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TRANSPORT THEORY IN Lp—SPACES
C.V.M. van der Mee

In this article boundary value problems of linear transport
theory are studied in L.-spaces (1<p<+w). It is shown that the
results valid in L —spage can also be derived in L_-space
(1<p<+=). For a nofi=multiplying medium formal exprgssions for
the solutions are obtained.

INTRODUCTION
In this article a study is made of the integro-differential
equation +1
pdy(x,n) + P(x,n) = [ glu,u")w(x,u")dp’ + £(x,n)
(0.1) dx -1 (O<x<1, -1sus+1),
where

2m
(0.2)  gluu') = (2m)"t J 2uu' + /57 /I57? cosa)da.
0

This equation describes the time-independent transfer of unpola-
rized radiation through a stellar or planetary atmosphere (cf.
[3,23,161) or the stationary transport of neutrons with uniform
speed through a fuel plate of a nuclear reactor (see [4]1). In
this equation x is a position coordinate, t is the thickness of
the atmosphere or fuel plate (in suitable units) and p is the
cosine of the angle describing the direction of propagation. The
real-valued function g describes the scattering properties of
the medium and is called the phase function. It includes the
albedo of collision rate ¢ = _1f+lg(t)dt as a factor. The term
f(x,u) accounts for internal radiative or neutron sources. The
function ¢ (x,u) represents the (azimuth-averaged) intensity of
the radiation or the angular density of the neutrons. Given g
and f, the problem is to determine the unknown function ¢ under
suitable boundary conditions.

To treat Eq. (0.1) within an operator-theoretic framework
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one usually considers the Hilbert space H = L2[—1,+1] of square
integrable functions on [-1,+1] (cf. [14,22], for instance) and
introduces the vectors y(x) and f(x) in L,[-1,+1] and the opera-
tors T and B on L2[-1,+1] by

(0.3a) p(x)(n)
(0.3b) (Th)(u)

1
"

wix,u), £(x)(u)

fx,u);
r+1 (O<x<1, -1sps+1)

J glu,u)h(u)du’.

-1
Now Eq. (0.1) can be restated in the form of the operator diffe-

rential equation
(0.4) (TY) ' (x) = -(I-B)y(x) + f£(x) (O<x<1)

with suitable boundary conditions.

In many physical and mathematical works instead of L2[—1,+1]
one also considers other spaces of functions on [-1,+1]. The
asymptotics of the solutions of (an equivalent form of) Egq. (0.1)
can be described in L,[-1,+1] for 1sp<+e (cf. [61). The (incom-
plete) normed space T_le[-1,+1] has been used in [19] for 1l<p<+ew
and in [18] for p=1. Further, it seems that neutron physicists
commonly believe that Li[—1’+1] is the "natural" space in which
to solve Eg. (0.1) (see [18,13,47).

In this article we shall obtain formal solutions of Eq. (0.1)
in Lp[-1,+1] (1sp<+w). If & « Lr[_1’+1] for some r>1, a transport
theory is developed in Lp[-1,+1] (1sp<+») by extending the ap-
proach of [227], which contains a theory in L2[—1,+1]. Throughout
this work we restrict ourselves to non-multiplying media, where
a, = (n+;)'%_1f+1g(t)Pn(t)dt < +1 (n = 0,1,2,...) and Pg,P,...
are the usual Legendre polynomials. Basically the same results
are obtained for different function spaces.

To impose boundary conditions on Egq. (0.4), in L2[-1,+1] one
defines the complementary projections P, and P_ by

(0.5)  (P,n)(w) = h(w) (w20), (P.h)(w) =0 (us0).
For finite 1 one imposes the boundary conditions

(0.6) lim P+w(x) = P9, lim P_w(x) = P_¢,
x+0 xtT

where ¢ ¢ L2[-1,+1] is given, and one calls this boundary value
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problem the finite-slab problem. For infinite 1 one imposes the
boundary conditions
(0.7)  1im P y(x) = ¢, He(x) || = 0(1)  (x+>+=),

x40 :
where ¢ ¢ L2[0,1] is given and the norm is taken in L2[-1,+1];
the boundary value problem (0.4) - (0.7) is called the half-space
problem. In an analogous way these two boundary value problems
can be stated in other function spaces too.

Let us give a description of some of the results on the fi-
nite-slab and half-space problems. To process the numerous func-
tion spaces together we introduce the notion of a C-admissible
Banach space H of functions h:[-1,+1]+¢. On such a space H and

for 0= xeR we define H(x) by

)"t Pa(n),  xu>0;
(0.8) (H(x)h) () =
0 s xu<0;

the function H(.) is called the propagator function. On a (C-ad-
missible space H it makes sense to define T, P, P_ and H(x)
(02 xelR) by (0.3b), (0.5) and (0.8) as bounded linear operators.
Further, to process the conditions on g, we call a C-admissible
space compatible with g (or with B), if the operator B in (0.3b)
is a limit in the operator norm of H of operators of finite rank
and _mf+mHH(x)B”dx< +o, Now on different function spaces the
Transport Equation can be treated from one point of view.

If a C-admissible space H is compatible with & and TLH] is
dense in H, the finite-slab problem (0.4) - (0.6) is proved to

be equivalent to the vector-valued convolution equation
T
(0.9)  wlx) - J H(x-y)By(y)dy = w(x)  (O<x<t),
0

where w(x,u) =»e_x/u¢(u) + iju'le-(x°y)/“f(y,u)dy (0<p<1) and

w(x,n) = o(T=x)/u _ Xftu—le_(x_y)/“f(y,u)dy (-1<p<0). Here ¢ is

an arbitrary function in H. For every right-hand side w(x) the
convolutionAequation (0.9) is shown to be uniquely solvable bi
comparison to the analogous equation in L2[-1,+1]. In particular,
for phase functions ge Lr[-1,+1] with r>1 and for non-multiplying
media the finite-slab problem (0.4) - (0.6) is proved to be well-
posed in the function spaces Lp[—1,+1] (1sp<+=). Analogous re-
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sults are established in a similar way for the half-space problem
(0.4) - (0.7) in non-conservative media, but also in conservative
cases the existence (and sometimes the uniqueness) of a solution

is proved.

Now that the finite-slab and half-space problems in non-mul-
tiplying media have been investigated as to their well-posedness,
on a C-admissible space compatible with § we define certain ana-
lytic semigroups, construct spectral subspaces and projections
and prove intertwining properties between pairs of corresponding
operators. With the help of these entities formal expressions for
the solutions are obtained. In fact, for 1sp<+e it is shown that
for every xe Lp[—1,+1] and O<t<+x the operator differential
equation
(0.10a) (Ty)'(x) = -(I-B)y(x) (O0<x<1)
with boundary conditions
(0.10b) 1im ||TP, p(x) - P+XHp = 0, lim ||TP_y(x) - P_XHp =0

x+0 xtT
has a unique solution w:(O,T)*-Lp[-1,+1], provided ge L [-1,+1]
for some r>1. The analogous half-space result is established too.
Note that the boundary value problem (0.10) is more general than
the problem (0.4) - (0.6) (with f(x)=z0).

In this article mathematical methods of a diverse nature are
employed. On the one hand, the theory of vector-valued convolu-
tion equations (e¢f. (9,6,7,10,11,8,1]) enables us to treat equa-
tions of the form (0.9) on different function spaces at the same
time. On the other hand, semigroup theory and especially the use
of analytic semigroups (ef. [17], Section IX.1; see also Ch. VIII
of [5]) enable us to write down formal expressions for the solu-
tion. The theory of the Transport Equation developed in [22] is
heavily used.

Let us shortly describe the contents of this paper. After the
preliminary first section in which the conditions on the phase
function g are translated into the compatibility with g of cer-
tain C-admissible spaces, the equivalence of the finite-slab and
half-space problems fto a convolution equation of the form (0.9)
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is proved. In Section 3 we show the finite-slab problem in non-
multiplying media and the half-space problem in non-conservative
media to be well-posed. In Section 4 this result is extended to
deal with the half-space problem in the conservative case. Using
the unique solutions of the convolution equation on the full real
line, in Section 5 we construct spectral subspaces and projec-
tions, analytic semigroups and intertwining operator pairs. These
entities enable us to write down formal expressions for the solu-
tions, also for the more general problem (0.10) (see Section 6).
In a future publication we shall show how the present approach
extends to multigroup Transport Theory (see [4] for the physical
aspects). Among other things we shall construct spectral sub-
spaces and projections, analytic semigroups and intertwining
operator pairs analogously to the present sixth section, and de-
rive statements about the partial indices of the symbol of the
Wiener-Hopf version of the multigroup half-space problem.
Throughout this article all Banach spaces ére complex and
<.,.> denotes the inner product of a Hilbert space. By Ker T,
Im T and o(T) we mean the null space, range and spectrum of an
operator T. The symbol L(H1’H2) stands for the set of bounded
linear operators from Hy into Hy. We write L(H) for L(H,H). By
IH (or I) we mean the identity operator on H. The Riemann sphere
Cu{=}is denoted by ¢_.

1. PRELIMINARIES

Let C be the algebra over § of functions ¢ = ¢_8 ¢, from
C[-1,01@ C[0,1] generated by the functions ¢ (u) = ¢_(-u) = |u|®
(O<us<l, a20), the step function ¢, (u) = ¢_(~u) = 3(sign(n) + 1)
(O<us1) and the functions ¢, (p) = ¢_(~p) = [11|Y-1e_|X/ul (O<pst,
YyeR, 0zxe¢R). Let H be a Banach space of functions h:[-1,+11+¢
with the property that every two functions hy,hy e H with hl(u) =
h2(u) for O02zype[~-1,+1] are to be identified. Examples of such
spaces are L2[—1,+1] and C[-1,01® C[0,11. Then H is called C-ad-

missible 1f for every ¢ « C the operator T, given by

¢
(T¢h)(u) = ¢(wh(n)  (-1sus+l),
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is bounded on H and HT¢H < M sup {|¢(u)|:-1sus+1}, where the con-
stant MH only depends on H. Clearly, 0(T¢)c {oTu)y:=1<u<+1T. De-

fine the operators T, P, and P_ by

h(u), uz0; 0 uz0;
(1.1) (Th)(p) = un(uw); (P,h)(n) = (P_h)(u) =
0 , u<0; h(u), u<0.

Then T is a bounded operator with o (T)c[-1,+1] and P, and P_ are
complementary projections that commute with T. Their ranges are
denoted by H+ and H_, respectively. Note that

(1.2) H, ®H_ = H, 0(T|H+)c [0,11, o(T|H_)c [-1,01.

For yelR and O0# xe¢IR we define the operator IT{YH(X) by

Y e ™ Ma(u),  xuo0;
(1.33)  (|T|YH(x)h) (n) =
0 s  Xu<0;

then #(x) 1s bounded on every C-admissible space H and for y<1 we

have
10, ([x] /(1) e,
(1.30) |IIT|YH(x) || < My sup fu Y~ Lo 1x 17w, O<|x|=1;
O<usl 0 s |x]=21.

The function H(.) is called the propagator function.

PROPOSITION 1.1. Let H be a C-admissible Banach space, and
assume that on H the operator T has a dense range. Then the ex-

pressions

ve_X/uh(u), nz0; 0 , u20;
(1.42) (U, (x)n)(u) = (U_(x)h)(u) =
0 , H<O; e Mn(y), u<o,

define bounded analytic semigroups on H,  and H_ with infinitesi-
mal generators (-TIH )-1 and (+T|H )—1, respectively. Moreover,
for he H we have -
lim HT(T-A)-1P+h - P,h|| = 0,
A>0,Rea<0
(1.4p)
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lim  ||T(T-\)"1P_h-P | =
A>0,ReA=0

Proof. Observe that the propagator function H(.) has an ana-
lytic continuation to the non-imaginary part of ¢, given by
] e ™ Mh(u), w(Re x) > 0;
(1.5) (H(x)h) (u) =
0 , u(Re x) < 0.

In fact, by the C-admissibility of H we have for Re x, Re y > 0
and he H: *

U, (x)-U,(y) =x/u_ ~y/u -
_L_____“-_.. - H(x) | h sup e___e____-le X/'Ll’
X~y H O<us<1 X-y H

and the right-hand side vanishes as y-+x. So U_ is analytic on the
open right half-plane with derivative -#(x). Similarly U_ is ana-
lytic on the open right half-plane with derivative =-H(-x).

By the C-admissibility on H, for Re x > 0 and he H we have

- /u
TLU,(x) - I1h||, < [|hll M, sup |u(1-e *'™)
| TCu, g < linlly }{O<u51| l,

and for 0<¢<in the right-hand side vanishes as x-+ 0 with
larg x| < ¢. Since on H the operator T has a dense range and
”U+(X)- Pl s 2My, for Os¢<im one gets
lim ftu, (x)-P_h|l, = 0, heH.

x>0, |arg x|<¢ * *UH
Hence, (U (x))X>0
finitesimal generator (- T|

To prove the 1dent1t1es (1 4b) we employ the C-admissibility

is a bounded analytic semigroup on H, with in-
-1

of H and derive the estimates
Il tree-n 7', - 23l = fa TO-m e, | < e sup, |>\u(u D7 <M ln] s
O
sup |A(A-n) 1] < My
<ps<l
From these estimates and the density of the range of T the first
one of the identities (1.4b) is clear. The second one is proved

analogously. O

| Ax-1)71p MR
0<

For specific C-admissible spaces H such as Lp[-1,+1] and
C{-1,018C[0,1] this proposition is well-known. Here we organize
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these properties by one statement.
Let Ze¢ Li[-1,+1], and define an operator B by

+1 -1 2
(1.6)  (B)() = f [ (om) Jg(uu' sAE AT cosa)du]h(u')du',
-1/ b 0 ~l<us+1.

-~

Then a C-admissible Banach space H is called compatible with g
(or with B) if the operator B is a limit in the norm of L(H) of
operators of finite rank and for some (and hence every) O<r<+w
one has

+T
f HH(X)BHL(H)dx< +oo,
-1

Similarly one defines the compatibility of H with an arbitrary
operator Be L(H).

PROPOSITION 1.2. Let g« Lr[_1’+1] for some r> 1. Then for
every 1l<p<+eo the Banach space Lp[—1,+1] 18 compatible with §g.

This proposition is due to Feldman (cf. [6], Theorem 1). In
[22]1 (Th. VI 1.1) this result has been obtained for p=2 by show-
ing the existence of 0<y<(r-1)/(2r) and a bounded operator D such
that B = [T[YD, and by employing (1.3b); this proof can be repeat-
ed for 1sp<+w, provided one takes O<a<(r~1)/(pr).

2. EQUIVALENCE THEOREMS

Throughout this section H will be a C-admissible Banach space
on which the operator T has a dense range. In such a space we
study the equivalence of the operator differential equation (0.4)

and a convolution equation of the form (0.9).

THEOREM 2.1. Let O<t<+®, Let H be compatible with the opera-
tor Be L{H). Suppose that w:[0,11+>H s a continuous function
such that Tw is differentiable. Then an essentially bounded
(strongly measurable) vector function Y:(0,7)+H <s a solution of

the convolution equation

T
(2.1)  w(x) - OJ H(x-y)BU(y)dy = w(x), O<x<rt,

if and only Z1f Y <8 a solution of the operator differential equa-

tion
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(2.2a) (Ty)'(x) = =(I-B)y(x) + (Tw)'(x) + w(x) (O<x<T)
with boundary conditione
(2.2b) 1im P y(x) = P w(0), 1lim P_y(x) = P_w(1).
x40 x4T

THEOREM 2.2. Let T =+», Let H be compatible with the operator
Be L(H). Suppose that w:[0,+»)>H <5 a bounded continuous funection
such that Tw is differentiable. Then an essentially bounded
(strongly measurable) vector function Y:(0,+=)»H <s a solution
of the convolution equation

+oo
(2.3) pix) - [ H(x-y)By(y)dy = w(x), O<x<to,
0

if and only if ¢ <8 a solution of the cperator differential equa-
tion

(2.4a) (Ty)'(x) = -(I-B)P(x) + (Tw)'(x) + w(x)  (O<x<tw)
with boundary condition

(2.4p) 1im P+w(x) = P+w(0).
x+0

For H = L2[-1,+1] such theorems have been derived in [22].
Here in the present context we only prove Theorem 2.1 and conclude
this section with some remarks.

Proof of Theorem 2.1. Let ¢:(0,1)+H be an essentially
bounded solution of the boundary value problem (2.2). As H is
compatible with B, we have _Tf+T“H(x)Bde < 4o, and thus the
function H(.)B is Bochner integrable on (-t,+T1). Since ¢ is essen-
tially bounded, it follows that the integral

T
(2.5) g(x) = OJ H(x-y)By(y)dy (0<x<T)

is an absolutely convergent Bochner integral. Choose xe (0,7) and

put y = Y-w. Take O<T1<X<T2<T. A simple partial integration yields

Tl T
([ [ Tmo @)+ x1ay =
0 T
2
= U, (=) x ()1, & = CU_(y=0)x() 1, [
= [0, (x=y)x(¥) 1y 54 _y=x)x(y y=t,’
where U_ and U_ are defined by (1.4a). Employing the boundary
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conditions (2.2b), the semigroup properties following from Propo-
sition 1.1 and the continuity of Ty we get

T
O[ Hx=y)L(TY) ' (3) + x(y)3dy = 9(x) - w(x), O<x<t.

Inserting Eq. (2.2a) we obtain the convolution equation (2.1).
Conversely, let ¢:(0,1) > H be an essentially bounded solu-
tion of the convolution equation (2.1). As H(.)Be Ll((-r,+r);L(H))
and e L _((0,7);H) and as the function g is the convolution product
of H(.)B and ¢, it follows that g is continuous on [0,1] (see
{271; 30.17, 30.18, 31.7 and 31.9, where a scalar analogue is
studied). For O<x<t and O<e<t-x we have T{g(x+e)-g(x)}/e = h, +
‘h, + h3

h

5 + hu, where

X
4 5‘1[U+(e)- P+JTOJ H{x-¥)By(y)dy;

[ay
1"

T
5 -e_i[U_(e)- P_1T J H(x~-y)By(y+e)dy;
X

-1 [X*E
h3 = ¢ J U, (x+e-y)By(y)dy,
X
-1 X+£
hy = -e f U_(y-x)By(y)dy.
X

-1

Since —(T|H ) is the generator of the semigroup U+(.), we have
+

h1+-0fXH(x—y)Bw(y)dy as €¥0. Using the continuity of ¢, the boun-
dedness of ¥ on [0,t] and the Bochner integrability of H(.)B on
(-t,+1), we apply the theorem of dominated convergence for Bochner
integrals (cf. [27]) and get XfTH(x—y)Btp(y+e)dy-+Xj'TH(x—y)Bw(y)dy
as e¥0. So h2+--xfTH(x—y)Bw(y)dy. By the continuity of ¢ we have

h3+»P+Bw(x) and hu->P_Bw(x). Hence, for O<x<T one gets

1im Helxre) - g}, JTH(x—y)Bw(y)dy + By(x).

eyl . € 0

iig T{g(x+e) - g(x)}/e = - [TH(x-y)By(y)dy + Bu(x) for

O<x<t. Thus Tg is differentiable on (0,1) with derivative -g+ By.
Recall that Tg and Tw are differentiable on (0,1) and ¢ = gtw

(ef. Eq. (2.1)). Therefore, Ty is differentiable on (0,T) and

Similarly,

(Tp) T (x) = (Tg)'(x) + (Tw)'(x) = -g(x) + BY(x) + (Tw)'(x).
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Inserting g = y-w we get Eq. (2.2a). The boundary conditions
(2.2b) follow from the continuity of g on [0,t] and g(0) ¢ H_ and
g(t) e H,. O

Let us consider the operator differential equation

(2.6) (TY) ' (x) = -(I-B)p(x) + £(x), O<x<t.

For finite t we impose the boundary conditions (0.6) and for in-
finite T the boundary conditions (0.7). To apply Theorem 2.1 (for
finite t) we have to find a continuous function w:[0,t]+ H such
that Tw is differentiable on (0,t1) and '

(2.7a) (Tw)'(x) + w(x) = f£(x)  (0<x<1);
(2.7b) P,w(0) = P ¢, P_w(t) = P_¢.

For infinite 1 we have to find a bounded continuous function
w:[0,+o) > H such that Tw is differentiable, Eq. (2.7a) (with t1=+x)
holds and

(2.7¢) P,w(0) = ¢,

in order to apply Theorem 2.2. For finite (resp. infinite) =
Eq. (2.1) with boundary conditions (0.6) (resp. (0.7)) has the
same essentially bounded solutions as the convolution equation
(2.1) (resp. (2.3)).

For finite 1 consider

T
(2.8)  w(x) = [U,(x) + U_(1-x)1¢ + OJ H{x-y)f(y)dy, Osxst.

IfT H = Lp[—1,+13 for some 1l<p<+w and f acts as a bounded continu-
ous function from (0,7) into Lpr[-1,+1] for some r»> 1, the inte-
gral at the right-hand side of (2.8) is an absolutely convergent
Bochner integral and u is a continuous function satisfying (2.7a)
- (2.7b). To see this, note that there exists O<y<l such that
[[H(x-y)]| = O(|x-y|Y_1) (y»x) as an operator from L, [-1,+1] into
Lp[—1,+1] (see the proof of Theorem 1 of [6]). So x -+ Ofﬁﬂx-y)fhﬂdy
is the convolution product of an Ll-function and an L _-function
and therefore continuous on [0,T7]. Thus w 1s continuous on [0,t]
indeed, and TP w(.) and TP_w(.) have the form

X
x+(x) = TP w(x) = U (x)(T¢) + OJ U, (x-y)f(y)dy; (O<x<T1)
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T
Y_(x) = TP_w(x) = U_(t-x)(T¢) - j U_(x-y)£(y)dy.  (0<x<r)
X

Using Proposition 1.1 and standard semigroup theory we see that
X, and x_ have to be solutions of certain Cauchy problems (cf.
[17], Section IX 1.5), and therefore w is a solution of the boun-
dary value problem (2.7a) - (2.7b). For infinite 1 analogous ar-
guments can be given; now the formula for w is

+0a
(2.9) w(x) = U+(x)¢+ + OI H(x-y)f(y)dy, O<x<+o,

3. EXISTENCE AND UNIQUENESS OF THE SOLUTION

Throughout this section H will be a C-admissible Banach space
that is continuously embedded in Ll[—1,+1] and on which T has a
dense range. On such function spaces and for a phase function g
to which H is compatible and for which the expansion coefficients

-1
a, = (ep)7E_ [*TB(6)P_(8)at < 1 (n = 0,1,2,...), we prove that

n
the boundary value problems (0.4) - (0.6) and (0.4) - (0.7) have
a unique solution. Here Pn(u) = (2n-n!)_1(§%)n(u2—1)n denotes the

usual Legendre polynomial of degree n.

THEOREM 3.1. Let 0O<1<+w, and for some r>1 let ge Lr[—1,+1]
Sl S
p = (DT [TE)R ()t < 1 (n = 0,1,2,...).

Then on all C-admissible Banach spaces H continuously embedded

have the property that a

in L1[_1’+1] and compatible with & on which T has a dense range,

the boundary value problem

(3.1a) (Ty)'(x) = -(I-B)yY(x) (0<x<1);

(3.1b) lim [[P,9(x) - P o[l = O, lim |P_y(x) - P_¢fly = 0
x40 xtT

has a unique bounded solution P:(0,1) > H.

As we shall prove in Section 6, we may drop the assumption
that ¢ is bounded, and show that (without this assumption) the
boundary value problem (3.1) has a unique solution. Also a more
general type of boundary conditions will be considered.

THEOREM 3.2. Let T = +», and for some r>1 let B« Lr[_1’+1]

-1
have the property that a = (n+3) 2_1f+1§;(t)Pn(t)dt <1 (n=0,1,2,...).
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Then on all C-admissible Banach spaces H that are continuously
embedded in Li[_1’+1] as a dense linear subspace, are compatible
with & and on whiceh T has a dense range, the boundary value pro-
blem

(3.22) (Tp)'(x) = -(I-B)Y(x) (0<x<+);
(3.20) Llim ||Py(x) = ¢, ]l = O
x+0

has a unique bounded solution Y:(0,+») > H,

In Section 6 we shall consider a more general type of bound-
ary conditions. In the next section we generalize this result to
the case a < +1 (n = 0,1,2,...).

Proof of Thaorem 3.1. Let H satisfy the conditions of this
theorem. According to Theorem 2.1 the boundary value problem
(3.1) has the same essentially bounded solutions y:(0,7)+H as
the convolution equation

T
(3.3)  (x) - Oj H(x-y)By(3)dy = w(x)  (O<x<r)

with right-hand side w(x) = [U_(x) + U_(t-x)1¢ (see also formula
(2.8)).

For 1l<ps<t+eo the operator KH

P gerined by

T
(KPy) (x) = Oj H(x-y)By(y)dy  (O<x<i),

is a compact operator on Lp((O,T);H). This can be proved in the

same way as Lemma 1.1 in [8], because B is the limit in the norm

of operators of finite rank. Moreover, I- glel=1,%12,p 34 4p-

vertible for every l<ps+o (see [22], Section V.4). Since L [-1,+1].

is compatible with g (ef. Proposition 1.2), andiLz[-1,+1] is .a

.dense subspace of-t,.[-1,+1], it follows that for 1<p<+» the ope-
L10-1,+1] -1,+11,p 354 4

Ll[-l,"‘l],p

rator I~-K >P has a dense range. But glal
compact operator. So for 1<p<+w the operator I-K is
invertible. However, Ker (I- KH’p) c Ker (I= KL1[~1’+1]’p) = {0}

U0 ig invertitle.

for 1<ps<+w. Thus for 1lsps+w the operator I-K
Now it is clear that for 1lsps<+w and. every we Lp((O,r);H)

the convolution equation (3.3) has a unique solution ¢ in

Lp((O,T);H). If ¢ is continuous on [0,t], then ye L _((0,7);H) and

hence y:(0,7) +H is continuous on [0,1] too. Observe that
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w(x) = [U (x) + U_(r-x)1¢ depends continuously on x in [0,7]. Thus
the boundary value problem (3.1) has a unique bounded solution
p:(0,t)+H. [

Proof of Theorem 3.2. Let H satisfy the conditions of this
theorem. According to Theorem 2.2 the boundary value problem (3.2)
has the same essentially bounded solutions ¢:(0,+=)+H as the con-
volution equation

+
(3.4)  W(x) - O[ HOx-y)BP(¥)dy = w(x)  (O<xe+s)
with right-hand side w(x) = U+(X)¢+ (see also formula (2.9)).

As _mf+mHH(x)BHL(H)dx< +e, the symbol of the Wiener-Hopf ope-

rator integral equation is continuous in the norm; up to a trivial

change of variable it is given by

+o
J oX/ X

(3.5) W(A) = I - H(x)BAx = T-A(A-T) 1B, Re A = 0.

Under the conditions of this theorem, on L,0-1,+1] the symbol W(x)
has a left and a right canonical Wiener-Hopf factorization with
respect to the imaginary axis (cf. Theorems V 7.2 and 7.3 of [22];
see also Chapter VI of [1]1). Since B is a compact operator on
L1[—1,+1] and L2[—1,+1] is a dense linear subspace of L1[—1,+1],
for every extended imaginary X the operator W(X) is invertible on
Ll[-1’+1] and L2[—1,+1]. Because B is a compact operator on H and
H is a subspace of Ll['1’+1]’ for all extended imaginary X the
operator W(ix) is invertible on H.

Observe that on H the symbol W has the following properties:
(1) W belongs to the Wiener algebra of functions of the form
{cI+ __mj"mexmk(x)dx tcef, ke Ly((=o,+0)5L (H))}; (2) W can be
written in the form

1

W) = I-a0-DPB - 2(-T) P B (Re x = 0),

where B is the limit in the norm of L(H) of operators of finite
rank; (3) W(x) is invertible in L(H) for all extended imaginary X.
By a result of Gohberg and Leiterer ([111, Theorems 4.3 and 4.4)
on H the symbol W has a left and a right Wiener-Hopf factorization
with respect to the imaginary line with factors in the above

Wiener algebra.
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For l<p<+e let K1°P be the operator on Lp((O,+m);H) defined by

+ 00
(kP y) (x) = OJ H(x-y)By(y)dy  (O<x<te).

From the existence of a Wiener-Hopf factorization of W one derives

that for 1<ps+« the operator I - KH’p is a Fredholm operator. The

derivation is standard (see [9]). By the proof of Theorem V 5.1 of

LoC=-1,+11,p

[22] for 1<ps<+» the operator I - K is invertible. Since

L,[-1,+1] is continuously embedded in [,0-1,+1] as a dense linear

gL1b=1,+110 5o 5 Predholm operator, it follows

L{[-1,+11,D

subspace and I -
that for 1<p<+= the operator I - K is invertible.
Because H is continuously embedded in Ll[-1,+1] as a dense linear

subspace and I - KH’p is a Fredholm operator, it follows that for

H,p is invertible.

1<ps<+» the operator I - K

Now it is clear that for 1s<ps<+» and every we L_((0,+=);H)
the Wiener-Hopf equation(3.4) has a unique solution ¢ in HJ(O,“@;H%
If w is bounded and continuous on [0,+=), then e L_((0,+=);H)
and hence P:(0,+=)+H is bounded and continuous too. Observe that
w(x) = U+(x)¢+ depends continuously on x in [0,+») and is bounded.
Thus the boundary value problem (3.2) has a unique bounded solu-
tion :(0,+=)>H. 0]

For H = Lp[-1,+1] (1sp<+>) Theorems 3.1 and 3.2 apply to
phase functions ge Lr[_1’+1] for some r>1 (ef. Proposition 1.2).
If H is a C-admissible Banach space continuously embedded in
Ll[-1’+1]’ H contains the function e(n) =1 (and thus all polyno-
mials) and if _mf+wHH(x)e”de < +o, then these theorems apply to
degenerate phase functions of the form é(u)v= ngoan(n+%)Pn(u)

(N finite).

In the statement of Theorem 3.1 (resp. 3.2) the finite-slab
(resp. half-space) problem is considered for a non-multiplying
(resp. non-conservative) medium. In Eq. (3.1a) (resp. (3.2a)) we
did not allow an inhomogeneous term f(x) (as in Eq. (0.4)). For
specific spaces H Theorems 3.1 and 3.2 are easily adapted to cover
the occurrence of an inhomogeneous term. If H = Lp[-1,+1] (1<p<te),
we require that for some r'> 1 the function f acts as a bounded
continuous function from (0,t) (resp. (0,+~)) into Lprl[-1’+1]'
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For such f a suitable we L_((0,7);H) (resp. we L_((0,+=);H)) can
be constructed, which is continuocus on [{0,t] (resp. bounded and
continuous on [0,+»)). This right-hand side w of Eq. (3.3) (resp.
Eq. (3.4)) is given by (2.8) {(resp. (2.9)). If one adds such an
inhomogeneous term f(x) to Eq. (3.1a) (resp. (3.2a)), then Theo-
rem 3.1 (resp. 3.2) can be derived as before.

4, SPECTRAL ANALYSIS OF L(A) = I-B- AT

Throughout this section H stands for a C-admissible Banach
space that is densily and continuously embedded in L1[—1,+1]; it
is supposed that T has a dense range on H. If for some r> 1 the
phase function ge L,0-1,+1] and H is compatible with g, we study
on H the operator pencil

(4.1)  L(r) = I-B=-2T.

In [22], Section III.3, the pencil L(A) has been studied in
detail on L2[-1,+1], which is compatible to every g« Lr[_1’+1]
with r> 1 (ef. Proposition 1.2). On L,0-1,+11 we have
{Ae€ : I-AT is not invertible} = (-o,-1Ju [1,+»), just as on
LD[—1,+1] for 1sps<+e. For general H the pencil L(X) is a compact
perturbation of LO(A) = I- AT and the spectrum of Ly(}) is con-
tained in (~e,~1]u [1,+»). By a result of Gohberg and Sigal [12]
the set

{AeC:rd (mo,-17u [21,+»); L(A) is not invertible on H}

consists of normal points only and these points can only accumu-
late at points of (-»,-1]Ju [1,+=). Hence, if L(0) = I-B is not
invertible, then A =0 is an isolated normal point of the spectrum
of L(X).

To state the next proposition let a, = Qﬁ&)-%qJ+1@ﬂﬂPnﬁﬂdt
(n = 0,1,2,...); these numbers will be called the expansion co-
efficients of §. On Lp[-1,+1] (1<ps+») one has BP, = a Py
(n =0,1,2,...) and o(B) = {a, : n=0}u {0} (see Appendix XII.8 of
[261). Since H is continuously and densily embedded in L1[—1,+1]
and B is compact on H, the spectrum of B on H is the same set,
provided, of course, H is compatible with g.
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PROPOSITION 4.1. Let H be compatible with ge L [-1,+1] for
some r > 1. Then outside (-»,-11u [1,+=) the spectrum of the pen-
eil L()\) on H does not depend on H nor do the partial multiplici-
ties of the normal points of L(X). Put o= {an: nz0}. If oc (=-»,1],
then the spectrum L(L) of L(X) is a part of the real line and the
order of any pole of L()\)"1 at a nmon-zero (resp. zero) normal
point equals +1 (resp. +2 at most).

Proof. Put @ = C\{(-»,-1]1u [1,+=)}. Then on @ the operator
L(A) is a Fredholm operator of index 0. Since H and L2[—1,+1] are
both of them densily and continuously embedded in Ll[-1,+1], on
these three spaces the part of the spectrum of L(A) on © 1is the
same and for every Aje Q in the spectrum of L(A) the partial mul-
tiplicities and Jordan chains coincide (cf. [1] for these notions).
The rest of this proposition is clear from the properties of L(})
on Ly[-1,+1] (see Section III.3 of [221). O

If A = I-B is not invertible and ¢ = {an: n>0}c (-»,117,
then A =0 is a pole of L(>\)_1 of order at most 2. Put

—(2ni)_1j L(x) " Ymax, Py = -(2ni)‘1J () " 1an,
r r

where I is a positively oriented circle separating A =0 from the

Py

1t

rest of the spectrum of L(X). It appears that PO and PS are pro-
jections of the same finite rank, Ker A < Im P, and TP0 = PST
(see Section 1.3 of [247]; see also Section III.3 of [22]1). The
finite-dimensial subspace Hy = Im Py of H is called the singular
subspace. We also put Hj = Im Pj. Note that Hj and Hg
same form as the corresponding subspaces in L,[-1,+1].

It is easy to see that A acts as an invertible operator from

have the

H1 = Ker PO onto H; = Ker Pg. So there exist bounded operators S
on H1 and s* on HI such that ASx = stax = Tx, Xe€ Hl' The operator
S we call the associate operator. If o = {anunzo}c(—w,lj, then o(8)

+ . . .
0(8 ) < IR. For the conservative isotropic case, where ay = 1 and

n
associate operator have been constucted by Lekkerkerker [20].

a_ = 0 fornz21, and on L2[—1,+1] the singular subspace and the

Next for the case o = {an: nz20}c (~»,1] we analyze on H the
operator differential equation
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(4.2)  (Ty)'(x) = =(I-B)y(x) + f(x)  (O<x<1)

with boundary conditions (0.6) (for finite t) or (0.7) (for in-
finite 1). First recall that the singular subspace Hy does not
depend on the particular choice of H. So as in L2[—1,+1] this
subspace HO consists of polynomials only (cf. [221, Theorem VI
4.1). On H, one defines the indefinite inner product

+1 .
(4.3) Ky Y>q = J px(w)y(u)du;  x,yeH,

which makes HO a Krein space (see [2] for the terminology). On HO
there exist subspaces M+ and M_ that are maximal strictly positive
and maximal strictly negative in (4.3) and have the property

M B M_ = Hy
chosen independently of the choice of H.

(ef. [2]). Clearly these subspaces M+ and M_ can be

PROPOSITION 4.2. Let H be compatible with e Lr[—1,+1J for
some r>1, and let o = {a :n20}c (-=,1]. Then the space H is

also compatible with the operator
-1 -1
B, = B(I-Py) + (I+u "T)(I-p)Py + (I-u "T)pPy,

where u> 0 and p ts the projection of HO onto IVI+ and M_. Further,
the spectrum of B, is contained in (-=,1).

Proof. Recall that L2[—1,+1] is compatible with g. Further,
the operators T, B and P; have the same form on H and on L2[—1,+1]

and the subspaces HO’ M, and M_ do not depend on the particular

choice of H. Since (Id-;-lT)(I- p)PO + (I- uan)pP0 is an operator
of finite rank, the operator Bu is a 1limit in the norm of H of
operators of finite rank. Since x = Bx + TBT_l(I- B)x (x¢ HO) and
_wf+m”H(x)Bde< +w, the space H is easily proved to be compatible
with Bu' Because H and L2[—1,+1] are continuously and densily
embedded in L1E—1,+1], the set o(Bu) does not depend on the par-
ticular choice of H. The proposition is now immediate from Theorem
III 6.3 of [22], which is the analogue in L,[-1,+1]. O

In the statement of Theorem III 6.3 of [22] (applied to the
pair (T,B) on L2[—1,+1]) the conclusion is drawn that for u> 0
the pair (T,Bu) is a positive definite admissible pair on L,0-1,+1]
(see Section III.2 of [22] for the terminology). From this it
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follows that for every 1<p<+°° and every we L ((0,+2) ;L [-1,+11)
the Wiener-Hopf operator 1ntegral equation
400

B8 000 - [HOENBEY = uln) Q)

has a unique solution in Lp((0,+m);L2[-1,+1])(cf. [22], Theorem
V 5.1). It is also clear that for every o, € L2(0,1) the boundary
value problem
(4.5a)y (TP) '(x) = -(I-B¥(x) (0<x<+e);
(4.5p)  1im P.9(x) = ¢,, ¥, -1,+417 = 0(1) (x> #=),
x+0 2
has a unique solution 9§ : (0,+m)+-L2[-1,+1] (ef. [22]1, Theorem 3.1).
We have

THEOREM 4.3. For some r> 1 let g« L [-1,+1] have the property
that a = (n+}) -t 1f+1@(t)P (t)dt <1 (n = 0,1,2,...). Then on all
C-admissible Banach spaces H that are contznuously embedded in
L1[—1,+1] as a dense linear subspace, are compatible with g and
on which T has a dense range, the boundary value problem
(4.6a) (Ty)'(x) = =(I-B)y(x) (O<x<+eo);

(4.6Db) iig B u(x) - ¢, ll; =0

has at least one bounded solution Y:(0,+x) > H. The number of 1li~-
nearly independent bounded solutiong of the corresponding homo-
geneous problem (where ¢ =0) is finite and equals dim Ker (I-B)
- 3dim Hy., where Hy 28 the singular subspace. In particular,
there is a unique bounded solution for every ¢, ©f and only if
all partial multiplicities of L(A) at A =0 equal +2.

It is possible to give a more direct description of the
number of linearly independent bounded solutions. Let M =
{nz0:a =+1}, and call a subset {k+l,...,k+m} a eyele of M of
length m, if and only if k¢ M and k+m+1 ¢ M. Then M is decomposed
into a disjoint union of cycles. Note that Ker (I - B) equals
span {Pn: ne M}. By Theorem VI 4.1 of [22] we have dim HO -

dim Ker (I-B) = a(M), where o(M) is the number of cycles of odd
length. Hence, dim Ker (I-B) - 1dim Hy 1s one half of the diffe-
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rence of the cardinality of M and of a(M). Thus there is a unique
bounded solution for every o, if and only if all cycles of M =
n+1}= {1} for n20).

Proof of Theorem U4.3. Let S be the associate operator (i.e,
ASx = Tx, xe Ker PO). Putting wo(x) = Pow(x) and wibd = (I-Pylu(x),
Eq. (4.5a) can be decomposed as follows:

(h.72)  (Spy)'(x)
(4.70)  (Typg) ' (x)

{n>0: a, = +1} have length one (i.e., if {an,a

—¢1(x) (O<x<+m) ;

~(I-B)yy(x)  (O<xew).

Since dim Hy< 4w, T acts as an invertible operator from Hjy onto
HS = Im Pg and the order of a (possible) pole of L()\)_1 at A =0
is at most 2, one easily computes that

(H.7e) yp(x) = (I- xT_iA)hO (O<x<4m),

where A = I~ B and hjye Hy. Since y, is bounded, we see that Ahy =0
and y,(x) = hy.

Putting Po(x) = PyP(x) and ¥,(x) = (I- PyI¥(x), Eq. (4.5a)
can be decomposed as follows:

(4.8a) (894)'(x) = -P;(x)  (O<x<te);
(4.80)  (Tgg)'(x) = -(I-BPy(x)  (Ocxctm),

(Note that (I- Bu)Sx = Tx, xe¢ Ker PO). Using the specific form
of B> Eq. (4.8b) is easily solved in the form

(4.8¢) Py(x) = e ¥ (1 - p)hg + e+x/up50 (O<x<+o),

where u> 0 and Eoe Hy. Obviously, &O is bounded if and only if
pﬁo= 0. Here M, = Im p (resp. M_ = Ker p) is a maximal strictly
positive (resp. negative) subspace of Hy.

Using the decompositions (4.7a) - (4.7b) and (4.8a) - (4.8Db)
the boundary value problem ¢+ can be reduced to one of the form
(4.5) (with a different ¢,). The reduction does not depend on the
particular choice of the C~admissible space H. Therefore, in H
one finds the same result as in L2[-1,+1]. For the result in
L2[-1,+1] we refer to Theorem IV 3.4 of [22]. (The inversion
symmetry J referred to in this theorem is the map (Jh)(u) = h(-u);
see Section III.7 of [221). O
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Now Theorem 3.2 has been generalized to the case a, < +1
(n = 0,1,2,...), and thus the conservative case of the Transport

Equation is included in our description.

5. SPECTRAL SUBSPACES, PROJECTIONS AND SEMIGROUPS

Throughout this section H stands for a (C-admissible Banach
space that is continuously and densily embedded in Ll[-1,+1]; it
is supposed that T has a dense range on H. If &« Lr[_1’+1] for
some r>1 and H is compatible with &, we employ the (unique)
bounded solutions of the boundary value problems (3.1) and (3.2)
to construct spectral subspaces, projections and semigroups. In
Section 6 these entities will enable us to write down the solu-
tions of these boundary value problems. We put A = I-B.

THEOREM 5.1. Let the C-admissible space H be as above, and
let H be compatible with ge L [ 1,+1] for some r> 1. Assume that
a, = (n+}) - 1f+1‘(t)P (t)dt < 1 (n=0,1,2,...). Then there exists
a decomposition of the form

(5.1) H = Hy ® H 6 Hy,

where HO denotes the singular subspace, H ®I%l= Ker P0 and the

closed subspaces Hp and Hm have the following properties:

(i) and H are invariant under the associate operator S and
U(SIH ) ¢ [0,+=) and 0(S|H ) ¢ (-w, O],
(ii) the operator (- S|H )1 (resp. (+S|H 1) ie the infinitesi-

m
mal generator of a bounded analytic semigroup (Up(x))X>O
(resp. (Um(x))Xzo
(1ii) <f Pp (resp. Pm) denotes the projection of H onto Hp (resp.
Hm) along HmGI%)(resp. Hp®}%ﬂ, then for 0<x<+® the ope-
rator Up(x) - U, (x) (resp. Um(x) - U_(x)) s compact. Here
for he H one puts Up(x)h = Up(X)Pph and Um(x)h = Um(x)th.
Proof. First it is assumed that {a :n20}c (-=,1). Under
this hypothesis the singular subspace HO is trivial, the operator

) on Hp (resp. Hm);

A is invertible and the associate operator has the form S = A—lT.
Let us construct the closed subspaces Hp and Hm' Observe
that the symbol of the Wiener-Hopf operator integral equation
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+ oo
(5.2) p(x) - J H(x-y)By(y)dy = w(x) (~o<x<+o)

is given by (3.5), belongs to the Wiener algebra

(eI + _ J*"e* M(x)ax : ke L ((~=,+=);L(H))}and has invertible
values only. So for every 1lsps+eo and we Lp((—m,+w);H) the above
equation has a unique solution ¢, in Lp((—w,+m);H). Given ¢(x) =
TH(x)¢ (i.e., w(x) = U,(x)¢ for x>0 and ¢(x) = -U_(-x)¢ for x<0)
we define operators Pp and Pm on H by

Py = iig by (), Po= - iig vy (XD,

where w¢ is the unique solution in Ll((—w,+m);H) of Eq; (5.2);
note that ¢, is continuous except for a jump at x= 0. Observe that
P ¢ + P ¢ = lim ¢, (x) - lim ¥, (x) = lim TH(x)é - lim TH(x)¢ =

P m x+0 ¢ xt0 ¢ x¥0 x40

P.¢ + P_¢ = ¢, ¢ H. Further, if Pp¢ =P ¢ = 0, then for w(x) =
TH(x)¢ the solution ¢¢ of Eg. (5.2) would be continuous on all of
IR. From Eq. (5.2) the continuity of TH(.)¢ would follow, and
thus P ¢ = 1lim TH(x)¢ = lim TH(x)¢ = -P_¢ ¢ H nH_ = {0}. There-

fore, Pp an§+gm are comp%ggentary projections. We put Hp = Im Pp
and Hm = Im Pm.

Given ¢ ¢ H let ¢, be the unique solution of Eq. (5.2) with
w(x) = TH(x)¢ (0=zxeR). We define operators Up(x) (x20) and

Um(x) (x>0) by

Up(x)¢ = w¢(x) (x>0), Up(0)¢ = lim w¢(x);
x+0
U, (x)¢ = —w¢(-x) (x>0), U (0)¢ = - iig ¢¢(X)-

So U_(0) = Pp, Um(O) =P Since on L_((-,+»);H) the operator
(L) (x) = v(x) =~ __[""H(x-y)By(y)dy (-=<x<+=) has a bounded in-
verse, it 1is easily seen that Up(x) and Um(x) are bounded and

[N e M 1274l U, Goll s M L7l Osx<re,

By the continuity of w¢ on [0,+») and (-«»,0] the functions Up,
U [0,+o) > L[ {H) are strongly continuous.

To prove that U_ and Um are semigroups, we apply the argu-
ment of (the first part of) the proof of Theorem 2.1 and cbtain
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n

(5.3a) (T¢¢)'(X) -(I- B)w (x) (0=xeR);

(5.3b) - 1im ¢ _(x) = P_¢, lim ,(x) = -Ppo.
x+0 ¢ p <40 m

For Os<y<+= the function xy(x) = w¢(x+y) (x>0), Xy(X) =0 (x<0),

is a solution of Eq. (5.2) with w(x) = TH(x)Up(y)¢ (02 xeR), and

thus xy(x) = Up(x)Up(y)¢ (x> 0) and Xy(x) = -U (-x)+0 = 0 (x<0).

So we have for Osx<+w:

]

Up(x)Up(y) = Up(x+y) (x=20); Um(x)Up(y) = 0 (x=z0).

Hence, Im Up(x) c Hp (x=>0) and Up is a semigroup. Analogously,
Im Um(x) < Hy (x> 0) and U, is a semigroup.

Let us show that A™IT leaves invariant H_ and H It is
easily checked that for ¢ ¢ H the function §(x) = A” Tw¢(x) sa-

~tisfies

(T9)" () = =TATH () ' (1) = Ty, (x) = ~AF(x) (0= xcR).
so A1TP ¢ = 1im (x) e H, and ATlTe ¢ = - lim P(x) e W
PY xv0 x40
Let us compute the 1nfinitesima1 generators of the bounded

strongly continuous semigroups (Up(X)IHp)sz and (Um(x)le)XZO'
For O<x<+~ we have

-1 -1 (¥ -1 (*
X T{Up(x)‘ Up(O)}cb = X oI (Tw¢)'(y)dy = -X 0[ Aw¢(y)dy,

and by the continuity of w¢ on [0,+») this tends to -Aw¢(0) =
—APp¢ as x ¥ 0. Therefore, if Pp¢ belongs to the domain of the
generator G of (the restriction to Hp of) the semigroup

-1 o .
(Up(x))XZO’ we have A TGpPp¢ = Pp¢ Conversely, if h belongs

to the domain of G_, then h = P_¢ = 1im w (x) for some ¢ ¢ H and
P P x+0
w¢ = Up(.)¢ is differentiable on (0,+»), while

TUp(X)Gph = (Tw¢)'(x) = -Aw¢(x) = —AU (x)h, O<x<+o,

For xw 0 we get TG h = -Ah, and thus he A” T[H ]. Hence, G
-1 P y-1

-(A” T|H .

rator of’ (the restriction to H of) the semigroup (U (x))

p:

Similarly, +(A~ T|H is the 1nf1nitesimal gene-

x20°
Since the above semigroups are bounded and o(A~ 1T) < IR, we

have
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1

(5.4)  oATIT| ) < [0,+%), o(ATIT|, ) e (-=,01.
HP Hm

Clearly, for O<x<+» we have HUp(x)¢H z Hw¢(x)H + 0 as x =+ +o, where
the convergence is uniform in ¢ on bounded subsets of H. Hence,

(5.5) lim [|[U () ]| = 0, ;h31||um(x>u 0.

X>+o
To establish the analyticity of the semigroups take ¢ « H and
consider Eq. (5.2) for w(x) = TH(x)¢ (0= xe¢IR). First we show that
the integral g¢(x) = _wf+mH(x—y)Bw¢(y)dy, with w¢ being the solu-
tion, represents an analytic function on €\ iIR. Putting (U(t)h)(u)
= e—it/uh(u) (-1<ps<+1) and observing that [|U(t)]| = 1 (t eR), we
have H(z) = U(Im z)H(Re z) for Re z # 0. Hence,

IH(x=9)By, (¥) || = [H(Re x - y)BY,(y)|l;  O<y<+», Re x > 0,

and thus g¢(x) igs given by an absolutely convergent Bochner inte-
gral for every Re x > 0. Because the absolute convergence of this
integral is uniform in x on strips of the form elsRe x<€,, where
O<el<52<+w, it appears that g, (x) depends analytically in x on
the open right half-plane. Since TH(.) is analytic on ¢\ iIR, the
functions Up(x)¢ and Um(x)¢ depend analytically on x for every
¢ ¢ H. Thus Up and Um are analytic on the open right half-plane.
(Here we employed Theorem 4.4 G of [25]).

It remains to prove that
(5.6) lim lu (x)¢-P ¢l =0, ¢eH

x+0, |arg x|<s P P

(and similarly for Um). Remark that

4 oo 4
[ Treen - hew vy ay = B, [ HGempBy, (ay +

$00 Re x
¢ [P_-U_(x)] f HGx-y)BY ()ay - Of H(=3)BY, (¥)ay.

Since (U_(x))X>O is an analytic semigroup, we have

1lim
x>0, |arg x|<§
From this relationship formula (5.6) is clear. The semigroups

(Up(x)|Hp)xzo and (Um(x)|Hm)X20 are analytic, indeed.

-w{+”[H(x-y)- H('y)]B¢¢(y)dyH = 0, 0<s<}m.
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To prove the compactness of Up(x)- U+(x) and Um(x)- U_(x),
we consider the convolution equation

+T
(5.1 w0 - [ KBy = w0 (crexern).
=T

By the "projection method" (Theorem 3 of {71) for 1 large enough,
for every 1<ps<+o and we Lp((-r,+1);H) Eq. (5.7) has a unique solu-
tion o in Lp((—T,+T);H). Furthermore, if we set wT(x) = 0 for

|x| 2 T, and if ¢y denotes the unique solution of Eq. (5.2) (with

w e Lp((-w,+w);H)), we have

(5.8) Tiﬂllle- w”Lp((-w,+m);H) = 0.

On Lp((-T,+T);H) (O<t<+w, 1<p<+w) the operator (KwT)(x) =
_TI+TH(x-y)BwT(y)dy (-t<x<+t) is compact. (The proof is analogous
to the proof of Lemma 1.1 of [8], because B is a limit in the norm
TH(x)¢ (0= xeIR),
the solution b of Eq. (5.7) is continuous on [-1,+1] except for a

of operators of finite rank). Further, if w(x)

possible jump at x=0. Using the compactness of K on L_((-1,+1);H)
it follows that the linear operators on H that map ¢ into

lim (Kw)(x), are compact. But from (5.8) it is clear that these
x+0
operators converge in the norm of L(H) to Up(x)— U, (x) (x> 0) and

Um(—x)- U _(-x) (xs<0), respectively. Hence, the operators
Up(x)- U, (x) (x20) and U _(x)-U_(x) (x20) are compact.

Finally, we extend our results to the case {an: nz0}c (-»,1],
where Hg might fail to be trivial and A might fail to be inverti-
ble. If S: Ker PO -+ Ker PO denotes the associate operator (see
Section 4), take u>max (||TIL|IS|) and let M, (M_) be a maximal
strictly positive (negative) subspace of Hy (endowed with the in-
definite inner product (4.3)). Then M, @ M_ = Hy. Let p be the
projection of H0 onto M+ along M_ and put

0*

B, = B(I-Py) + (I+u lT)(I-p)P, + (I-u 'T)pPy;

u

A =TI -B = AP

-1 -1
u u o ~ U T(I- p)P0 + u “TpP

0
(see Proposition 4.2). Then H is compatible with B, and
1

- -1
AT =8 ® (—u)IM_ ® uIM+, c(Au T) = 6(8) v {u,-u}l,
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where o(S) n {u,-u} = #. Using the first part of the proof one dis-
covers that Ker PO (i.e., the subspace on which S is defined) can
be decomposed as the direct sum Hp@I%l= Ker PO, where Hp and Hm
are closed S-invariant subspaces, S[{H_ 1 is dense in Hp, S[Hm] is
dense in H_ and the operators (—S{H_)'1 and (+S|Hm)_1 generate
bounded analytic semigroups. In facg, for the operator Bu the ana=~
logues of Hp and Hm are the A;lT-invariant subspaces Hp@lw+ and
}%1@Nt’ respectively. To see this, note that the spectrum of the

restriction of Aal

T to Hp@M+ (resp. H ®M_) is contained in
[0,+®) (resp. (-»,0]). Now the theorem has been extended to the

case {a :n20}ec (-=,11. [

COROLLARY 5.2. Let the C-admissible space H be as above, and
let H be compatible with §«¢ Lr[_1’+1] for some r > 1. Assume

-1 !
a = ()72 [YlE(6)P (t)dt < 1 (n = 0,1,2,...). Put H; = ALH ],
H; = A[Hm] and HS = T[HOJ. Then we have the identities
_ ot ot +
(5.9a) TTE;T = Hp, TCH_ ] = Hp, AlHyl < Hy,

the decompositions
_ + + +
(5.9b) Hp@HmGHO—IL Hp®Hm®HO- H,

and the intertwining properties
+

+ _ + . .
(5.9¢) TPp = PpT, TP, = P T, TPy = PyT;
+ + ot
(5.94d) AP, = P LA, AP = P A, AP, = PgA,
where P; (P;) 18 the projection of H onto H; (H;) along H;GBHS
+ +
(HPQE%).

Proof. The corollary is a direct consequence of the follow-
ing facts:
(1) A acts as an invertible operator from Ker PO = H ®#H_ onto

+ 4 p-m

Ker P0 = Hp@Hm;
(2) T maps Ker Py into Ker PS and Hy into HS;
(3) T has a dense range and T[H,] = H55
(4) the subspaces Hp and H_ are invariant under S, and
(5) ASh = Th for every he Ker Py. O

With the operator S+ on the subspace Ker PS = AlKer Pyl given

by AS = S+A, one can associate bounded analytic semigroups on H;
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and H; that satisfy the relationships
+ +
(5.102) AU (x) = Up(x)A,  AUp(x) = Up (33
+ +
(5.10b) TUp(X) = Up(X)T, TUm(X) = Um(X)T.
The infinitesimal generators are (—S+|H+)-1 and (+S+|H+)_1. Using

the compactness of B = I- A one easily Bhows that for %20 the
operators U;(x)- U, (x) and U;(x)- U_(x) (and therefore P;- P, and
P;— P_) are compact.

If H = L2[—1,+1], the operator S is self-adjoint with respect

to the inner product
<f,g>, = <Af,g> (f,ge Ker PO),

which is equivalent to the usual one. If F denotes the resolution

of the identity of the opretor S, then Pph = F((0,#=)) (I—Po)h and

Ph = F((-=,0)) (I—Po)h for every h « L2[—1,+1] (see Section III.3
of [22]; for an anisotropic case see [15]).

THEOREM 5.3. Let the C-admissible space H be as above, and
let H be coTpatine with g e Lr[-1’+1] for some r> 1, Assume
a = (n+;)'2_1f+1g(t)Pn(t)dt <1 (n=0,1,2,...). Then there
exists a subspace N of Ker (I-B) such that ‘

(5.112) H ®N®H =H, H ©N®H =H

Furthermore, if {an,a }2 {1} (n=0,1,2,...), then

n+1

(5.11b) Hp ® Ker A ® H_ = H, Hm ® Ker A ® H = H.

Proof. For later use (in multigroup Transport Theory) we
shall postpone the application of Theorems 3.1 and 4.3 until the
second half of the proof. Fist we assume that ah<+1 (n=0,1,2,...).
Consider the operator integral equations

+w

(5.12a) v, (x) - OJ H(x-y)By, (y)dy = w(x) (0<x<tm);

0
(5.12b) _(x) - f H(x=y)BY_(y)dy = w(x) = (==<x<0).

-0

Let the subspaces ﬁp and ﬁm be defined by

(5.13a) H_ = {- lim y (x)|3¢ eH: ¥, e L_((0,4=);H) satisfies (5.12a) for
p x40 w(x) = TH(x)¢};
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(5.13Db) ﬁm = {- lim y_(x)|3¢ eH: y_e L_((—=,0);H) satisfies (5.12b) for
x+0 w(x) = TH(x)¢}.

(Note that Y, and ¢_ have continuous extensions to [0,+=) and
(~=,0], respectively). For w(x) = TH(x)¢ (0 =2 xeIR) the functions
v, and y_ satisfy the operator differential equation (Ty)'(x) =
'(I';B)WEX) on (0,+») and (-»,0), respectively. Hence, ﬁpc ﬁp
and Hmc:Hm.

Let us prove that for w(x) = TH(x)¢ with ¢ ¢ H every solution
of Eq. (5.12a) and Eq. (5.12b) is uniquely determined by its
value at x=0. Let y be a solution of Eq. (5.12a) with w(x) =

TH(x)¢ (O<x<+») and lim w+(x) = 0. As in the proof of Theorem
x+0
2.1 one sees that (Ty)'(x) = -(I-B)y(x) (O<x<+o), and thus the

right derivative of Ty at x=0 exists and vanishes. Putting
p(x) =0 for x< 0, the function y:(-»,+x)+H is bounded and sa-
tisfies the equation (Ty)'(x) = -(I-B)y(x) (xeIR) and the iden-
tity ¢(0)=0. So ¢ is a solution of Eq. (5.2) in L_((-w,+=);H)
with right-hand side w(x)=0. Thus ¢y = 0. Hence, every solution
is uniquely determined by its value at x= 0.

Since TH(x)¢ = TH(x)P ¢ (x> 0) and TH(x)¢ = TH(X)P_¢ (x<0),

we have

00
(5.14a) dﬁm{w+|w+(x) - I H(X-y)B¢+(y)dy 0 for O<x<+e} = dim [ﬁpn H_J<+oo;
0

0
(5.140) dim{y_|yp_(x) - j H(x-y)By_(y)dy = 0 for +wo<x<0} = dim [ﬁmn H, J<teo,

—o
Further, H_+ H_ (resp. ﬁm4-H+) is the set of those vectors ¢ ¢« H
for which Eq. (5.12a) (resp. (5.12b)) with right-hand side

w(x) = TH(x) has a solution ¢ e L ((0,+=);H) (resp.

Y_ e L _((-=,0)3;H)) Hence,

(5.15a) codim[ﬁp+-H_]s codim{weLm((O,+w);H)[Eq; (5.12a) has a solution}<+w;
(5.15b) codim[ﬁn+ H, 1< codim{uweL_((~,0)3H)|[Eq. (5.12b) has a solution}<+w.
But Hpc:Hp and Hmc Hm, and therefore

(5.16a) dim[ﬁp nH_Js dimlH, 0 H_I, dim[H_nH, 1< dimlH 0 H 13

(5.16b) codim[ﬁp+H_]z codim[H,+H_1, codim[ﬁm+H+]2 codimlH +H, 1.
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Put V = PP, + PP . Then I-V = PP + PP = (P_—P+)(Pp-P+)
is a compact operator (see Theorem 5.1, third part). Since Ker V =

[pruH_]@ LH nH,J and Im V = [Hp+ H_In [H +H.], one gets
(5.17) dim[Hpr1H_] + dimlH _nH,J = codim[H +H_] + codimlH +H,].

From Theorem 1 of [7]1 (whose proof is based on methods from
[91) it follows that the right (left) indices KqseersKy (pl,...,pm)
for the Wiener-Hopf factorization of the symbol (3.4) of

Eq. (5.12a) with respect to the imaginary axis (-iw,+ix) satisfy

+c0
(5.18a) dim{w+|w+(x) - J H(x-y)Bw+(y)dy=’O for OQex<+w} = - 7§ €53
0 K <0
(5.18b) codim{we L_((0,+=);H)|Eq. (5.12a) has a solution} = + | K33
0 K: >0
(5.18¢) dim{y_|y_(x) - f H(x-y)By_(y)dy = 0 for -e<x<0} = + Ps3
- p.>0
J
(5.18d) codim{we L_((-»,0);H)|Eq. (5.12b) has a solution} = - J P;
p, <0
J

However, a slight change of B in the norm of L(H) does not change
the right (left) sum index lglK ( le ) (ef. £11], Lemma T7.2),
and for an operator B of finite rank the right and left sum in-
dices are the same (cf. [11]1, Theorem 8.2). Because B is a limit
in the norm of L(H) of operators of finite rank, we have
n o m

(5.19) iglKi = jglpj'

Next we combine (5.14) - (5.19) and the inclusions H cH

(5.15

P p
5.15) -

and ﬁmc Hm and conclude that the equality sign holds in
(5.16) and that

HprmH_ = Hper_, HmnH+ = Hmn H ;
Hp+ H_ = Hp+ H_, Hm+ H = Hm+ H,.
So iffhpe Ep, ;hen h, = Ep+ h_ forhsoms pr ﬁp anth_e H_, and
th = h H H_. So - h nH H and th
erefore hj ~eHgn p~ Ppe Hp -chy, an us

hy < ﬁp We may conclude that Hp = Hj and ﬁm = H . Hence, the iden-
tities (5.13) provide a description of Hp and Hmdifferent from the
one given in the proof of Theorem 5.1. In particular, for some
(and hence every) 1<ps<+w and every e L ((0,+»)3H) (resp.

we L ((~»,0)3;H)) the Wiener-Hopf operator integral equation
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(5.12a) (resp. (5.12b)) has a unique solution b, € Lp((O,+m);H)
(resp. y_c« Lp((—w,O);H)) if and only if the decomposition HPG]H_
= H (resp. Hm®H+ = H) holds true.

At this moment we incorporate Theorem 3.1 and conclude that

(5.20) H, @ H_ =H, H ®H_ =H

Finally, we drop the assumption that a, < +1 (n=0,1,2,...).
Let M, (M_) be a maximal strictly positive (negative) subspace of
the singular subspace HO (endowed with the indefinite inner pro-
duct (4.3)). Using the operators Bu and A defined at the end of
the proof of Theorem 5.1, it follows from (5.20) that

H) @M, ®H_ =H, H 6N 6H =H

SoHan "H = {0} and [H (BHO]+H —[Hm®H03+H+=H. But
for a subspace N of HO we have Hp@N@H = H (resp. Hm®N®H+ = H)
if and only if N@{[HpeaH_]nHO} = H, (resp. N@{[HmeH+]nHO} =
HO). By Proposition III 5.5 of [22] the subspace [Hp@ILj nHO is
strictly negative and the subspace [HmGBH+]r1HO is strictly posi-
tive. (Actually this is proved in L2[-1,+1], but H, does not
depend on the specific form of.H). By formula (III 7.5) of [22]
there exists a subspace N of Ker A that is both maximal positive
and maximal negative (and hence neutral). For this subspace N
formula (5.11a) is clear. One may take N = Ker A if and only if
dim Ker A = } dim Hy, and the latter is true if and only if
{an,an+1}z {1} (n20) (cf. the paragraph following the statement
of Theorem 4.3), and therefore in this case formula (5.11b) is

clear. O

COROLLARY 5.4. Let the C-admissible space H be as above, and
let H be compatzble with ge L [-1,+1] for some r> 1. Assume
a, = (n+})” 1f+1‘(t)P (tyab<1 (n= 0,1,2,...). If for some sub-
space N of Hj the decomposition Hp@IQ@IL_: H holds, then also

(5.21) H; ® T[N] & H_ = H,

where TIN]c< HO Further, <f P is the progectlon of H onto H ® N
along H_ and Pt is the projection of H onto Hp@'T[N] along H s

then we have the intertwining property
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(5.22) TP = P'T.

Proof. Note that P;- P+ is a compact operator (see the para-
graph following the proof of Corollary 5.2). Put V+ = P+P; + P_P;.
+ + + _ + . '

Then I~V = P+Pm + P_Pp = (P_ P+)(Pp P+) is a compact operator

and TV = V'T. But

+ + +

Im V= [H 8H 1nlH @H,], Im V' = [HJ@H_1n [H @H,I;
_ : R + +
Ker V = [H nH 1@ ([H nHJ®H;, Ker V' =fH nH_1@®HnHI®H,.

From these identities we get codim[HE@ILj = codim[Hpech and
[H;@ttj:wlm T = TCH ®H_], and thus [HSQILJ n T(N] = {0}. There-
fore, codim[Hp@ILj = codim[HPGILj= dim N = dim T[N], and formula
(5.21) is clear. The intertwining property (5.22) is obvious.

We conclude this section with some historical remarks. For
H: = L2[-1,+1] the decompositions (5.11b) are due to Hangelbroek
in the non-conservative degenerate case (O<a0<1, -agsa,<a, for
1<nsN, a = 0 for n2 N+1) and to Lekkerkerker [20] in the conser-
vative isotropic case (a0= 1, a, = 0 for nz 1). For non-conserva-
tive cases formula (5.22) originates from Hangelbroek. For
H = L2[—1,+1] the results of this section can be found in Sections
ITI.3 - III.5 of [22].

6. FORMAL SOLUTIONS OF BOUNDARY VALUE PROBLEMS

In Sections 3 and 4 the finite-slab problem (3.1) and the
half-space problems (3.2) and (4.6) were shown to be well-posed
under certain conditions on the phase function and the underlying
function space. In this section the semigroup and intertwining
properties derived in Section 5 will be exploited to obtain formal
expressions for the solution of somewhat more general boundary
value problems. Throughout this section H stands for a C-admissible
Banach space that is continuously and densily embedded in
L1E-1,+1]; it is supposed that T has a dense range.

THEOREM 6.1. Let the C-admissible space H be compatible with
g e Lr[—1,+1] for some r>1.-Assume that a, =(n+£fé_1f+1éﬁﬂPnﬁﬂdt
< +1 (n=0,1,2,...). Then for every ¥ ¢ H there exists a unique
funetion ¢ : (0,1) > H such that TY Zs strongly differentiable on
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(0,1) and satisfies the equations

(6.1a) (Ty)'(x) = -(I-B)y(x) (O<x<T<+a);

(6.1b) 1im [[TP,w(x) - P x|l = 0,  1im ||TP_y(x) - P x|y =
x40 xtT

The solution y has the form

(6.2a) y(x) = (T % +(x)+T U (1-x) + T (I—xAT_l)PSJ(V:)_lx,

where V: iz the invertible operator given by

(6.2b) v =P [P++U+(T)] + P [P++U+(T)] + Py - TP AT—lPS.

Note that y(x) is well-defined for O<x<t, because (Up(x)) >0
and (U (x)) are analytic semigroups and T[H,] = HO.

THEOREM 6.2. Let the C-admissible space H be compatible with
ge Lr[_1’+1] for some r> 1. Assume that a, = OH%)_%qJ+1‘(t)P (t)dt
<1 (n=0,1,2,...) and that {an,an+1}z {1} for every n=z 0. Then
there exists a unique function Y : (0,+o) > H such that TY is
strongly differentiable on (0,+») and satisfies the equations

(6.3a) (Tw)'(x) = =(I-B)y(x)  (O<x<+»);
(6.3b) 11151 HTP S =l =0, ITux) [l = 0(1) (x> +e),
xX¥

for every Xy €H,- The solution Y has the form
(6.4)  wlx) = T-lU;(x)P+X+, O<x<ton,
where P is the projection of H along H_ onto H;Q span{TPn:an=+1}.

Note that y(x) is well-defined for O<x<+», The existence of
the projection P" will be derived in the proof of Theorem 6.2.

Proof of Theorem 6.1. Let ¥ : (0,1)+H be a solution of
Eq. (6.1). By definition, Ty is strongly differentiable on (0,T)
with derivative =(I - B)y. Using (5.9¢) = (5.9d) it is clear that
TPpw( ) and TP w( ) are differentiable with derivatives -AP w( )
and -AP w( ) respectlvely So both functions satisfy the equa—
tion ¢ = -AT ¢ From the contents of Section IX 1.3 of [17] it
follows that on Hp and Hm the initial value problems

b(x) = -AT_1¢(X), Xeltg,151 < (0,1),
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with initial values TPpw(Ti)e H; and Tme(Tz)s H; have unique so-
lutions given by the respective expressions

¢1(x) = U;(x-Tl)TPpw(Tl)
$o(x) = U;(r2-x)Tme(T2)

TUp(x—Ti)Ppw(rl), X2 T3

U, (1 5~X)P w(T ), X< T,.

i

Here we have employed (5.10b). But TP w( ) and TP w( ) also satis-
Ty these initial value problems. By the uniqueness of the solution

of these problems and the triviality of Ker T we obtain for
T<X<Tyt

(6-5)f P w(x) = U (X-T )P vt ) P w(x) = U (T -x)P w(T ).

By (5. 90) - (5 9d) the function TPow(.) satisfies the equa-
tion ¢ -AT™ ¢ on (0,1). But T acts as an invertible operator
from H, onto HO, Hy has a finite dimension and (T"18)%n = 0 for
he HO' Therefore,

-x7" 1 -1
(6.6)  Pyu(x) = e ¢ = (I-xT "A)¢y, O<x<r,
LSXSTH!
-1
(6.7)  w(x) = Up(X-Ti)PPW(Ti) + Um(Tg—x)me(Te) + (I-xT B)og-

where ¢, ¢ Hy. From (6.5) and (6.6) we get for t

Suppose that ¢ satisfies (6.1b) for some x e H. Substituting
X=1 (x = 12) into (6.7), premultiplying by TP, (TP_) and taking

the limit as T V0 (r + 1) we see that 1im TP, P w(x) and

x40
lim TP_P w(x) exist. Suppose that for some Nc HO the decompositions
b &

Hy@NGOH =H eNeH =31

hold true (cf. Theorem 5.3, where the existence of such Nc Ker A
is proved). Then by Corollary 5.4 we have

H; ® TIN] ® H_ = H+ ® TIN] ® H_ = H.

Denoting by pt (Q ) the projection of H onto Hp®'T[N] (H ® T[N])
along H_ (H,) and by P (Q) the projection of H onto H Glﬂ (H ®N)
along H_ (H,), one has

™ = P'T, 1q = Q'r

+ _ _ + _
(ef. (5.22)). But P (TP+Pp) = TPP+Pp = TPp and Q (TP_Pm) = TQP_Pm
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= TP . So §_ = lim TP w(x) and @ = lim TP _w(x) exist. Taking
m p m
x40 xtt
T1+ 0 and 1,41 in (6.7) and employing (5.10b), we see that
- mmigt ~dt, _om—1
p(x) =T Up(x)@p + T Um(T x)@m + (I-xT A)¢O, O<x<T,

where $pe H @me H; but ¢, ¢ Hy. Substituting (6.1b) one obtains

+
p*

Vi(B, + B+ Tog) = X,

T 'p m 0

where V: has the form (6.2b).

It remains to prove that V: is invertible. Because the
boundary value problem (6.1) certainly has a solution for
X = TogeIm T (cf. (3.1)), the operator V: has a dense range. From
the paragraph following the statement of Corollary 5.2 it is
clear that ut (x) - u, (%) and U (x) = U_(x) are compact.operators.
But then V -1 is eas11y shown to be compact and the invertibil-
ity of V 1s established. O

Proof of Theorem 6.2. Let ¢ : (0,+») »H be a solution of the
boundary value problem (6.3). According to Theorem 6.1 for every
O<t<+= there exists a (unique) Xp€ Hwith P,y = x, such that ¢
has the form (6.2a) on (0,1). More precisely, for O<x<t We have
-1 -1 1

. -1yt
X+ (I=xAT T)Po(V.) “x_.

ot +
Ty (x) = UF (x) (V) .

. + +
Xo t Um(r—x)(VT)
So lim Ty(x) exists and this limit

x40

1 + +,-1 + 41
(6.8) iig Ty(x) = P (V ) + U (V) Txg + PV Tx
does not depend on 1, and hence none of the three terms at the

right—of (6.8) depends on t. Further,

-1 1

Ty(1) = U+(T)P+(V+) X, * PRV TNy, o+ (- arThe v Ty L
Since PT (V ) 1x does not depend on 1T, one haslﬂl(T)P U/) x -0
as - +w (cf (5 5)). Because P (V ) 1)(T does not depend on T,

it follows from the estimate HTw(x)H 0(1) (x=+ +w) that

P (V ) 1X ¢ T[Ker A]l. From this estimate it 1is also clear that
HP (V )" H 0(1) (1 +w). Slnce U (r)P (V )~ X does not de-

pend on T, 1t follows that P (V ) X = O. Thus

Ty(x) = Up(X)¢p + $0 (0<x<+>),
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where $pe gt and ¢Oe TLKer Al. Substituting (6.1b) we get

P
(6'9) P+(¢p+$o) = X+'
First assume that a, < +1 (n=0,1,2,...). From Theorem 5.3%

and Corollary 5.4 we have H ®H_ = H, H ®H_ = Hand TP = P'T,
where P denotes the prOJectlon of H onto Hp along H_ and P de-
notes the prOJectlon of H onto H_ along H_. Therefore, lim Ty(x)
= P+x+, and formula (6.4) is clear. x40

Next assume that a, s 1 (n=0,1,2,...). Then there exists a
subspace N of Ker A such that H ®NOH_ = H (see Theorem 5.3),
and therefore H ® TINJ®H_ = H (see Corollary 5.4). So given
X, € H, there ex1st 6 € Hp and §,e TIN] < T[Ker A] such that (6.9)
holds true. Hence, for every X, € H the boundary value problem
(6.3) has at least one solution. By Theorem 5.3 and Corollary 5.4
we have HE@'T[Ker A1®H_ = H if and only if {a ,a ,,1= {1} for
every n> 0. But Ker A = span {Pn: gn:1}_ ‘Hence, the boundary
value problem (6.3) has a unique solution for every Xy € H, if
and only if {an,an+1}z {1} for every n=0. 0

The unigue solubion of the boundary value problem (3.1) is
obtained from (6.2a) by inserting x = T¢. Intruducing the operator

. . -1
Vo = PIP +U (0] + P[P +U (1)1 + Py = TP_T AP,

it follows from Corollary 5.2 that VT- I is a compact operator,
and from (5.9¢), (5.10b) and (6.2b) that TV_= V+T Since V: is
invertible and T has a dense range, it is clear that V is in-
vertible. Using TV -V T and (5.10b) one sees that the unique
solution ¢ of the boundary value problem (3.1) is given by

(6.10) ¥(x) = [Up(x) + U (t-x) + (I- xT“lA)POJ(VT)'1¢, 0<X<T.

Similarly one solves in a formal way the boundary value problem
(4.6) if a,<+1 and {an,an+1}= {1} (n=0,1,2,...).

A statement of the finite-~slab problem in L2[—1,+1] by
Hangelbroek [15] stimulated the author to investigate this pro-
blem. Independently of and parallel to the research leading to
[22] Hangelbroek proved the invertibility of VT in L2[—1,+1] for
a non-conservative case. In [22] in Ly0-1,+1] this result has
been extended to the conservative case. In [15] Hangelbroek
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announced an expression of the form (6.10) on L2[—1,+1] in the
non-conservative case, using the boundary conditions (3.1b) and
assuming the solution to be continuous on [0,1].

Except Eq. (0.1) astrophysicists also study the more general
equation

(6.11) (cos €)dyp (x,w) + ¥(x,w) = g? Jg(w-w')w(x,w')dw' + £(x,w)
dx Q

3 (weQ, O<x<t),
where 2 is the unit sphere in IR- and w = (sin® cos¢,sind sing,coss) ¢ Q.

From (£.11) one obtains Egq. (0.1) by averaging over azimuth (i.e.
by setting ¢(x,cos 8) = (2n)—1of2ww(x,w)d¢). Defining ¢(x), f(x),
T and B by

u
1}

P (x) (w)
(Th) (w)

IP(X,N), f(x)(w)
(cos 8)¢(w), (Bh)(w)

fx,w);

-1 (we Q)
(2m) !g(w-w‘)h(m')dw‘,
Q

H
"

one gets an operator differential equation of the form (0.4).
Putting
h(w), cos 62 0; 0 cos 62 0;
(P,h)(w) = (P_h)(w) =
¢ , cos B< 0y h(w), cos 8<0,

one may impose boundary conditions. The "natural" spaces to
study Eq. (6.11) in are so-called Cﬂ-admissible Banach spaces H
of functions h: Q-+ ¢ with the following properties:
(1) functions in H that only differ at we Q@ with cos § = 0 are
identified;
(2) for every ¢ « C the operator T, defined by
(T h)(w) = ¢(cos 8)h(w)(w=(sin 8 cos ¢,8in 6 sind,cos8) ¢ Q)
is bounded and HT¢HS My sup{|é(u)| :-1spsi} for some finite
constant MH only depending on H.
Examples of such spaces are Lp(Q) (1<ps+w) and C(Q_) ®C(Q,). For
Eq. (6.11) and CQ-admissible Banach spaces the results of Sec-
tions 1 to 6 can be reproduced. The space L2(Q) appears in [21];
in [6] the spaces Lp(Q) (1<p<+») are considered.
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