uniform collection of po-

sitive definite admissible pairs on L ,[-1,+1] and lim I|IB=cB|| = 03
ctl
further, one has dim XKer A = 1 and dim Ho = 2. So the conditions

of Theorem 2.4 are fulfilled.

Let us apply Theorem 2.4. If Hg (resp. H;) is the spectral
subspace of (I-cB)_1T corresponding to the positive (resp. nega-
tive) part of its spectrum, one has
(4.11) 1lim gap(H H ® span {P }) = 1im gap(H ,H ® span {P,}) =0.

m 0
c41 ctl
1r p° (Q ) denotes the projection of L [-1,+1] onto d (H ) along

H_ (H,) (which exists; see Th.1.1), then (4.11) implies that

(4.12) 1im ||P® - P| = 11m 1% - Q| =
ctl +1
(the implication (4. 11) = (4,12) follows from results on the gap

between subspaces of a Banach space; see [14,9]).

Iir HC denotes the H-fuction corresponding to the phase func-
tion c¢g, then (4.7) holds uniformly in A on [0,1]. A formula for
PC is provided by Theorem VI.3.1 of [18] (agplied for cg). In this
formula (i.e., formula (VI 3.2) of [18]1) there appear the H-func-
tion HC and certain polynomials qS,...,q% of degree < N that sa-~
tisfy the equations
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1,C c ¢ c
U, wa s (u) = (u,uda (X))
(4.13) qg() = HI(A) + & 2 L H, (Waw;
0 H=A °

A g [0,1].
Here Hi is the Ku¥¥er polynomial of degree n and ¥°(v,u) the char-
acteristic binomial, both of them corresponding to cg. By Proposi-
tion VI.3.3 of [18] one has

aS(w) = H (W [(B)* P J(w);  Osus+l, n = 0,1,...,N.
Using (4.7) and (4.12) one sees that there exist polynomials
Qgs«--sqy of degree < N such that

. c —1p %

(4.18)  1im max Jo (w-a (W] = 0, g (w) = HG) [PTP 1(W).

ct1 O<us1
Using (4.13) formula (4.10a) is clear. From Eg.(VI 3.2) of [18]

and (4.12) one obtains (4.9).
In general, Ker P* = (Im P)* H; nIm A = A[H_1 @ span {P,}
(see (1.2)). So, by (4.1h), ql(u) = 0. Further, in the usual inner

1

product of L2[-1,+1] one has
1
-_ * - -— -
OJ a, (WH(w)du = <P"P ,Py> = <P ,PPy> = <P ,Py> = 26 4,
and thus (4.10b) is clear. It remains to prove that for N = 0,1
one has qo(u) = 1, and that for N 2 2 the functions Ay, -+ +5Ay
are the unique polynomial solutions of the system of equations

(4.10).

For N = 0,1 one has ¥(u) = gaj+ 2a,(1-ag)u® = 3 (see (4.30)

& (4.5b)). Using (4.8) for u++=, one gets Ole(u)du =
2Of1W(u)H(u)du = 2. Now g, satisfies (4.102), and thus q4(0) =
HO(O) = 1. Since q is a polynomial of degree at most 1, it has

the form g.(u) = Ap + 1. By (4.10b) one has A IluH(u)du =
0 C
Oflqo(u)H(u)du - Ole(u)du = 2 - 2 = 0. Since the integrand of

OfluH(u)du is strictly positive, one has A = 0. Hence, qo(u) = 1.
Let us consider the case N 2 2, and let Pn denote the (n+1)-
dimensional space of polynomials of degree < n. On the polynomials

one defines the linear map V by

1
(vp)(1) = p(A) - A J W(*’“)p(“iji(“’“)p<X) H(p)du;
0 A€ [0,1]

Note that an = Hn (nz2). Rewriting (Vp)(X) in the form
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1
() (1) = ph) - [ KRl oGy -

1
-2 J RO y(yr(uan (€ [0,1D),
0

observing that 1 - Oflw(u)H(u)du = 0 (employ (4.8) for u>+=), and
noticing that for n22 the Ku¥ler polynomial H, has degree n-2, it
is clear that

(h.15) V[Pk] c P k = 0,1,2,...

max (N-2,k-1) °
Let us first prove the linear independence of dQps955--+59,

(n=2). Take constants £9s855+++5&, such that £yq,+8,q5%...5, 9, = Q.

Applying V and (4.4) one gets Egt2E, = 53 =g = ... =g = 0. But
. 1

(4.100) yields g, =%OI {quo(u)+€2q2(u)+.--+Enqn(u)}H(u)du = 0,

Hence, 50 = 52 = ... = En = 0, and the linear independence of

Qgsdps-- 59, has been established.

For nzN consider V on P . Since V[P 1 < V _, (cf. (4.15)),
one has Ker VnPn # {0}. However, {qo,qz,...,qn} spans an n-dimen-
siongl subspace of Pn' So Ker VnPn is a one-dimensional subspace
of Un' Note that qO+2q2 # 0 (otherwise 4y and g, are linear depen-
dent) and that U(qo+2q2) = HO+2H2 = 0. Thus
(4.16) Ker V = {&(gy*2q,) : £eC} # {0}.

Hence, the functions Agsdp5---Qy are the unique polynomial solu-
tions of the system of equations (4.10). Finally, by (4.16) one
has V[Pn] = Pn__1 for nzN. Thus Qgsdps -+ 5Qy are polynomials of
degree < N-1. [

For a phase function satisfying (4.2) the Transport Equation
(4.1a) with boundary conditions (4.1b) has a unique (bounded) so-
lution ¢. This follows from Theorem III 3.3 of [18] and the de-
composition

Hp ® Ker A @ H_ = L2[-1,+1].
In terms of the projection P of L2[—1,+1] onto H_® Ker A along
H_ (described by (4.9)) one has ¥(0,u) = (P¢)(u) (O<usi).

The projection P is connected to the scatteping function

S(v,u) of Chandrasekhar [5] and the brightness coefficient

p(v,u) of Sobolev [247. The connection is given by

1 1
(4.17) (Ph)(-u) =3} J u 1S(u,v)h(\))dv =2 J vp(v,u)h(v)dv; Osus+1.
0 0
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For the non-conservative case an expression for S(v,u) has been
provided by Busbridge [3]. This expression has been improved and
generalized to the conservative case by Pahor [21] (see also [4]).
Up to the translation (4.17) this expression coincides with (4.9).

5. THE MILNE PROBLEM
In this section we derive the solution of the integro-dif-

ferential equation (U4.1a) with boundary conditions
+1
(5.1a) p(0,u) = 0 (-1su<0); J [ G, [Pau = 0(1)  (xo4w);

+1

(5.1b) lim J up(x,u)duy = -iF,
X>+o =1

for phase functions g of the form (4.2). Eq.(4.1a) with boundary

conditions (5.1) is usually called the Milne problem.
According to Theorem 1.6 the solutions of the Milne problem
(with the constant F in (5.1b) unspecified) all have the form

-xT" A -1
(5.2) p(x) = 7% X+ (I-xT A)xg, Ogx<+o,
where Xy € Hp, Xy € [Hp ® H 1 n Hy and X *tXg € H_. Here [Hp ® H_]
n HO is a one-dimensional subspace of HO (note that dim Hy = 2,
and use Theorem III.7.1 of [181). If P denotes the projection of
L,f=1,+1] onto Hp ® ker A along H_ (which is described in detail
in Section 4), then Xp = -Pxg and Y(0) = xp+xo = (I—P)xo. But for
e(u) = 1 one has ‘

+1
s 1in [wGewan = e ayix,e> =
w+too =1 Koo

~xT™ A -1
= lim {<Te”® x ,e> + <T(I-xT A)xg,e>} =
X4 D
= <Txy,e> - lim X<Axo,e> = <Txg,e>,

X>+o
because e ¢ Ker A; here we have used (1.6c) - (1.6d). Writing

Xy = EPp+nP, (i.e., xo(u) = £-nu) for certain constants &,n ¢ ¢,
one gets -}F = E<TP,,e> + n<TP ,e> = %n, and thus n = =-#F. So
$(0) = (I-P)xy = (I-P)(EPy-%FP;) = -iF(I-P)P,. Hence,
(5.3)  ¢(0,u) = -3FE(I-P)P,7(w),  -lsus+l.

One way to find an expression for ¢(0,u) is to apply Theorem
4.2, For N = 0,1 one finds

12 -1
Y(0,u) = =gF{p~3H(~p) [ v (v=-u) 'H(v)dv} =
0
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1 1
-1
= =2F{pu-1H(~-u) J vH(v)dv—%uH(-u)OJ v{v-u) 'H{v)dv}.
0
Substituting (4.8) for ¥(v) = } one gets
. 1
p(0,y) = g}ﬂ-u) ( vH(v)dv, -1<u<0.
OJ

However, the H-function H is the same as the H-function in the
conservative isotropic case (note that ¥(v) = ] does not depend
on a;). So OflvH(v)dv = %—/3 (cf. [3], Eq.(12.15); see also [18],
the paragraph preceding Th.VI.5.2). Hence, for N = 0,1 one has

(5.4)  9(0,w) = §V3 H(-uw), -1suso.

Another way to find ¥(0,u) rests upon the intertwining prop-
erty
(5.5) T(I-P) = Q'T,
where Q is the projection of L2[-1,+1] onto Hm ® Ker A along H+.
For the non-conservative case an analogous property is due to
Hangelbroek. To prove (5.5), take h ¢ L2[—1,+1]. Then h = hp+ho+h-
for unique vectors h e Hys hg € Ker A = span {Py} and h_eH_. So
T(I-P)h = Th_. On the other hand, Im Q" = (Ker Q) = H_ and Ker Q~
= (Im Q' =H 0 InA-= [H; @ Hol n Im A = H; @ ALH,J =
H; ® T[Ker Al; here we employed (1.6d) and A[HO] = T[Ker Al =
span {P,}. So Q"Th = Q*(Thp+ThO) + Q"(Th_) = Q"(Th_) = Th_. Thus
the intertwining property (5.5) is clear.

THEOREM 5.1. Let the phase function § satisfy (4.2) with Nz2.
Then the integro-differential equation (4.1a) with boundary con-

ditions (5.1) has a unique solution Y and
(5.6)  9(0,~u) = ¢ F u 'lag(u) + 2a,(w) M) (0<us),

where § = q0+2q2 is the unique polynomial solution of the system
of equations

1 - o
(5.7a) q()\) = J W(A;U)Q(U)'W(Ual‘l)Q()\)
0

o H(w)du, A € [0,17;

1
(5.70) oj GGu)H(w)dp = 2.
Proof. For n = 0,1,2,... one defines a function T by
[(I—Q)Pn](u) = rn(u)H(u) (O<pus<+1).

Since (2n+1)TPn = (n+1)Pn+1+nPn_1 (which is the recurrence rela-

tion for the Legendre polynomials), one easily sees that
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ura WEG) = (B a0 ¢ 50 Gpog 0 A0, Osust
(see (4.14)), and thus r  1s a polynomial of degree < max(N,n).
So

[(I-P)P;1(-u) = (=P, (W) = -ry (WH(W),  Osus+l.
So for Os<u<l one gets

$0,=w) = #Fr, (WHGW) = P {ag(w)+2q, (W)},
and (5.6) 1is clear. From the proof of Theorem 4.2 it is clear that
dq = q0+2q2 is the unique solution of the system of equations
(5.7). 0O

The first results on the solution of the isotropic Milne

problem are due to Milne [19], who reduced it to a convolution
equation; formula (5.4) has been found by Chandrasekhar [5]. The
expression (5.6) for the anisotropic case is due to Pahor [21].
(Note the difference in Condition (5.1b)). Another derivation of
(5.6) has been given by Busbridge and Orchard [4]. Here we present
a mathematical justification of these results.
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