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WEIGHTING OPERATOR PATTERNS OF PRITCHARD-SALAMON REALIZATIONS
M.A. Kaashoek, C.V.M. van der Mee and A.C.M. Ran

In this paper a complete characterization is given of those operator kernels which
appear as weighting patterns of Pritchard-Salamon realizations. The result is based on an
extension of the standard shift realization to weighted Lo-spaces of vector-valued functions.

0. INTRODUCTION

This paper concerns a class of infinite dimensional systems which has been introduced
in [PS, S1] and is known as the Pritchard-Salamon class (cf., [C, CLTZ, vK]). Systems from
this class have been successfully used in the analysis of control and optimization problems
involving partial differential equations and/or delay equations (see, e.g., the books [CZ],
VK)).

In this paper we cousider for Pritchard-Salamon systems the analogue of the weight-
ing pattern (or, in other words, the impulse-response functioh), i.e., the inverse Laplace
transform of the transfer function. The weighting pattern is a function on 0 < { < >
whose values are bounded linear operators acting between (possibly infinite dimensional)
input and output spaces. Our main result gives a complete description of the class of all
operator-valued functions that can appear as the weighting pattern function of a Pritchard-
Salamon system. Furthermore, for such an operator-valued function we show how one may
construct a corresponding Pritchard-Salamon realization.

Pritchard-Salamon realizations have two infinite dimensional state spaces, one contin-
nously and densely embedded in the other. The crucial role of this embedding is clarified
further by writing the corresponding embedding operator explicitly. The latter helps to
simplify the duality theory. As a second by-product we link the stable Pritchard-Salamon
systems with the realization triples considered in [BGK 1, 2]. It turns out that after a
small modification any system with a stable Pritchard-Salamon realization and finite di-
mensional input and output spaces is a realization of the type used in [BGK 1, 2]. The
converse is not necessarily true.

The paper consists of four sections. In the first section we introduce the weighting
pattern, state the main theorem and make the connection with the realization triples
from [BGK 1, 2]. In Section 2 we give a new definition of the transfer function of a
Pritchard-Salamon system, and show that it leads to the same formulas for the transfer
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function which usually appear. The third section gives a duality theorem, which we need
for our main result. In the fourth section we present the construction of a Pritchard-
Salamon realization, starting from the weighting pattern, and complete the proof of the
main theorem. At the end of this section we also compare our results with the realization
theory developed in [S2].

1. MAIN THEOREM AND CONNECTION WITH REALIZATION TRIPLES

Let V and W be complex Hilbert spaces (not necessarily separable), and let 7 : W—V
be a fixed continuous and dense {linear) imbedding. For A{V—V) a possibly unbounded
operator we define the part Ay of A in W (with respect to the injection 7) by

D(Aw) = {z € W | 7z € D(A), Arz € T[W]}, TAwz = Arz, z € D(Aw).

Then Aw (W—W) is a closed operator whenever A(V—V) is closed, but it may fail to be
densely defined, even if A(V—V) is densely defined.
Let Y and U be complex Hilbert spaces. We call @ = (A4, B,C;V, W, U,Y) a Pritchard-
Salamon realization {or a PS-realization for short) if the following conditions hold:
(1) —iA(V—V) is densely defined and generates a strongly continuous semigroup
5(5—iA),
(2) —iAw (W —W) is densely defined and generates a strongly continuous semigroup
S(-; —iAw) while
S(; —iA)T = 75(; —iAw), (1.1)

(3) Be L(U,V)and C € L(W,Y),
{4) there exist ¢ > 0 and v > 0 such that

ICS(; iAW)zl Ly(0, 6,y S llrzllv, zeW,
(5) there exist t > 0 and 8 > 0 such that
i
/ S(s;—iA)Bg¢(s)ds € T|W], ¢ € Lo([0, t], 1),
0

and

l7=% | S(s;~i4)Bo(s) dsllw < BliéllL,q0,0,00, @ € La([0, 8], U).
0

The semigroup property guarantees that (4), respectively (5), holds for each ¢t > 0, with
the choice of the constant v > 0, respectively 8 > 0, depending on t.
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Given a Pritchard-Salamon realization as above the associated control system

z(t) = S(t; —iA)zg + /t S(t — s; —iA)Bu(s) ds,
0
y(t) = Cz(t),

is a so-called Pritchard-Salamon system (see [PS]).

Usually, in the analysis of Pritchard-Salamon systems and their realizations the em-
bedding operator 7 appears only implicitly because one takes W C V. However, as we shall
see in Section 3, the duality theory for PS-realizations simplifies considerably if one writes
7 explicitly. In [PS] and other publications prior to [CLTZ], the requirement D(A) ¢ W
is part of the definition of a PS-realization. This circumvents several technical difficulties
of the proofs, but restricts its applicability. Both in [CLTZ] and the present paper a more
extensive class of PS-realizations is considered where it is not assumed that D(A) C W.

Let 6 = (A, B,C;V,W,U,Y) be a PS-realization. The input-output operator of 8 is
the linear map Ty : Lajoc (RY, U)— Lz oc (RT,Y) defined by

(To)(t) = CT7t J{: S(t — s; —iA)Bé(s)ds.

This is well-defined by properties (5), (3) and the remark made directly after (5) (see also
[CLTZ]). In fact, from (5) and (3) it follows that Tp¢ is a continuous Y-valued function for
each ¢ € Lajoc (RT,U). As (4) holds for all ¢ and 7[W] is dense in V, there is for every
t > 0 a bounded linear operator Ag, : V—Lo([0,¢],Y) defined by

(Aprw)(s) = CS(s;—iAw)w, 0<s<t, weW. (1.2)

However, for 0 < s < min{#1, 2} we have (Ag¢, 7w)(s) = (Ag 1, 7w)(s). Therefore, there
exists a unique linear operator Ag : V—Lg 1oc (R*,Y) such that

(Aoz)(s) = (Agz)(s), 0<s <t

The operator Ay is called the observability operaior of 8. By (5) and the remark made

directly after (5) there is for each ¢ > 0 a bounded linear operator I'g; : L2([0,¢], U)—W
defined by

¢
Top=71"" / S(s; —1A)Bo(s) ds. (1.3)
0
Now define the weighting pattern of  to be the operator-valued function
ko : RT—L(U,Y), ko(t)u = (AgBu)(t),

where Ay is the observability operator of 6.



Kaashoek, van der Me¢ and Ran 51

The main problem we consider in this paper is the characterization of those func-
tions k(-) which appear as weighting patterns of a PS-realization. Our main result is the
following.

THEOREM 1.1 Let U and Y be complex Hilbert spaces, and let k(-) : RT—L(U,Y).
In order that k() is the weighting pattern of a PS-realization it is necessary and sufficient
that for some p € R the following hold:

e’ k(Ju € Ly(RT,Y) (u € U), e k()*y € Lo(RT,U) (yeY), (1.4)

where the asterisk denotes the adjoint.

As we shall show in Section 4 (see Corollary 4.3) from Theorem 1.1 it follows that
the input-output operator and the weighting pattern are related as follows:

(n@uy:uuﬁkﬂpﬂw@mﬁ teRY  ae., (15)

where the symbol (P) refers to the fact that the integral on the right hand side is to be
understood as a Pettis integral, i.e.,

<Hwﬂ&y%=ﬂ<mﬁ~$dﬂwﬂa yev.

If the input space U and the output space Y are both finite dimensional, U = C™
and Y = C7, say, then k(-) may be viewed as an r x m matrix function, and (1.4) reduces
to the requirement that the entries of k(-) belong to e Lo(IR™) for some p. Furthermore,
in this case the integral in (1.5) is a usual Lebesgue integral. In general, from condition
(1.4) it does not follow that the integrand in (1.5) is Bochner integrable (see [Ka)).

The next lemma is a technical result the proof of which is based on the arguments
used to prove Lemma 3.7 in [C]. Among other things, the lemma will be used to prove the
necessity of the first part of (1.4).

In the sequel we write —wy for the maximum of the growth bounds of the two semi-
groups associated with a PS-realization 6.

LemMma 1.2 Let 8 = (A,B,C;V,W,U,Y) be a PS-realization, and let —wy be the
mazimum of the growth bounds of the semigroups S{(-;—iA) and S(-; —iAw). Then for
every u < wy there are constants v(u) and 3(u), independent of t, such that for eacht > 0

le* Asueli L, oumy < 7 N2l @ e Vs (16)

ITo,e(e” )l < B, q0m,07, ¢ € La((0,4],T). (1.7)
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Moreover, both statements also hold with Ly replaced by L.

Proor. Fix 0 < t; < oo. For t > ¢, take N such that Nt; < i < {N + 1)i;. For
x € T[W] we have with z = 7y using (4)

t
/ 24 | (Mg ry)(8) 2 ds <
1]

N t1
Zem‘tl jf e ||CS(s; —iAw)S(nty; —iAw )yl ds <
8}

N

<m Y e ||S(nt; —id)rylly <
n=0

N
< Y eI ||y l® = y(u) Tyl

n=0
which settles (1.6) for z € 7[W]. Since 7[W] is dense in V and Ag, : V—Ly([0,¢],Y) is
bounded, (1.6) holds for all z € V. For t < ¢; the same estimate trivially holds.
To prove the second part, let ¢ € Ly([0,t], U). For t > t; we have, writing t = Nt;+v,
N-1

t1
/ e"*S(s; ~iA)Bo(s)ds = Z e™ S(nty; —zA)/ e’ S(s; —iA)B¢(s + nty) ds+

0 n=0

+ eNut S(NEy; —iA)/ et*S(s; —iA)Bo(s + Nt1)ds.
0

Note that each term of the series belongs to 7[W]. Moreover, by (5), applied for t = #;
and t = v,

N—-1 t1 i
Foae Dl < 3 [+ Sty id) [ (s i) iy s
n=0
+ Vit 7= LG ( Nty *iA)/ e**S(s; —iA)Bo(s + Nt1)ds)| =
0 w

!

N—1
— E enp,il

141
S(nty; —iAy )Tt / e 5(s; —1A)Bo(s +nty)ds
]

+
n=0 w
+ VB | S(Nty; —iAw )T / e’ S(s; ~iA)Bo(s + Nt1)ds|| <
0 w
N-1 t1
<A (Z e wmmt gl / e S(s; —tA)Bo(s +nty)ds|| +
n=0 0 Hw

+ 6—N(w—y,)t1

T_l/ e"*5(s; —iA)Bg(s + Nt1) ds
0

) <
. w

N
< By E emmemmt 16l 1o q0.6,00 = BNl L, 0,8,0) >

n=0
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which completes the proof of (1.7).
By taking p a little smaller if necessary, we see that the results above alsc hold with
£, in place of Lq. Indeed, take 111 < g < w. Then

t
e Aol 0,0.) = /0 el =1 ||e#* (Ag 1) ()l ds

(n1—p)-| et !
< He T g 1 R0 o)
< (/Ll—u)'” , cV.
<A etre| ey, e
The analogue of {1.7) is proved in the same way. L]

From formula (1.6) in Lemma 1.2 it follows that for every pu < wy and every u € U we
have e kg(-Ju = e* (AgBu)(+) € Ly(IR™T,Y). This proves the first condition of the necessity
part of Theorem 1.1. By taking p a little smaller, if necessary, and using the same argument
as in the last paragraph of the previous proof, we see that e*'ko(-)u € L1(R™, Y).

A PS-realization 8 = (4, B,C;V,W,U,Y) is said to be stable if wg > 0, ie., if
the semigroups S(-; —iA4) and S(-; —iAw) in (1) and (2) are both exponentially decaying
semigroups. In this case (see [PS]) 0 has the following two additional properties:

(4’} there is a bounded linear operator Ag : V—Lo(IR™,Y) such that

Aotz = CS(; —idw)z, zeW,
(5") there is a bounded linear operator I'g : Lo(IRT, U)W such that
Top = / S(s;—iA)Bo(s)ds (e 7[W])
0

for ¢ € Ly(RY, V).

Note that (4') and (5') automatically imply (4) and (5). So § = (4, B,C; V,W,U,Y)
is a stable PS-realization if and only if (1), (2) and (3) hold, the semigroups in (1) and
(2) are exponentially decaying, and (4') and (5') are fullfilled. Observe that the operator
defined in (4') is indeed the same as the observability operator defined earlier, i.e., in the
particular case of a stable PS-realization the image of Ag is in Ly(IR™,Y) instead of just
in Ly o (RT,Y).

For the sake of completeness, let us prove (4') and (5') for a stable PS-realization &.
Notice that for every z € W we have C'S(+; —iAw)z € Ly(RY,Y) because S(-; —idw) is
exponentially decaying. Applying Lemma 1.2, formula (1.6) with g = 0, the boundedness
of Ag viewed as a map from V to Lo(R*,Y) follows. To prove (5') first observe that for
every ¢ € Lo(R*,U) the integral in (5') exists and defines a vector, v say, in V. Next, for
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every positive integer n, consider wy, = L'y n¢, and v, = 7w,. Applying (1.7) with =0
we see that for every m > n we have

ITo,n0 — Tomdllw < BOYNDN Ly (fn,m,v)-

As ¢ is in Ly(R™,U), we see that wy, is a Cauchy sequence in W. Let w be its limit in W.
Then v, = 7w, —7w. On the other hand, v,—v. Thus v = 7w € 7[W], and the operator
Ig in (5') is well-defined. The rest of (5') is then an easy consequence of Lemma 1.2.

The next lemma shows that for many purposes we may restrict our attention to the
stable case.

LEMMA 1.3 Let 0 = (A, B,C;V,W,U,Y) be a PS-realization. For any real number
p we have that 8(p) := (A +iply, B,C;V,W,U.,Y) is a PS-realization with the following
properties:
(1) (A+iplv)w = Aw + iplw,
(2) S(t;—iA + ply) = e’ S(t; —iA), and S(t; —iAw + plw) = e*S5(t; —iAw),
(3) Toy¢ = e To(e " ¢),
(4) ko(uy(t)u = e kg(t)u for allue U.
If u < wg, where —wy s the mazimum of the growth bounds of the semigroups
S{(;—iA) and S(-; —iAw), then 8(u) is a stable PS-realization.

ProoF. Items (1) and (2) are straightforward. From item (2) it also follows that
8(p) is a PS-realization, as is readily checked. For item (3), compute using (2},

t
(Toqyo)(t) = Crt f e“(t's)S(t — 8;—iA)B¢(s)ds = e Tp(e™ ¢).
0

Next, (4) is a consequence of the fact that for any ¢ > 0, and any w € W we have
(AgeuyTw)(s) = e**CS(s; —iAw )w, and hence (Ag(yv)(s) = e#*(Agv)(s) for allv € V.
Finally, the stability of 8(u) is clear in case p < ws. ]

One may view D(A) as a Hilbert space by endowing it with the graph norm ||z{|p4) =
]y + | Az|[§]'/? where « € D(A).

PROPOSITION 1.4 Let § = (A, B,C; V,W,U,Y) be a PS-realization. Then there exisis
a unique C : D(A)—Y such that Cx = Crz, © € D(Aw), and C is A-bounded, i.e.,
C € L(D(A),Y) where D(A) is endowed with the graph norm || - |lp(ay-

The operator C defined in the above proposition will be called the eziended output

operator associated with 8.

PrOOF. First, we prove that we may assume without loss of generality that @ is
stable. To see this, let p < wg. Let 8(u) be the stable PS-realization as constructed in
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Lemma 1.3. Since the graph norms associated with A + iuly and A are equivalent norms
on D(A +iply) = D(A), we see that it suffices to prove the proposition for (p) in place
of .

Let us now assume that § is stable. Then, by property (4'), with Lo(IR™,Y") replaced
by L1 {R*,Y), there exists a constant v > 0 such that

[ Iests-iawyelly de <slrally,  zew. (1.9
0
By taking the Fourier transform, we see that for ImA > 0

ICO = Aw) " elly <Allrllv,  zeW. (1.9)

Thus, C(A — Aw) 17! extends to a bounded operator on V, which we denote by C(}).
Now, fix A, and define C : D(4)—Y by € = C(A\)(A — A). Then, for & € D(A), we have
by (1.9) } )
iClly = ICNA = A)zlly < ICON(Allzllv + [[Azllv) <
<HICONA + D(ll2lly + Azllv) < vallzllpay.

Thus C is A-bounded. Next, for z € D(Aw ):

Crz=CA)A— A1z =C\)7T(A— Aw)z =
=CA~Aw) "7 (A = Aw)z = Cz,

where we use 7(A — Aw )z = (A — A)7z for z € D(Aw), which holds because of (1.1).
It remains to prove the uniqueness of C. Let C' : D(A)—Y be A-bounded and satisfy
Crz = Cz for z € D(Aw). Then

CA—Aw) ' =Cr(A— Aw) ' =C(A— 4)7 ',

so for 2z € 7[W] we have C(A—Aw )" 77 2 = C(A— A) 2. Therefore, C(A—A)~* = C(}).
Hence C = C(A)(A—A4) = C. o=
The extended output operator C defined in Proposition 1.4 is very useful, since it
allows one to work with realizations having one state space. (See also the remarks below.)
We concinde this section with a remark which relates stable PS-realizations to the
realization triples appearing in [BGK1,2]. Let 8 = (A, B,C;V,W,U,Y) be a stable PS-
realization. Consider the triple of operators § = (A,B,C‘;V,U, Y), where C is as in
Proposition 1.4. This triple has the following properties:
(i} —1A(V—V) generates a strongly continuous exponentially decaying semigroup
S{-; —iA) with growth bound < —w,
(i) D(C) D D(A) and C is A-bounded, B € L(U,V),
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(iii) there exists a linear operator A; : V—L1(RT,Y) such that the following two prop-
erties hold:

sup/ e [(Azz) (1) dt < oo, b < w,
f=l<1v/0

and Az maps D(A) into D1 (RT,Y) := {f € Li(R",Y) | f € Ly(R",Y) a.e.} and
Agz = CS(;—iA)z, x € D(A).

In property (iii) the derivative is taken in the strong sense. Properties (i) and (ii)
are immediate, it remains to prove (iii). Take Az = Ag. Applying property (4') and the
identity e#t = e~(*~#te¥! with y < v < w, we find using Cauchy-Schwarz’s inequality

lle" Aozl , (m+ vy < comst. ||zl zeV,

where p < w is arbitrary. Therefore, the first property in (iii) holds. Furthermore,
for £ € D(A), we have §(;; —id)z € D(A), so CS(;;—id)z is well-defined, and more-
over, S{-; —iA)z is strongly differentiable with derivative AS(-; —iA)z. This implies that
CS(;—iA)z € D (R*,Y). Now for z € D(Aw) we have, as 7D(Aw) C D(A4) N 7[W],
using Proposition 1.4 and the definition of a PS-realization:

Agre = Agra = CS(; —iAw)z = CS(;; —iAw)7T 1z = CS(; —iA)Tz.

As D(Aw) is dense in W and 7 is continuous and injective with dense range, 7D(Aw) is
dense in V. Thus A and CS(-;—iA) coincide, whenever they are both defined. So the
second property also holds.

It follows that § has the properties of a realization triple in the sense of BGK 1],
Section 1.2 if U and Y are both finite dimensional.

In the other direction, let U and Y be finite dimensional, and let 6= (4, B, C.V,U, Y)
be a realization triple in the sense of [BGK 1], Section L.2, i.e., assume properties (i), (ii)
and (iii) above hold. Put W = D(A) endowed with the graph norm, and define r: W—V
by 72 = z. Also, define C' by C = C|p(4y. Consider § = (4, B,C;V,W,U,Y). Then for 6
the first four properties of a PS-realization hold. On the other hand, from [BGK 1] we know
that a matrix function k() is the weighting pattern of a realization triple in the sense of
[BGK 1] if and only if there is a positive number p such that e# k() € Li(R™; L(U,Y)). It
follows {use Theorem 1.1) that the class of weighting patterns that allow a PS-realization
with finite dimensional input space U and finite dimensional output space Y is strictly
smaller than the class of weighting patterns that allow a realization in the sense of [BGK 1,
2].
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2. THE TRANSFER FUNCTION AND THE INPUT-OUTPUT OPERATOR

Let 6 = (A, B,C;V,W,U,Y) be a PS-realization, and let kg be its weighting pattern.
We define the transfer function of 8 to be the operator function Wy(A) given by

We(A\)u = —i / eMEg(Hudt,  ImA> —w.
0

Here u is an arbitrary vector in U and —wp is the maximum of the growth bounds of the
two semigroups associated with §. We will show that this definition coincides with the one
given in, e.g., [CZ], see also [CLTZ].

Observe that the integral above is well-defined by the part of Theorem 1.1 which was
already proved in Section 1. Furthermore, if § is a stable PS-realization, then the function
We(-)u is analytic and uniformly bounded in the open right half plane. To see this, take
0 < p < wp and notice that ko(-)u € e # Ly(IR,Y), by the remark made in the first
paragraph after the proof of Lemma 1.2.

PROPOSITION 2.1 Let § = (A,B,C;V,W,U,Y) be a PS-realization, and let C :
D(A)—Y be the extended output operator associated with 6. Then
Wo(A\) =C(A—A4)™'B, ImA> —w. (2.1)

Proor. Without loss of generality we may assume that 4 is stable. Thus assume
—wp < 0, and fix Im A > 0. We claim that

—i/ eM(Agz)(t)dt =C(A— A)" 2z, zeV. (2.2)
0
To prove this, take z = Ty with y € W. Then, by (4'),

~z‘/ e (Agz)(t) dt = —i/ eMOS(t; —iAw )y dt =
0 0

=CA—Aw) gy =C(r - A) 'z,

where we use the definition of C. Now use that the map Ag : V—Ly(R™,Y) is a bounded
linear operator, and that the map :c—>(:’()\ — A)~1z is a bounded linear operator from V
into Y. Since (2.1) holds for each z € 7[W] and 7[W] is dense in V, a continuity argument
yields (2.2). From (2.2) and kg(t)u = (AeBu)(t) it is clear that (2.1) holds. =

PROPOSITION 2.2 Let 8 = (A, B,C;V,W,U,Y) be a stable PS-realization, and let
C: D(A)—=Y be the extended output operator associated with 8. Define bounded linear
operators
C=CA™ V=Y, B=71A"1B:U-W.
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Then
Wo(A) = CAA— A)7'B = CAw{A — Aw) "' B. (2.3)

PrOOF. The first equality in (2.3) follows immediately from (2.2). To prove the
second equality, first note that A(A — A)™! and Aw (X~ Aw ) ™' are well-defined bounded
linear operators and (cf., [GGK], page 410) for x € V and y € W we have

li ~ Ayl = i — Aw) 'y = 0.
AER}IPﬁmA(/\ 4) z=0, AEI%}I)I:I—*OOAW(/\ AW) 4 0

It follows that

: A CA-lp, 1 _ Y
/\efgrfl—»oo CA(A—A)""Bu= /\el%lr)fl—»oo CAw () — Aw)™ "'Bu = 0. (2.4)

Next, we compute
L3
dx
= —CA\ - A)2A7Bu = ~CA’ (A — A)"*rBu =
= —CA*r(A — Aw) ?Bu = —-CrA% (A — Aw) ?Bu =
= —CA T T AL (A — Aw) 2 Bu = ~CAw (A — Aw) "2 Bu.

CAN— Ay 'Bu=-CA\~ A)?Bu =

-1

Here we used that on 7[W] the operator C' coincides with C Ay 7! From the above

calculation we see that
inA(/\ — A 'Bu= 4 oa (A= Aw)"*Bu
dA Ta v W ‘
This identity, together with (2.4), yields the second equality in (2.3). "

One easily sees that = {Aw, B,CAw: W, U,Y) is a realization triple in the sense of
[BGK1] in case 8 = (A, B,C; V,W,U,Y) is a stable PS-realization and U and ¥ are finite
dimensional.

COROLLARY 2.3 Let 8 = (A, B,C; V,W,U,Y) be a stable PS-realization. Then Ty
maps La(RY,U) into Ly(R1,Y), and

Top(\) = Wo(Md(A),  AER, (2.5)

where ¥ denotes the Fourier transform of the Lo-function 1.
Proor. Put

i

(Ro)(t) :/0 S(t — s;~iA)Be(s) ds, # € Lo(RT,U).
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Since S(-; —iA) is exponentially decaying, we know that R is a bounded linear operator
from Lo(R™,U) into Lo(R*, V). Notice that for Im A > 0 we have

-1 /O ” e (Re)(t)dt = (A — A)"'Bo(A) =

=(A—A) TP ATBH(A) = A(A— A) " B(A) =
= AT(A — Aw) ' Bo(A) = TAw (A — Aw) LB,

Writing (R¢)(t) = 71'g 4y, where ¢, is defined by ¢;(s) = ¢(t — s) for 0 < s < ¢, and
¢1(s) = 0 elsewhere on RT, we see that 7' (R¢) € Lo (R, W). Thus for Im A > 0 both
sides of the equality

! /0 ” eM(Re)(t) dt = /0 " e r~H(Re)(t) dt

are well-defined. Moreover, because of the boundedness of T, they coincide.

Next observe that (Tp¢)(t) = CT7'(R¢)(t). Now using the boundedness of C, we
have for ImA > 0

—1 / B eM(Typ)(t) dt = —iCr™? / ” eM(Re)(t) dt =
o]

0
= Cr 7l Aw (A — Aw) ' Bo(\) = CAw(A — Aw) " BI(\) =

= Wa(A)o(A).
Since 6 is stable, Wy(-) is analytic and bounded on Im A > 0. Thus, by the Paley-Wiener
theorem, Wy (-)¢(-) is the Fourier transform of a function in Ly(R*,Y). It follows that Tp
maps Ly(RT,U) into Ly(R™,Y), and moreover, (2.5) holds. L
The result of Corollary 2.3 is known, see [vK], Section 2.3.

3. DUALITY

Let 8 = (4,B,C;V,W,U,Y) be a PS-realization. Since r : W—V is a continuous
injection with dense range, also 7* : VW, defined by (v*v, w)y, = (v, 7w),, is a con-
tinuous injection with dense range. Also observe that B* : V—U and C* : Y W, defined
by (B*v, y); = (v, By)y, and (C*y, w)y, = (y, Cw), are well-defined bounded linear

operators. We also denote the adjoints of operators acting in V and W by superseripted
*.

Proposition 3.1 Let 8 = (A, B,C;V,W,U,Y) be a PS-realization, and let Aw be
the part of A in W. Then 6* = (—A},,C*,—B*;W,V,Y,U) 15 also a PS-realization.
Moreover, the transfer function of 6% is given by Wo«(—X) = Wo(A\)*, and its weighting
pattern is given by kg« (t) = kg(t)*.
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Observe the reversal of the roles of V and W, as well as the reversal of the roles of U
and Y.

PROOF. First we show that A*(V—V) is the part of Afy(W—W) in V (with respect
to the injection 7*). For the time being let us denote the part of Al (W—-W) in V by 7.
Let v € D(A*). We have to show that 7%v € D(A}y,) and Ay, 7*v € 7*[V]. Forz € D(Aw)
we have:

(%0, Awz)y, = (v, TAwz)y, = (v, Atz),, = (A", T2)}, = (1" A0, )y .

So by the definition of Aj, we have indeed that 7*v € D(Ajy) and A 7*v = 7°4%v €
7*[V]. In particular,

DAY C {veV |7 € D(Aly) and A m™v € T*[V]}.

This proves that A* C 7. To prove the converse, let again —wp be the maximum of
the exponential growth bounds of the semigroups S(-; —iA) and S(-; —~iAw). We claim
that for ImA < wg, the operator A — iT is invertible. Indeed, for all z € V we have
(A—iA*)"lz € D(A*) C D(T), and hence

(A —iT)(A = iA") 1z = (A — iA") (A — iA*) "'z = =. (3.1)

Thus, A — ¢T is onto. Now suppose x € D(T') satisfies (A — ¢T)z = 0. Then 7*z € D(A}y,)
and Aly7*z = m*Tz. Thus (A — iA}y)r*c = (A — iT)z = 0. As 7" is injective, and
also A — 44}, is injective it follows that z = 0. So, A —iT is invertible, and moreover,
(A—4T)"t = (A~ i4*)71, by (3.1). But then A* and T must coincide. Thus A* is the
part of A, in V.

Using [P], Corollary 1.10.6, one sees that ¢4}, and iA*(= (iA}y|v)) are generators of
Co-semigroups, and that

S(3idiy) = S —iAw)",  S(3iA7) = (5 -iA)".

Hence
St il )T = (1S(t; —iAw))* = (S(t; —iA)T)" = 77 8(t; 1A").
In order to show that 6* is a PS-realization it remains to define bounded linear

operators I'g- s : Ly([0,%],Y)—V and Ag-, : W—Ly([0, ], U) satisfying

st
T*rg..,tqs:/ S(s;iAl)C*d(s)ds, ¢ € La([0,4],Y),
0]

and Ag« 7"z = —B*S(-;iA")z, for z € V. Taking I'e-, = A7, and Ag« s = —Ig,, one
easily verifies that the conditions just mentioned hold.
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To show the statement concerning the transfer functions, we use Proposition 2.2. For
simplicity we assume that 8 is stable, which may be done because of Lemma 1.3. Also,
put @ = —Ay,, 8=C% v=—-B* then ay = —A4*, and * = (o, 4,7, V,W,Y,U). Recall
from Proposition 2.2 the definitions of C and B. Define 4 and 8 in a similar way for 6*.
By formula (2.3) we have

Wo(M) = CAN—A)7'B,  We-(A) =vay(A—ay) 4.

We first show that
(CYy =-23, (B)* = —A. (3.2)

To prove the first equality, recall that CA'HW] = CA;VIT_IIT[W]. FixweWandyeVY.
We know that =!8y € 7*[V], and thus o™ 8y = 7*7*~la~!Gy. Hence

(Crw, y) = (CAZ w, y) = (w, A} C*y) =

=(w, —a ' By) = (w, ~7 Lo 1By} = (rw, —7* "o Fy).

Now use that 7[W] is dense in V. We see that (C)* = —7*"la~1g = —4.
To prove the second equality in (3.2), recall that 78 = A='B. Thus

(B)*T* — B*A*—l — B*A*-—lT*—lT* — ’Y(X;/lT*.—IT*.

Therefore, (B)*}T*[V] = ¥|reqv)- Both (B)* and 4 are bounded, and 7*[V] is dense in W,

so (B)* = —4.
Now using (3.2) we compute

Wo(W)* = {CA — A) ' BY = yay (=X — ay) 18 = W (= X).

From this the statement concerning the weighting operator functions is obtained by taking
inverse Fourier transforms. ]

Note that if D(A) C 7[W], then D(A},) C 7*[V]. To see this assume that 8 is a
stable PS-realization. Then A~! is bounded, and the inclusion D(A) C 7[W] means that
77 A7 VoW is well-defined. As it is clearly closed, it is bounded. Also, from TAwz =
Atz for £ € D(Aw), we see that Ayl771 € 771A~L Hence (7~ 1A™1)* C (A3} 771)*. As
A;VI is bounded (for the same reason as A~' is bounded), we see from [R], Theorem 13.2:
(r7rATY) C (At ) = A Thus, (7AYo lAY L But (rrAT)* s
bounded, as it is the adjoint of a bounded operator. Since 7* _1A’{,V’1 is closed, it must also
be bounded, which means D(A},) C 7*[V]. See {vK], Theorem 2.17 (iii), for an analogous
result.
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4. PROOF OF THEOREM 1.1 AND REALIZATION THEOREM

In this section we prove Theorem 1.1. Using the results of the previous sections the
proof of the necessity part is now easy. Let 6§ = (A, B,C; V,W,U,Y) be a PS-realization,
and let kg(t)u = —i(AgBu)(t) be its weighting pattern. As before, let —wp be the maximum
of the exponential growth bounds of §(-; —iA4) and S(-; —iAw). We already know (see
the first paragraph after the proof of Lemma 1.2) that for each u < wy the function
e*ko()u € Lo(RT,Y) for all u € U. Since kg(-)* = kg« (-), by Proposition 3.1, we also
know that e# kg(-)*y € La(RT,U) for all y € Y and every u < wp = wg~. Thus (1.5) holds
for some p € R.

The reverse implication will first be proved for the stable case. To do this, let &(-) :
R*t—L(U,Y) and i > 0 be such that e k(-)u € Ly(RT,Y) for all u € U and e k()*y €
Ly(RY,U) for all y € Y. We shall produce a stable PS-realization § such that k = k.
Observe that by taking y a little smaller if necessary, we may assume from the start that
in addition e* k(-)u € Li(R™,Y) for all w € U and e* k(-)*y € Li(RT,U) forall y € Y.

Before we state and prove the realization result in detail we need some prepara-
tions. For every p > 0 let L;t“ (R*;Y) be the complex Hilbert space of ali strongly
measurable functions f : R™—Y which are bounded with respect to the norm ||f| =
[fsS €2 F(2)]|2 dt] "2 We have in the sense of continuous and dense imbeddings

LMY Y) € Ly(RT;Y) € LE(RT; V),

and similarly if Y is replaced by U.

PROPOSITION 4.1 Let U and Y be complex Hilbert spaces, and let k() : R —L(U,Y)
be such that for some p > 0 we have e k(-)u € Li(R™,Y)N Lo(RT,Y) for allu € U, and
eFk(-)*y € Li(RY,U)N Ly(RT,U) for ally € Y. Then the operator H defined by

(Hf)(#) = (P) ‘/000 kit + a)f(a)da t>0 (4.1a)

is bounded from LY(RT;U) into Ly*(R™;Y), and is also bounded from Loy(R™;U) into
Ly(R*;Y), where the integral is to be interpreted as a Pettis integral in the following sense

((Hf)(t),y)z/ooo k(e + ) F(8)yhyds, ¢ 0. (4.1b)

In the proof we shall show that the formula defining (H f)(¢) may be interpreted as
a Bochner integral in case f is a measurable step function of compact support.

PROOF. First we prove some auxiliary statements. The map J : U—L;(R™;Y)
defined by Ju = k(-)u is easily seen to be a closed operator. As it is everywhere defined it
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is a bounded operator, and we have ||k(-)ul 1, ®+,y) < 7l|lullv, for all u € U, and for some
positive 7. The same argument shows that also {|k(-)*yllL,r+;0) £ 7llylly fory € Y.

We first show that the integral defining (H f)(¢) is well-defined. Let y € Y, and
J € Ly(RT,U). Then

(Bt + ) yly = (FC) R+ ) )y

is a function in Ly (RT). Thus [J° (k(t + @)f(@), y)y do is well-defined. Moreover, by the
result of the previous paragraph, this expression is continuous in y. Hence, by the Riesz
representation theorem, there is a unique vector (H f){f) such that (4.1b} holds. Thus
(4.12) is well-defined as a Pettis integral. Moreover, it is clearly linear in f.
We define k() by
Eu=k(u()), wuwel,

e

where k(-)u is the Fourier transform of k(-)u. For each u € U we have
sup Hi@(k)u“ = sup H/ ei’\tk(t)udtﬂ < / Je(t)ul dt = l|k(-)u]|L1(R+;y) < vllully.
AeR AR JO 0

Hence sup,eg [[6(A)] = SUPXeR, {jul/<1 lk(A)ul| < v is finite.
Now let f € Ly(R*;U) be a step function, i.e.,

f(t):{fj’ teEj=1,---,r

0, otherwise,
where Ei,---, E, are mutually disjoint subsets of RT of finite Lebesgue measure and
f1,-++, fr are vectors in U. Observe that by our assumption on k(-) we have

(Hf)() = Z/ k(t + @) f; do € Ly(RT,Y).
j=1 " Ej
Then fort >0

0

(Hf)(t):/ E(t—s)f(—s)ds= /_E_k(t—s)fjds.

- j=1 i

h

Taking Fourier transforms it follows that (—/ﬁf)(/\) = k(M) f(~A) for X € R. So

T satuiry < 590 1ROV - Do
whence also

<wmmmms(mwawgwmmmwswﬂmmw.
AER
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Now let f be an arbitrary element of Ly(R*; U), and take a sequence of step functions
fn converging to f in Lo(IR"; U), again using [DU], Section I1.2 to see that such a sequence
exists. The estimate in the previous paragraph shows that Hf,, is a Cauchy sequence in
Ly(R*;Y). Thus Hf,—g for some g € Ly(R™;Y). Now fix ¢ > 0 and compute for y € Y’

(H )0 0) = / (ke + 0)fal0), )y dor =
- / " (fal@), k(4 ) y)y da =

=(fn(), k(t+ ')*y>L2(R+;U)_’<f(‘): k(t + ')*y>L2(R+;U) =
=((H)(®),9)-
Thus H f,, converges pointwise to H f, and converges in Ly(IR*;Y) to g. But then Hf = g.
This shows that Hf € Lo(R*;Y) for all f € Ly(RT;U).
Now we show that H is a bounded linear map from Lz(IR™; U) to Lo(R™Y;Y). Again,
let fn be a sequence of step functions converging to f in Ly(R™;U). From the previous
paragraph we now that H f, converges to Hf in Lo(R*;Y). We also have that ||H f,|| <

v« ifnll- Take € > 0, and let n be such that |Hf — Hf,|| < eand ||f — f.|| < e Then we

have
IHf < 1Hf = Hfall + | Hfull < e+ 91 fall

Se+ (I = Ful) <O +v)e+Alf-
Letting e—0, we obtain that ||Hf|| < v fl|.
Replacing k() by e#'k(-) it is easily seen that the same arguments show that H is
bounded as a linear map from L(IR*;U) into Ly *(R™;Y). o

For t > 0 we define
(S fl(e)=ft+a), ta>0,

s#s@ = {§ 0 2

0, otherwise.

Let us note that S(-) induces strongly continuous semigroups on Ly #(R*;Y) and
LE(RT;Y). We denote these semigroups by S_(-) and S54(-), respectively. Similarly,
S#(-) and S¥(-) are the Cg-semigroups induced by S#(-) on Ly*(R™; U) and L(R*; U),
respectively. The semigroups S_(-) and Sf() are both exponentially decaying. In fact,
S_(t) and S¥(t) both have norm e In the sequel, we shall use that

S_(6)* = e 5% (1), (1) = 2 5F(1).
Now, let H be as in Proposition 4.1. Then

S_(t)H = HS*(t), t>0,
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and
S, (H* = H*S*(t), >0,

Thus Im H is invariant under S_(t). We define V' to be the closure of Im H in Ly *(R*; Y).
Then 5_(t)|v is an exponentially decaying Cy-semigroup on V; its generator will be de-
noted by —iA. Thus

S(t;—iA) = S_(t)|v : V-V, t>0.

Next, let @ be the orthogonal projection of L4(IR™;U) along Ker H. Since Ker H is
invariant under Sf(t), we have QSf (t) = QSf(t)Q for each t € R*. If Hg = f for some
g € LY(R*;U), then the vector Qg is uniquely determined by f. We define W to be the
complex Hilbert space which one obtains if Im H C Ly* (R*;Y) is endowed with the norm

1/2
Ml = (1712 ey + 1R8]

where g is some vector such that Hg = f. For the case when Ker H = {0}, the space W
is just the space Im H endowed with the graph norm corresponding to H—!. If Hg = f,
then S_(t)f = HSf(t)g‘ Since QSf(t)g = QSf (t)Qg, we see that

”S—(t)f‘l%V = ['S—(t)fniz—n(f{+;y) + “Qs—f(t)Qg“%g(RﬂL;U)

< EPIIR qrary € PR ey = P

Thus S_(t) induces an exponentially decaying Co-semigroup in W. Let 7 : W—V be the
canonical embedding of W into V. Then 7[W] is dense in V. As before, we write Ay for
the part of A in W. Then

S(t; —iAw) = S_(t)lw : W—W.

THEOREM 4.2 Let U and Y be complex Hilbert spaces, and let k(-) be such that for
some p > 0 we have that e k(-)u belongs to Ly(R™,Y) N Ly(RT,Y) for allu € U and
e’ k(-)*y belongs to Li(RY,U)N Lo(RT,U) for ally € Y. Suppose V, W, A and Aw are
as above. Define

(Bu)(t) = k(t)u, teR", uel,

cf = (P) / T ROQo)0d,  f=Hy,

where Q is defined as above and the integral is to be interpreted as a Pettis integral. Then
BelL(UV), Ce L(W,Y) and 6 = (A, B,C;V,W,U,Y) is a stable PS-realization, whose
weighting pattern is precisely k(-).
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PROOF. Let us define
1/n
(Bpu)(t) = n/ k(t + a)uda, i> 0.
0

Then B,u € Im H,

dt.

oo 1/n I2
| Bnu — Bu”i;“(nﬁy) = /0 o2ut n./o {k(t+a) - k(t)}uda;

Now

2

2 1/n }3
< {n [ Ik+ 0 - Ho o I

1/n i/n 1/n
n? a) — ul|? dov o) =n ) — ul|? da.
<’ ( / 1k (E + @) — ()l da) / 1 da) / kGt + ) — k() }ul|d

1/n
n/o {k(t +a) — k() }ude

Thus we see that

!2
dt <

n/l/n {k(t + o) — k() }uda

S
/ eZ;Lt
0

oo 1/n
< [T [ ke + o)~ kel dayar =

i/n oo
= n/ (/ e |{k(t + o) — k(1) }ul|? dt) da.
0 0

As [7° e |{k(t+ o) — k(t)}ul|? dt is continuous in o we have that B,u tends to Bu in the
norm of Ly #(R*;Y). Thus B is a bounded linear operator from U to V, i.e., B € L(U, V).

Take ¢ € Lo(RT;U). As S(-;—iA) is an exponentially decaying semigroup it follows
that S(t; —iA)Boé(t) € Li(R™; V). Moreover, Bo(t) € Ly*(IRY;Y). So, S(t; —iA)Bo(t) =
S_(#)k(-)o(t). This gives

/ " St ~iA)Bo(t) dt / T S (k)b dt = (P) / T+ )e(t) dt = Ho e W
0 0 0
Therefore, for ¢ € Lo(IRT; U) we have

1 [ (i) mot iy = 116l = 101 sy + 1001 <

< (Y +1)|oll7x R0 S W‘i’“%g(nﬁU ;
5( ) )

for some constants v and 4. To get the one but last inequality we used that H is bounded
{(by Proposition 4.1) and that @ is also bounded.
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On the other hand, if f = Hg for some g € LY(R*;U), we have

ICflly = sup [<Cf,y>|<  sup / < (Qa)(2), k(t)*y > dt
flyli=1,yeY Hyll=1y€Y Jo

< o [ eewereal . [ e ieara "

lfyli=1,yeY
< const. HQg”L;(RﬁU) < coust. || filw, f€ImHA,

so that C € L(W,Y).
Moreover, CHg = (P) [;° k(s)g(s) ds. Indeed, for y € Y we have

((Hg)(t),y) = / ” (k(t + a)g(a),y) da =
0
/0 (g(a), k(t + a)"y) do = fo (9(a), (S-(D)k(-)"y)(a)) do = (g, S-(D)k(-)"y),

which, as t | 0, tends to (g, k(-)*y) = ((P) [~ k(a)g(a)da,y). Thus

(CHg,y) = (P) / (@)(@9)() day ) = lm((HQE)(0), 1) = lrnd(Ho) (1), v),

because H(I Q) = 0, and so (CHg,y) = {((P) [,k o)da,y). Hence, CHg =
(P) J5° k(s)g(s) ds.
Using this we have for f € W

CS(t; —iAw)f = CS_(t)Hg = CHS#*(t)g = (P) /:0 k(o) (5% (t)g)(a) da =
~(7) [ Halola— 1y da = (Ho)(0) = 102
whence CS(-, —iAw)f € Lo(R";Y) and

“CS('> “iAW)f’|L2(R+;Y) = Hf”Lz(R'*';Y) < ”f”L;#(R+;y)’ f € L;#(]RJr; Y)-

Thus § is a PS-realization.

Finally, since the weighting pattern ko(-} of 8 is given by kg¢(-)u = AgBu, it is straight-
forward to see that ke(-) = k(-) as desired. ]

Observe that the realization above is just the standard shift realization on weighted
L4 spaces.

Proor oF THEOREM 1.1. The proof of Theorem 1.1 for the general case is reduced
to the stable case by using Lemma 1.3. Let k(-) : R*—~£(U,Y) and x € R be such that
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et k(Ju € Ly(RT,Y) for all u € U and e*k(-)*y € Ly(RT,U) for all y € V. Taking
¢ a little smaller if necessary we may assume without loss of generality that e* k(-)u €
LoyRY, Y)NL(RY,Y) forallu € U and e* k(-)*y € Lo(RT, UYNL(RY, U) forally € Y.
We may also assume that y < 0, as the case u > 0 has already been dealt with. Take p > 0
fixed, and put k(t) = e®=P)tk(t). For k(-) we have e” k(-)u € Lo(R*,Y) N L1 (RT,Y) for
allu € U and e”k(-)*y € Ly(RY,U) N Li(R*,U) for all y € Y. Thus, by Theorem 4.2,
there is a stable PS-realization = (A, B,C;V,W,U,Y) such that k= ks. Define A by
D(A) = D(A) and —iA = —iA — (u — p)Iy. Then 8 = (A,B,C;V,W,U,Y) is a PS-
realization and ke(t)u = e~ =tz (t)u = e~ WPl k(t)u = k(t)u for all u € U by Lemma
1.3. [
COROLLARY 4.3 Let 6 = (A, B,C;V,W,U,Y) be a PS-realization. Then

(Teo)(t) = (P) /Ot ko(t — s)p(s)ds, t€R, ae, &€ Ly o(RT,U). (4.2)

Here the integral on the right hand side of (4.2) is to be understood as a Petlis integral.

The right hand side of (4.2) is well-defined as a Bochner integral in case ¢ is a
measurable step function of compact support.

Proor. Without loss of generality we may assume that 8 = (A, B,C;V,W,U,Y) is
stable.

First we show that the right hand side of (4.2} is well-defined as a Pettis integral.
Take ¢ € Ly(R™,U) and put ¥(t) = (P) f(f ko(t — 5)¢(s)ds. Let y € Y then

(k(t = )o()sydy = (8() k(E = )"y)y

is a function in L;([0, ¢]). Thus f; (k(t— a)p(a),y)y do is well-defined. Moreover, by the
result of the previous paragraph, this expression is continuous in y. Hence, by the Riesz
representation theorem, there is a unique vector g{t) such that

<g(t),y>=/0 (k(t — s)p(s),y)y ds, ¢ > 0.

Thus the right hand side of (4.2) is well-defined as a Pettis integral. Moreover, it is clearly
linear in ¢.
For each y € Y we have (¢(t),y) in Ly(IR™). Moreover,

W) y) = fow M Y(t),y)dt = /Om e“t(/o (ko(t — s)g(s), y) ds) dt =
= Am foo eiAt(<k9(t —s)p(s),y)dt)ds = /OOO(/OOO ei)‘(a+5)<k9(a)¢(s), y) da) ds

- /0 ~ e (Wo(N)d(s), y) ds = (Wa(X)p(N), 1)
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Now using Corollary 2.3 we have (Wy(A)¢(A),y) = (m(A), y). This proves the corollary.
|

The Pritchard-Salamon realizations studied in this paper are different from the sys-
tems considered by Salamon in [S2]. For instance, the systems in [S2] have three state
spaces W, H and V such that W ¢ H C V, and for ¢ € Ly([0,%];U) the vector
fot S(s; —iA)B¢(s)ds belongs to H rather than to W as is required for PS-realizations.
On the other hand, the main result of the present paper can be used to rederive Theorem
5.2(1) in [S2]. To see this, assume that U = C" and Y = C?, and let k € e™# Ly(R*; C"*P),
Then, by Theorem 1.1, there exists a PS-realization 8y = (Ag, By, Co; Vo, W, C*, CP) with
weighting pattern k. Now, let W be D(Ag) endowed with the graph norm, and put H = V,
and A = Ap. Next choose V such that V* = D(A*) € H*, set B = By and C = C, where
Co is the extended output operator associated with 8o, and let G\ = C(A— A)1B.
Then (A, B,C,G(}X)) is a well-posed system in the sense of [S2]. Its weighting pattern is &
and B:U—H and C: WY are bounded.
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