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Abstract. In this paper factorization results for transfer functions of Pritchard - Salamon sys-
tems are obtained. In particular, transfer functions sufficiently close to the identity operator are
shown to have a canonical Wiener — Hopf factorization. Moreover, the Bounded Real Lemma is gen-
eralized to Pritchard — Salamon systems and applied to relate left and right canonical Wiener - Hopf
factorizations of their transfer functions.

1. Introduction

In the theory of H*® -control and in particular in the description of all solutions
of the Nehari problem one encounters the following problem (see [GGLD]). Given
W(X) = G(-X)"JG()), where G()) is a stable transfer function with a stable inverse,
and J = J* = J!, one seeks a factorization of the form W()\) = Z( — X)"JZ(}),
where Z()) and its inverse are antistable. In other words, given a left canonical
Wiener - Hopf factorization of W () one is looking for a right canonical Wiener - Hopf
factorization of W (A).

In case the stable transfer function G()) is rational, and thus the corresponding sys-
tem is finite dimensional the unsymmetric version of this problem was solved in [BR],
using methods from [BGK1]. A generalization to infinite dimensions in the context
of realizations of the type considered in [BGK2] was given in [BC). The symmetric
version of the problem of left versus right factorization, with applications to the Ne-
hari problem, was studied in [R] within a class of realizations with bounded input and
output maps, a class smaller than the class studied in [BGK2). (See also [CZ1] for this
case.)
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This paper concerns the general problem of left versus right factorization for a class
of infinite dimensional systems which has been introduced in [PS, S] and is known as
the Pritchard — Salamon class (cf. [C, CLTZ, vK1, KMR]). Systems from this class have
been succesfully used in the analysis of control and optimization problems involving
partial differential equations and/or delay equations (see, e.g., [VK1], compare also
[CZ1]). In [CR] the symmetric version of the problem was studied within the context
of the class of realizations considered in the present paper, i. e., the Pritchard — Salamon
class. In the latter paper, however, the input and output spaces were taken to be finite
dimensional. In [CZ2] a factorization approach to the Nehari problem was given for
the case where the input and output spaces are allowed to be infinite dimensional.

If G()) is the transfer function of a stable Pritchard — Salamon system, then W () is
not necessarily the transfer function of a stable Pritchard - Salamon system. This mo-
tivates the introduction of a generalization of the class of stable Pritchard —Salamon
systems, as to encompass noncausal systems. The definition of these systems is given
in terms of so - called extended Pritchard - Salamon realizations, where the noncausal-
ity forces one to employ bisemigroups (as introduced in [BGK2, BGK3]) instead of
semigroups. This class of systems is introduced in Section 3, while some elementary
properties of such systems are discussed in Section 4. We will draw heavily on [KMR]
where basic results on the corresponding (causal) Pritchard - Salamon systems were
derived and the class of functions that may occur as transfer functions of Pritchard -
Salamon systems was described directly. Section 2 is of a preparatory nature and
contains a review of the theory of bisemigroups.

The main result of this paper is a canonical Wiener - Hopf factorization theorem
for transfer functions of extended Pritchard - Salamon (PS) realizations in terms of
complementary pairs of invariant subspaces of the bigenerator of the bisemigroup
governing the state space evolution of the system and that of the bisemigroup governing
the state space evolution of the system obtained by reversing the roles of input and
output. This result is presented in Section 5. Explicit formulas for the factors in a
factorization that is canonical, apart from the fact that convergence at infinity is in
the strong operator topology instead of the norm topology, are given in terms of the
operators appearing in an extended PS-realization of the operator function under
consideration. In particular, in case the transfer function of an extended PS -system
is close to the identity operator it can be shown that these so—called quasi - canonical
factorizations (both left and right) exist. For transfer functions of stable PS - systems
the Bounded Real Lemma is derived. As in the finite dimensional case, it is shown that
if W(X) is the transfer function of a stable PS —system and ||W(A) — I|| < 1 for real
A, then a certain algebraic operator Riccati equation has a solution, and conversely.
All of these results exist for finite dimensional systems (see, e. g, [BGK1, GRa, GRu));
some of them exist for a class of infinite dimensional systems described by so - called
BGK realizations [BGK2, BGK3] and for a class of infinite dimensional systems used
to study abstract transport equations [GMP)]. They are new for the class of extended
Pritchard - Salamon realizations, with the exception of the Bounded Real Lemma for
the class of stable PS-systems, which was derived earlier in [vK2], but for which we
give a different proof.

In the final section we return to the problem outlined in the beginning of this in-
troduction. Necessary and sufficient conditions are given for the existence of a right
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quasi - canonical factorization of the transfer funtion if this function is known to have
a left quasi- canonical factorization.

We conclude this introduction with a few words about notation. We denote the
open upper and lower half—planes by C* and € ~, and their closures (including o)
by €% and C ~, respectively. If X and Y are complex Banach spaces, we denote by
L(X,Y) the set of bounded linear operators from X into Y; if X =Y we write £(X)
instead of £(X, X). The domain of an operator T (X — X) is denoted by D(T'). Its
kernel, range, resolvent set and spectrum are denoted by Ker T, Im T, p(T*) and o(T),
respectively. For 1 < p < o0, (E, i) a measure space and Y a complex Banach space,
Ly(E;Y) denotes the Banach space of all strongly measurable functions f : E 5 Y
such that ||f(-)|ly € Ly(E), endowed with the norm ||f|| = [[z IO} du(t)]? if
1< p< oo and ||f|l, = esssup,cg|lf(t)|ly if p= o0 (cf. [DU}).

2. Bisemigroups

A strongly continuous semigroup S(t) on a complex Banach space X is called expo-
nentially decaying if ||S(t)|| < Me~®* for certain M, a > 0. If A (X — X) denotes
its infinitesimal generator, i.e., S(t) = e*4, then its spectrum o(A) is contained in the
closed half - plane of all A with Re A < —a.

Let X be a complex Banach space and let A (X — X) be a linear operator defined
on a linear subspace D(A) of X with values in X. We say that A is exponentially di-
chotomous if A is densely defined (i. e., D(A) is dense in X) and X admits a topological
direct sum decomposition

with the following properties: the decomposition reduces A, the restriction —A_ of
—A to X_ is the infinitesimal generator of an exponentially decaying semigroup, and
the same is true for the restriction A of A to X,. The projection of X onto X_
along X is called a separating projection for A. This projection is uniquely deter-
mined by A. Now suppose A (X — X) is exponentially dichotomous, and let (2.1)
be the decomposition having the properties described above. With respect to this

decomposition, we write
A- 0
A= ( )
0 A4

The bisemigroup E(-; A) generated by A is then defined as follows:

—etA- Pz, t <0,

(2.2) E(t;A)z = {
eA+(I-P)z, t > 0,

where P is the separating projection for A. The operator A will sometimes be referred

to as the bigenerator of E(-; A). Note that the function E(-; A) takes its values in

L(X), the Banach space of all bounded linear operators on X. If A is bounded, A

is exponentially dichotomous if and only if o(A) does not meet the imaginary axis,

and then the separating projection is just the Riesz projection corresponding to the
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part of o(A) lying in the open right half—plane. A detailed theory of exponentially
dichotomous operators may be found in [BGK2, BGK3].

Since ~A_ and A, generate exponentially decaying semigroups, there exists a con-
stant w > 0 such that

(2.3) sup e“* ||e4-|| < oo,  sup e™|le**| < o0.
¢<0 £20

If (2.3) is fulfilled, we say that A (or the bisemigroup generated by A) is of exponential
type —w. Note that (2.3) is equivalent to

sup e“!!l||E(t; A)] < oo.
t£0

The infimum of all —w such that A is of exponential type —w will be called the
exponential growth bound of A (or of the bisemigroup generated by A).

Recall (cf. [HP, P]) that the spectrum of the generator of an exponentially decaying
semigroup is a closed subset of the set of all A with ReA < —w. As a result, if A is
exponentially dichotomous, then {A € € : |ReA| < w} C p(A) for some w > 0.

For later use we mention a few simple facts about bisemigroups. Suppose A (X — X)
is exponentially dichotomous, and let E(-; A) be the corresponding bisemigroup given
by (2.2). Take z € X. The function E(-; A)z is continuous on R \ {0} and Bochner
integrable on RR. It also has a jump discontinuity at the origin and in fact

E(0™; A)z = lthx(x)l E(t;A)z = —Pz, E(0%; A)z := ltiJl.tl)l E(t;A)z = (I - P)z,

where P is the separating projection for A. If z belongs to the domain D(A) of A,
then E(-; A)z is differentiable on R \ {0} and

-;—tE(t; Az = E(t; A)Az = AEGA)z, ¢t # 0.
Obviously, for z € D(A) the derivative of E(-;A)z is continuous on R \ {0}, Bochner
integrable on IR and has a jump discontinuity at the origin. From (2.2) it is clear that
E(t;A)P = PE(t;A) = E(t;A), t <0,
E@t;AI -P) = (I-P)E(;A) = E(t;A), t > 0.
Moreover, the following semigroup properties hold:
—-E(t;A)E(s;A), t,8 < 0,
E(t+sA4) =
E(t; A)E(s; A), t, s > 0.

3. Extended Pritchard — Salamon realizations: basic proper-
ties

Let V and W be complex Hilbert spaces (not necessarily separable), and let 7: W =V
be a fixed continuous and dense imbedding. For A (V — V') a possibly unbounded
operator we define the part Aw of A in W by

D(Aw) = {z € W:7z € D(A), Atz € 7[W]}, 7(Awz) = Arz, =z € D(Aw).
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Then Aw (W — W) is a closed operator whenever A (V — V) is closed, but it may
fail to be densely defined, even if A (V — V) is densely defined.

Let Y be a complex Hilbert space. We call 8 = (A,B,C;V,W;Y) an extended
Pritchard - Salamon realization (or an extended PS - realization for short) if

1. —1A (V = V) is exponentially dichotomous;

2. The part —tAw of —iA in W is exponentially dichotomous and

(3.1) E(-;—iA)r = 7E(-;-1Aw);

3. Be L(Y,V)and C € L(W,Y);
4. There is a bounded linear operator Ag : V — Ly (IR;Y) such that

Aotz = CE(-;—iAw)z, z€W;

5. There is a bounded linear operator I's : Ly (IR;Y) = W such that
Tegp = / E(s;—i1A)B¢(s)ds (€ T[W]), ¢ € L(R;Y).
—00

Note that for every t € IR there is a bounded linear operator 'y, : Lo(IR;Y) = W
such that

Tosd = /oo E(t — s;—-iA)B¢(s)ds (€ 7[W]), ¢ € L,(IR;Y),

namely the operator satisfying
Toe¢ = TTed(t— <), ¢€ Ly(R;Y).

In [KMR)] a definition of a Pritchard — Salamon realization § appears that differs from
the present definition of an extended Pritchard —Salamon realization in the following
respects. In the first place —~iA (V — V) and its part in W are generators of strongly
continuous semigroups instead of exponentially dichotomous operators. Moreover,
these semigroups need not be exponentially decaying; in fact when they are, 8 is
called a stable Pritchard - Salamon realization. Finally, instead of Y one has an input
space U and an output space Y such that B € L(U,V) and C € L(W,Y), where U and
Y may be different. Nevertheless, we have the following connection between extended
PS - realizations and stable PS - realizations; its proof may be given by inspection.

Proposition 3.1. Let § = (A, B,C;V,W;Y) be an extended PS - realization, and
let P and Pw denote the separating projections of the bisemigroups E(-; —iA) and
E(-;—iAw), respectively. With respect to the decompositions of V and W as direct
sums of the ranges V_ and W_ and the kernels V. and W, of P and Py, respectively,
urite A 0 B
(3.2) A = (0 A+)’ B = (B.,.)’ C = (C- C4).

Then 04 = (FA+,B+,Cx; Ve, W4,Y,Y) are stable PS - realizations. Conversely, let
0+ =(FA4+,B4,Cx; Vi, Wa,Y|Y) be stable PS-realizations, and define V=V_@V,,
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W =W_®W,, and A, B and C as in (3.2). Then 8§ = (A,B,C;V,W;Y) is an
extended PS - realization.

The definition of a PS -realization as given in [KMR] was inspired by the definition
of a Pritchard - Salamon system as given in [PS, CLTZ). In these works, as well as in
the later [vK1], the operator 7 : W — V is always the natural imbedding, which, as
we have seen in [KMR)], complicates the duality theory. Prior to [vK1], all references
on the subject include the requirement D(A) C W in the definition of a Pritchard -
Salamon system. Both in [vK1] and our previous paper [KMR] this class of systems
was studied without this requirement.

The next lemma is a technical result immediate from Lemma 1.2 in [KMR] and
Proposition 3.1.

Lemma 3.2. Let@ = (A,B,C;V,W,Y) be an extended PS -realization, and let —wy
be the mazimum of the growth bounds of the bisemigroups E(-; —1A) and E(-; —iAw).
Then for every u € [0,wy) there are constants y(p) and B(u) such that

(3.3) lle*"1Aq 2|l , .y

(3.4) ITe(e*19) |l < BW lIdllL,amiy), ¢ € L2(R;Y).

These statements are also valid if Ly is replaced by L, .

IN

v lizllv zeV;

The number —wjy defined in the lemma above plays an important role in the sequel,
and will be used throughout without further explanation.
Making D(A) into a Hilbert space by endowing it with the graph norm ||z|lp4) =

(=l + ||Az||"{,]l/ ?, we have (cf. Proposition 3.1, and [KMR], Proposition 1.4):

Proposition 3.3. Let§ = (A,B,C;V,W;Y) be an extended PS-realization. Then
there exists a unique C : D(A) = Y such that Cz = C1z, z € D(Aw), and C
is A-bounded, i.e., C € L(D(A),Y) where D(A) is endowed with the graph norm

I - llpa)-
Using C : D(A) = Y as well as the bounded linear operators
(3.5) C=CA"': VY, B=r'A'B:Y — W,

there are three equivalent ways of defining the transfer function of an extended PS-
realization § = (A, B,C;V,W;Y) (cf. Proposition 3.1, and (KMR], Propositions 2.1
and 2.2), namely

I+C(A-A)"'B
I+CAM)-A)'B
I+ CAw() — Aw)™'B,

where |Im A| < wg. Note that, in contrast to [KMR], we have inserted the term I in the
definition of Wy( - ). In other words, we always assume implicitly that the feedthrough

W(A)

(3.6)
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coefficient of an extended PS-realization is equal to the identity operator I on Y.
The reason for this choice will become clear in Theorem 4.2.
From Proposition 3.3 and (3.5) we readily derive the following identities:

(3.7) (Apz)(t) = CE(t;—iA)z, z € D(A),

(3.8) (AgA™'z)(t) = CE(t;—iA)z, z€V,

and o

(3.9) AT = / E(t;—iAw)Bo(t)dt, ¢ € Ly(R;Y).

The weighting pattern of an extended PS-realization § = (4,B,C;V,W;Y) is
defined as (cf. [KMR])

kg : R — L(Y), ke(tlu = (AgBu)(t).
From (3.3) and B € L(Y, V) we immediately find for every u € [0,ws) that
||e“"|kg(-)u||L2(my) < const. [|u]ly .

A similar estimate holds with L, replaced by L,. In analogy with Eq. (1.5) of [KMR)
using I as the feedthrough coefficient, we now define the input —output operator by

Td)®) = 80+ (P) [ kalt=0)p(e)ds, t€R ace,
—00
where the integral is a Pettis integral [DU]. Observing that the Fourier transform

60) = Fom = [ " etg(n) dt

—00

is an invertible operator on Ly(IR;Y’) such that (2r)~'/2F is unitary [DU], we have
the following result (cf. Proposition 3.2, and [KMR], Corollary 2.3):

Proposition 3.4. Let 0 = (A, B,C;V,W;Y) be an extended PS -realization. Then
the input - output operator Ty is a bounded linear operator on Lo(IR;Y) satisfying

(3.10) Ted)(A) = We(Nd()), AeR.

R A T

The following analogous result, however, requires a proof. AR s

Proposition 3.5. Let 6 = (A, B,C;V,W;Y) be an extended PS- realization. Then
the operators C and B defined by

(3.11) con® = —i [ " GE(t - 5;-iA)pu(s) ds;

(3.12) (Bo,)() = —ir~! /_ " B(t - 5;~iA)Béy(s) ds,



78 Math. Nachr. 196 (1998)

are bounded from Ly(R;V) into Lo(IR;Y) and from Ly(R;Y) into Lo(IR; W), respec-
tively, and satisfy

3.13)  (Ca )N = COA=-A)'&(N), (B )(N) = Aw()— Aw) ' Bé,(N),
where f()) = 22, e f(t) at.

Proof. Let us define the auxiliary bounded operators C: Ly(R;W) = Ly(R;Y)
and B: L,(IR;Y) — Ly(IR; V) by the Bochner integrals

Cw)t) = —i /_ ' CE(t - s;—iAw)ti(s) ds,

(By.)(t) — /_ = E(t - s; —iA)By,(s) ds,

where the boundedness is immediate from the exponential decay of the bisemigroups.
By Fourier transformation we get

(314) @) = CO— Aw) (), B = (A - A7 BY, ().
Now note that

CO-A) 't = CAN-A) T = C(A - Aw)™!,
(A-A)B = tAw(A— Aw)"1B.

1l

(3.15)

Further (cf. [GGK], p. 410), A(A — A)~! and Aw (XA — Aw)~! vanish in the strong
operator topology on V and W as A =& 00 and hence are bounded in £(V') and L(W)
for A € R. Hence the premultiplication M; of a vector in Lo(IR; V) by C(\ — A)~!
is a bounded operator from Ly(IR; V) into L,(IR;Y) and the premultiplication M, of
a vector in Ly(IR;Y) by Aw (A — Aw)~!B is a bounded operator from Ly(IR;Y) into
L2 (]R,, W)

Now note that for every t € IR the right - hand sides of (3.11) and (3.12) are vectors
in Y and W whose norms are bounded above by v(0)||#1]|L,(r;v) and B(0)l¢e]lL,(m;y),
respectively (cf. (3.3) - (3.4)). Further,

Cro)(t) = Cw)(®), % € Loy(R;W);
T(Byr)(t) = (B¢r) (), ¥r € L2(R;Y).

(.'F"IMIJ:‘N/);) ()
T(F M Foy) (1)

n

Consequently, C and B are bounded as claimed above. O

Note that the operators Ty, C and B satisfy the identity

where B is considered as a bounded linear operator B : L;(IR;Y) = L2(IR; V) and C
is considered as a bounded linear operator C : Ly(R; W) = La(IR;Y).
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4. Generating extended Pritchard — Salamon realizations

In this section we construct, starting from two extended PS —realizations 8; and 6,,
an extended PS -realization 8, called the product of 6, and 6;, such that Wy(A) =
We, (\)We,()) for A € R. Next, given the extended PS-realization 6 we define the
extended PS-realizations #* and 6*, called the associate and the adjoint extended
PS - realization, respectively, such that Wyx (A) = W())~! and Ws-(A) = W (})" for
AeR.

We begin with the product of two extended PS -realizations.

Theorem 4.1. Let 6y = (A1, B1,C1; Vi, Wh;Y) and 62 = (A, By, Co; Va2, W3, Y) be
extended PS - realizations. Put

T=710nR, V=VeV, W=WeW,;

_ (A B.C, _ (B _
oo (578, 5o (B), o=@ o

where C, is defined as in Proposition 3.3. Then 6 = (A, B,C;V,W,;Y) is an eztended
PS - realization. Moreover,

(4.1) We(A) = We, (\)Wp,(A), |ImA| < min (ws,,ws,)-
The PS -realization 8 as defined in the theorem is called the product of §; and 65.

Proof. From Proposition 3.3 it is clear that B é’g is an A3 —bounded operator into
Vi, which makes A with D(A) = D(A;) @ D(A;z) well - defined.

P .
ue E(t) = E(t;-1A;) F(t)
) = ( 0 E‘(t;—iAg))’
where oo
Fit)r = —i/ E(t — s;—iA1)B1(Ag,z)(8)ds, z €V,
and Bo(t) = [ E®—iAuw) Fw(t)
w(t) = ( 0 E(t;—iAz_w)>’

where

s o]
Fw(t)z = —iTl_l/ E(t - s;—1A,)B1CyE(s; —iAy w)zds, z€W,.
-—00
Then Ag, € L(Va, L2(IR;Y)) implies that F(t) € L(V2,V1), Fw(t) € L(W2, W) and
F(t)r, = nFw(t),

and hence
(4.2) E(t)r = tEw(t), te R\ {0}.
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Next, for (z; z2)T € V =V, @ V5 we have

—i /°° e E(t) (xl ) dt = ((/\ —A) 'z + (A - 4) T BiG (A - Az)_1m>
Tg (A - Az)—lxz

= (/\—A)"(:;).

Indeed, for 2 € D(A2) one can use (3.7) to derive this formula. As all three parts in
the identity above are bounded in V, the identity holds for all (z; z;)7 € V. Hence
E(-) = E(-;—iA) is an exponentially decaying bisemigroup. Similarly, by applying
(3.13) to 6;, we have for (z; z2)T e W

_i/ ei»\tEw(t)(;;)dt

_ ((A - Aiw) 7o+ A w (A = Ayw) T BiC (A - Az,w)'1$2>

(/\ - Ag_w)—l:EQ
(A= Aw)™? <2) ,

where the last equality follows with the help of (4.2). Indeed, denoting the identi-
cal left and middle members of the above equality by Gw()), we see directly that
7[ImGw ()] € D(A) and (A — A)~!7 = TGw()), so that Gw ()) is the resolvent of
the part Aw of A in W. Hence Ew(:) = E(-; —tAw) is an exponentially decaying
bisemigroup.

Next, we compute (Ag(:; ) (t) for (z1 z2)T € V. Taking Fourier transforms,

-0

using (3.10) for 6;, and (3.13) for 6, and 65, and then taking inverse Fourier transforms
we compute that

(Aa(:; )) (t) = (Ag,z1)(t) + (Ao, z2)(t) + (P) / * ko, (t — 8)(Ag,z2)(s) ds

—00

where the integral is to be understood as a Pettis integral. Hence by Proposition 3.4

(%) (%)

By computing 7'y ¢ we also find

)'/? = const.

< const. ([|lz113, + =213,

La(R;Y) v

where in terms of a Pettis integral
W) = Tud)®) = (P) [ bo(t-9)p(e)ds, teR.

Hence, for all ¢ € L:(IR;Y)

ITs ¢llw < const. (lI¢llz,ariy) + I¥ll,miy)) < const.||dll,m.y) -
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Finally, (4.1) follows from the first line of (3.6). O

Let 8 = (A,B,C;V,W;Y) be an extended PS-realization. Put AX = A — BC
viewed as an operator from D(A) to V. Then for A ¢ o(A*) U g(A) the operator
Ws () is invertible and we have

We(\)™' = I-C(A- AX)"'B.

Indeed, this is an easy consequence of the fact that BC may be written as (A — A4%) —
(A= A). Put * = (A*,B,-C;V,W;Y). The next theorem shows that under certain
additional conditions #* is an extended PS -realization and that its transfer function
is We(X)~! for A € R.

Theorem 4.2. Let § = (A,B,C;V,W;Y) be an extended PS-realization, and put
A*¥ = A - BC. Suppose there exist v € (0,wp) and M > 0 such that Wy()) is
invertible on Y with ”W;;(/\)“1 ” < M if|Im)A| <v. Then 6% = (AX,B,-C;V,W;Y)
is an extended PS - realization, and

(43) Wax (/\) = Wa(A)—l , A € ]R

Proof. Note that D(4*) = D(A). Let Ay, be the part of A* in W. Consider the
full line convolution equation

(44) H(t)z +(P) / " ke(t- s)H(s)zds = —i(Aez)(t), t€R\{0},

where z € V and the integral is to be understood as a Pettis integral. Then for every
zeV
. 1 [®

H(t)z = e MWe(N)"1C(A - A)'zdA, teRR,

2 o

defines the unique solution of (4.4) in Ly(IR;Y). Because e#I1Agz € Ly(IR;Y) for every
z € V [ (33) and |[We(M)7!|| < M if ImA < v (< wp), we have
e’'H(-)z € Ly(R;Y) and

(4.5) ”e""'H(')z”Lzm;y) < const. ”e"'"Ag:c”L?m;),) < comst. |lzlly, zE€V.
Next, put
(46) S(t)z = E(t;-id)z - / E(t - s;—iA)BH(s)zds, teR\ {0},
)
for z € V, and
o0
Sw(t)x = E(t;—iAw)z — 7! / E(t—s;—iA)BH(s)tzds, te R\ {0},
)
for z € W. Then S(-)z € Lo(R; V) for z € V, Sw(-)z € Ly(R; W) for z € W [cf.

Proposition 3.5], and
S(t)r = 7Sw(t), teR\{0}.
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From (3.4) and (4.5) we get
ISw(t)z|lw < const.e~#|z|w .
By Fourier transformation, for z € V
00
—i/ eMS(t)zdt = (A\—A)"lx— (A - A" 'BH\)z

- (A= A)~lz — (A — A)"'BWs(0)~1C(A - 4)" 'z
(A - Az,

whereas for z €¢ W
= / M Sy (t)z dt
(4.7) = (A= Aw) 'z - Aw(\ — Aw) 1 BWe(\)~1C(A — Aw) !z
= (A-Ap)'z.

To justify the last equality, we denote the equivalent left and middle members of
(4.7) by Kw()) and find TKw(A) = (A — A%)~ 11, s0 that Kw()) is the resolvent of
the part Ay, of A* in W. Hence, —iA* and —iAy;, are exponentially dichotomous,
S(t) = E(t; -iA*), and Sw(t) = E(t; —iAy).

Now observe that for every z € W

AgxTx + Agz = iCBH( )1z,

where C is to be read as an operator from Lo(IR; W) into L,(IR;Y’). Then the bound-
edness of C and Ay, (4.5), and Proposition 3.5 imply

lAexzllp,r,yy < conmst.fzlly, z€V.
Next, observe [cf. (4.4) and (3.12)]
E(t;—1iA™)z — E(t; —iA)z = —ir(BH(-)z)(t), z€V.
Then, by Proposition 3.5 and (4.5),
e'"|IBH(-)Bullp,qmw) < const.lully,

so that
(IBH(-)BullL,m;w) < const. fjufly .

This implies, by (3.13),
(4.8) Cu = sup "Aw(,\—Aw)‘léfI(A)Blli(Y'w) < +00.
€

Now, for ¢ € Lo(IR;Y) we obtain from (4.6)

Cogx¢p—To¢p = =171 /00 ! /‘00 E(t - s;—1A)BH(s)B¢(t)ds dt.
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With the help of (4.8) we then get
ITexé ~Todllw < CrlldllL.ariy) -
As a result, 8* = (A%, B,-C;V,W;Y) is an extended PS - realization. 0

Corollary 4.3. Let 8 = (A,B,C;V,W;Y) be an extended PS - realization, and put
A* = A— BC. Assume, in addition, that e”llky(-) € L, (IR; L(Y)) for some p €
(0,wg). Then (A*,B,—-C;V,W,;Y) is an extended PS -realization if c(A*)NIR = 0.

Proof. Under the additional hypothesis on kg, we have
1}m We(A) —If| = 0.

A—00,|Im A|<p
From o(A*) N IR = § it follows, taking into account the observation made before
Theorem 4.2, that Wy()) is invertible for real A\. Combining these facts one sees
that there exist v € (0,p] C (0,wp) and M > 0 such that Wy()) is invertible and
[We(A\)72|| < M if [ImA| < v. |

The extra assumption on ks made in Corollary 4.3 is always satisfied if ¥ is a
finite - dimensional space (see [BGK2]).

Finally, we define the adjoint §* of an extended PS -realization §. The adjoint of
a Pritchard - Salamon system was defined before in [vK1]). However, the use of the
natural imbedding of W into V in this adjoint realization coupled to the use of the
same Hilbert state spaces V and W for the adjoint system led to a rather complicated
definition. A more natural approach was the way in which the adjoint 8* of a PS-
realization 6 was defined in [KMR]. The realization studied in [KMR] has the symmetry
properties

ko) = ko®)", Wer(N) = Wo(=1),

reflecting the emphasis put on the weighting pattern. Below we will modify the defi-
nition of the adjoint PS -realization given in [KMR] to account for bisemigroups and
for the more convenient symmetry relations

k- (t) = ko(—t)*, Wa-(N) = Wg(X),

because in the present paper the transfer function is emphasized instead of the weight-
ing pattern. The crucial idea underlying the definitions of 6* in [KMR] and in the
present paper is the reversal of the roles of the state spaces V and W and the use of
the adjoint operator 7* : V — W as the imbedding of V into W.

Theorem 4.4. Let § = (A,B,C;V,W;Y) be an extended PS- realization. Then
the siz —tuple 0* = ( w,C*, B*; W,V;Y) is also an extended PS - realization and

ke (1) = ko(=1)", Woe(X) = Wo(3).

The proof of Theorem 4.4 is very similar to the proof of Proposition 3.1 of [KMR).
The major changes are the use of bisemigroups instead of semigroups and some sign
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differences due to the different symmetry relations in the weighting pattern and the
transfer function.

We will list some of the properties of 8* below. For their proofs we refer to [KMR]
where some differences appear due to the different definitions of the adjoint.

(a8 (r*)* =1.

(b) The part of Ay, (W = W) in Vis A* (V = V).

(c) E(t;—iA}y) = E(t;—iAw)" and E(t; —iA*) = E(t; —iA)*.

() Ag- = (Tg)" and Is- = (A)".

(e) Defining B* and C* in terms of 6* as C and B have been specified in terms of 6
in {3.5), we have
(4.9) B* = (B)', C* = (0)".

5. Factorization theorems

In this section we study factorizations of transfer functions of extended PS - realiza-
tions where the factors and their inverses are analytic in the upper and lower half-
plane and have strong limits at infinity. These factorizations will be called left and
right quasi - canonical. We also generalize the Bounded Real Lemma on the existence
of solutions of certain Riccati equations to extended Pritchard — Salamon realizations
(see also [vK2]).

Let Y be a complex Hilbert space. Suppose W is an operator function defined on
the extended real line with values in £(Y'), which is continuous in the norm on IR and
strongly continuous at infinity. Then

W@Q) = Wo(WW-(1), AeRU{w},

is called a left quasi - canonical factorization of W if

1. W1 extends to an operator function that is continuous in the norm on C* UR,
analytic on C*, and strongly continuous on -C—f;

2. W4 () is boundedly invertible for all A € G_JT;

3. W(-)~! is strongly continuous on C¥.
The factorization is called a canonical factorization (instead of a quasi-canonical
factorization) if the continuity in conditions 1 and 3 is with respect to the norm
topology instead of the strong topology. In particular, in case dimY < co the two
notions coincide.

A factorization of W of the form

W) = W_(WW,()), AeRU{oo},

where the factors W have the properties 1-3 stated above, is called a right quasi-

canonical factorization of W.
We begin with a general factorization result for transfer functions.

Theorem 5.1. Let § = (A,B,C;V,W;Y) be an ertended PS - realization such that
We(A) = I+C(A—A)"'B = I +CAw() - Aw) !B
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ts boundedly invertible and ||Wg(/\)‘1|| < M if|Im) < v. Let AX = A— BC be
defined on D(A). Suppose

V.eVr =V, W.eW) = W,

where Vi = Im E(0%; —i4), Wy = ImE(0%; —iAw), VI = Im E(0%; -iA%) and
W = ImE(0%; —iA}y,). Let Ay, Az, A and A) be the parts of A, A, AX and
A* in V_, V,, VX and V', respectively, and let Ay w, A2,w, Ay and A3y, be the
parts of Aw, Aw, Ay, and Ay, in W_, W, WX and W, respectively. If I and
Nw denote the projections of V onto V. along V_, respectively, the projection of
W onto W[ along W_, put By = I -I)B:Y - V_, B, =1IB : Y o V[,
Ci=C(I-TNw):W_-5Y and C, =Cllw : W) =Y. Then

01 = (AlthCl;V—vW—;Y)v 02 = (A27B2ac2;v+aW+;Y)a
elx = (AlxaBl)_Cl;V—vw—;Y)r o; = (A;,Bz,—C2;V+,W+;Y)

are extended PS - reslizations satisfying

(5.1) We(A) = We, (\)We,(A), ImA| < v,
and
(5.2) We(W)™! = Wox AWex(A),  [ImA] < v.

Proof. First note that all of the parts of operators mentioned in the statement
of Theorem 5.1 are densely defined. Observe also that V_ is A-invariant, W_ is
Aw —invariant, V. is A -invariant, and W} is A}, —invariant. Remark also that
if #, and 7, are the natural imbeddings of W, into W and of W,* into W, then
n =75f W) 2V and 7, = 77, : W) = V, are continuous and dense imbeddings.

Define

Ei\(t) = E(t;-iA)(I - 1), Ef(t) = (I-T)E(t;-iA™)(I - 1),
63) Eo(t) = TE(t; —iA)I, EX(t) = E(t;—iA™)I,
Eww(t) = E(t; —iAw)(I —Tw), Elw(t) = (I - Iw)E(t; —iA%) (I - Iw),
Exw(t) = IwE(®t; —iA)dw , Elw(t) = E(t; —iA})w,

where the operators E) (t) and E[(t) act on Vi, the operators E»(t) and E,(t) act on
V,*, the operators Ey,w(t) and E[y, () act on Wi, and finally, the operators B w (t)

and EJy, (t) act on W,". Then all eight operators £(t) given by (5.3) satisfy

IE@W] < const.e™!!, te IR\ {0},

and are strongly continuous in ¢ with a jump discontinuity at ¢ = 0. Moreover, for
r=1,2

s o] [ o]
—i/ eME, (t)dt = (A - A,)7Y, —i/ eMEX(t)dt = (A — AX)™Y;
o0

—i/ eME. w(t)dt = (A - Aw)7 !, —i/ eMEXy(t)dt = (A - AXy) 7.

—00 —00
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Thus all eight expressions in (5.3) define exponentially decaying bisemigroups. We
will henceforth write them in terms of their bigenerators.
Next, we prove the identity

(5.4) Ir = llw.

Indeed, taking z € W and writing Iwz = E(0%; —iA},)w; for some w; € W and
(I-Nw)z = E(0~; —iAw)w; for some w, € W, we find 7llyz = E(0%; —iA*)rw, €
Im M7 and 7(I-Mw )z = E(0~; ~iA)Tw, € Im (I-1I)7. Thus 7IIy 77! is a projection
defined on (W] whose range and kernel are contained in the range and kernel of II,
respectively, and which is a restriction of II. We then readily find (5.4).

Using (5.4) we have for z € W,

Ao,le‘ = ClE(-;—iAl,w):E = C(I-Hw)E(-;—iAw)(I—Hw):E
= CE(-;-iAw)I -Ow)z = Agr(I - Iw)z
= Ao(I - H)Tx = Aa T,

so that Ay, € L(V;, L2(IR;Y)). Similarly, for z € W3 we have

Agxmz = —CE(-;-id )z = -CliwE(-; —iA5w)lws
= —CE(,"-A:;I)HW:E = Apxtliwz
= AaxHT'.’: = AaxTz,

so that Ao;‘ € L(V,, L:(IR;Y)). Using (5.4) we have for ¢ € L2(R;Y)

Ta,6 = / " Bls;-iAg)Byd(s)ds = / ” LE(s; —iA)1Bé(s) ds

H/oo E(s; —1A)B¢(s) ds MTe ¢
= tllwTle ¢,

so that Iy, € L(L2(IR;Y), Ws). Similarly, for ¢ € L,(IR;Y) we have

nlyx¢ = / E(s;—iA[)B1¢(s) ds

/°° (I -IE(s;—iA*)(I — II)B¢(s)ds

= (I-1) /_oo E(s; —iA*)B¢(s)ds

= (I-H)‘I’ng¢
= 7(I -Nw)lex ¢,

50 that I‘,lx € L(L(R;Y), Wy).
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The other four boundedness proofs for A and I" operators are more involved. First,
we find from (3.15) and (4.3)

(A-4%)7 - (A —aw)” = —Aw(r - Aw) T BWe(N)IC(A - Aw)
(5.5) = -Aw(A—A )T BWe(A) 18 (A - A)-L
= —Aw (A - Aw)T'BC(A - 4¥) 7.

Similarly, we find using (3.15) and (4.3)

[ - A3)T = (- aw) 7]

~1Aw (A — Aw) T BWs(\)1C(A - Aw) !
—(A= A)BW,(\)IC(A - Aw)

—(A - A)'BC(A - Aw) !

~TAY (A - AY) ' BXC(A - Aw) ",

where B* = 7=1(A},) "' B € L(Y,W). Hence

1

(56) (A-4p)7 - (A-Aw)” = -A5(A-45) T B*C(A - Aw) ™
Thus (5.5), (3.7) and (3.13) imply
[E(t; —iAy) — E(t;—iAw)] 2 = (BAgxTz)(t), TEW,
where B is as in Proposition 3.5. Analogously, (5.6), (3.7) and (3.13) imply
[E(t;—iAy) — E(t;—iAw)]z = —(B*Aerz)(t), z €W,

where (B*¢)(t) = —ir~! [ E(t - s;~iA*)B¢(s)ds defines a bounded operator
from Lo(IR;Y) into W. Hence for £ € W; we have
Agxmz = ~CE(-;—iAl' )z
= -C(I-Tw)E(:;-iAy) (I - Ow)z
= —CE(-;—iAw)(I -Nlw)z — C(I - Ow)BAsx7(I ~ )z
= —Ag(I = )7z — C(I = Tw)BAgx (I — M)z,

so that Aolx € L(V1; L2(R;Y)). By the same token, for x € W, we have

Mg,z = CE(-;—iAsw)z
= CHwE(-;—iAw)sz
= CE(-;-iAy)Iwz + CllywB*AgxIlrz
= —Ag(I ~ )7z + CllwB* AgxIl7Z,

so that Ay, € L(Vo; La(R; Y)).
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The last two boundedness proofs for I operators require the use of (Jy ¢)(t) = ¢(—t)
on Ly(IR;Y) and (Jv¢)(t) = ¥(—t) on L2(IR; V), as well as repeated use of (3.7) -
(3.9). Furthermore, we need the following two analogues of (5.5) and (5.6):

57) A—AX)"1—(A=-A4)"! = —(A-A)"'BC(A - A¥)!
' = —(A—A%)"1BE() - A)~1.

Using (5.7), (3.7) applied to 8%, and (3.14) we then get
[E(t; —iAX) - E(t; —iA)]z = (BAgxz)(t), z€V,

while (5.7), (3.7), and the boundedness of the linear operator B* defined by (B*¢)(t) =
~i [ E(t — 5,—iA%)B¢(s)ds from Ly(IR;Y) into Lo(IR; V) (cf. (3.14) applied to
6*) imply

[E(t; —i4%) — E(t;~iA)]z = —(B*Asz)(t), z€EV.
For ¢ € Lo(R;Y) we have

T1F91¢

/ (I -1 [E(s; —iA%)—i / E(s — t; —iA*)BCE(t; —iA) dt] (I - M)Bé(s) ds

(I-1) { TToxdp — 4 / / E(0;—iA*)BCE(s — 0; —iA)(I — I)B¢(s)ds do

= 7(I - Ow)lgx¢ + 7(I = Nw)Tex JyCJv(I — )B¢,
so that [y, € L{L2(IR;Y),W,). For ¢ € L2(IR;Y) we have

TgPa; ¢ = / I [E(s; —iA) +1 / E(s — t;—iA)BCE(t; —iAX) dt:| IIB¢(s)ds

M7l ¢ + il / / E(o;—iA)BCE(s — 0; —iA*)I1B¢(s) ds do

-0 — 00

= tHwle ¢+ NwleJyC*JyI1Bg,

where (C*¢)(t) = i[5 CE(t — 5;—iA*)¢(s)ds defines a bounded operator from
Ly(R;V) into Ly(IR;Y) (cf. (3.12) applied to %), so that Fo’x € L(L;(R;Y), Wy).
This completes the proof, as (5.1) and (5.2) follow from Theorem 4.1. a

Theorem 5.2. Let 8 = (A,B,C;V,W:Y) be an extended PS - realization, and let
We(-)! be uniformly bounded on the strip [Im | < v for some v € (0,wg). Then the
following statements are equivalent:

1. Wg(-) has a left quasi - canonical factorization;
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2V=V_aV) andW =W_ao W], where V_, V), W_ and W are defined in
Theorem 5.1;
3. For every g € Lo(R*;Y), the following equation is uniquely solvable in

Lz (IR.+;Y).'
(5.8) 0+ (P) [ halt=a)p(s)ds = gt), ¢ > 0;
0
4. Put ki(-)z = —iB(Agz)(-) for z € V. Then for every gt € L(IR*;V), the
following equation is uniquely solvable in L, (lR+; V) :

(5.9) &i(t) + (P) /0 Tkt~ i(s)ds = alt), t > 0;

5 For ¢ € Ly(R*;W), put (P) [;° k(t)y¥(t)dt = —iTeCy. Then for every
gr € Ly(R*; W), the following equation is uniguely solvable in the Hilbert space
Lz (]R+,W)

(5.10) ér(t) + (P) /0 T k(t- )bo(s)ds = 0,(8), t > 0.

In (5.8) — (5.10) the integrals are to be understood as Pettis integrals.

Proof. (2) = (1). This is the content of Theorem 5.1.
(3) <= (4) <= (5). Using Proposition 3.3 we write (5.8) — (5.10) in the form
¢+CB*¢ = ¢+C*B¢p = g (€ L(R*;Y)),
¢+ BCty = g (€ Ly(R*;V)),
¢r +B*Coy = g, (€ Ly(R*; W)),
where C* and Bt are defined as C and B but with the integration over R*. Since
Ct: Ly(RY; V) = Ly(RY;Y), Bt : Ly(RY;Y) = Ly(RY; W), B : L(R;Y) =
Ly(R*;V) and C : L, (R*; W) — L, (IR*;Y) are bounded, these three equations are

uniquely solvable if one of them is uniquely solvable.
(1) = (3). If W has the left quasi- canonical factorization

We(A) = W_(AWi(A), [Im) < v,
then (5.8) reduces to the Riemann - Hilbert problem
Wy(Ngs(X) +W_(N)716-(0) = W_(N)'9()), A€R,
where too -~
G1) b = [ eMomd, 0 = [ eMowar,
0 0

and ¢(t) = —(P) fo°° kg(t — s)¢(s)ds for t < 0, the integral being understood as a
Pettis integral. From the unique additive decomposition

W_(N)7'9(N) = he(N) +h_(N)
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with he(A) = £ [;°° e h(t) dt for some h € Ly(IR; Y), we find the unique solution
o0
o(t) = — / MWL (N The (N dA, t > 0,
27 J_o

in L,(R*;Y).
(5) = (2). Consider the vector — valued integral equation

(5.12) G(t)m—i‘r_I/ E(t - s;—iA)BCG(s)zds = E(t;—iAw)z, t > 0,
0

where z € W. By our hypothesis its unique solution G(- )z belongs to L (R*; W).
For all u > 0 and t > 0 we have

[o <]
Gt +u)z —i / E(t - 8; —iA)BCG(s + u)z ds
0

[o o]
= 7G(t +u)z - i/ E(t+u-—s;—iA)BCG(s)zds
= 7E(t+u; —iAw)z + i/ E(t+u— s;—1A)BCG(8)zds

0
= 7E(t;—iAw) [E(u; —iAw)z + it~} / E(u — s5; ~iA)BCG(s)z ds]
0

= 7E(t;—iAw) [E(u; ~iAw)z +ir7! /oo E(u - s;-iA)BCG(s)z dsJ
0

= TE(t;—1Aw)G(u)z,

where we used in the one but last equality the fact that E(t; —1A)E(s; —1A) = 0 for
t >0 and s < 0. Thus

Git+u)r = Gt)Guw)z, zeW.

As G(-) is strongly continuous from the right at zero, we see that G(0) is a bounded
projection on W. Further, if z € W, we have G(0)z = 0iff G(t)z = 0iff E(t; —iAw)z =
0iff z € W_, so that KerG(0) = W_.

Let us substitute E(-;—iA};,)G(0)z with z € W in the left -hand side of (5.12).
Taking Fourier transforms we find for the left — hand side of (5.12) the vector function
é+(+), where é+()) = :hfo:‘:"° e*Me(t) dt with e € Ly(IR*; W) and

ex(N) +é_()) = / eMe(t)dt = (A— Aw) (A - A%) - (A - A%) T G(0)z.

—00

Hence,

é+(A) = (M- Aw)" (I - Pw)G(0)z,
which equals (A— Aw )~} (I — Pw)z because of Ker G(0) = W.. Thus W_&Im G(0) =
W and Im G(0) C W . Similarly, substituting E( - ; —iAj; )z with £ € W, in the left -
hand side of (5.12), we find (I — Pw)E(-;—iAw)z for the right —hand side. Thus
W_ + W = W. Finally, because of the unique solvability of (5.12) we obtain

W_eWwW =W,
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so that G(0) is the projection of W onto W along W_.
Taking t | 0 in (5.12) we get for every z € W

G(0)x

(I -Pw)z+ir! /Ooo E(—8;,—-iA)BCE(s; —iA};,)G(0)z ds
= (I - Pw)z + JyTeAs 7G(0)z,
where (Jy ¢)(t) = ¢(—t), and therefore
|G(0)z — (I — Pw)z|lw < const. llAng(O)zlle(m+;y) < const. ||rzily .
Thus there exists a bounded operator Q on V such that
(Q@-(U-P)rz = 7(GO) - I - Pw))z, zeW.
Hence V = V_ @V and Q is the projection of V onto V[ along V_. ]

Analogues of the following corollary have been proved for norm continuous operator
functions belonging to certain operator algebras [GL] and for the transfer function of
the linear system naturally occurring in abstract transport theory [GMP)].

Corollary 5.3. Let 6 = (A,B,C;V,W;Y) be an eztended PS-realization, and let

sup |[We(A) = Illcv) < 1.

[Im A<
Then Wy(-) has a left and a right quasi - canonical factorization.

Proof. Let Hy be the closed subspaces of Ly(IR;Y) consisting of those h(-) which
can be written as h()) = % f0i°° e*Mh(t)dt for some h € Lp(IR*;Y), and let
mo: Lo(R;Y) = Hy and 70 : Hy — L2(IR;Y) be defined in such a way that w7 is
the identity operator on H, and 7omp is the orthogonal projection of Ly(IR;Y) onto
H,. Then (5.8) can be written in the equivalent form

b4 + wo[We(-) — IJrods = §,

where ¢, and § are given by (5.11) and belong to H,. Since mp and 7o have unit

norm,
limo[We(-) - Nmolly, < sup [We(A) = Iligeyy < 1,

and hence (5.8) is uniquely solvable in Ly(IR*;Y). As a result, W; has a left quasi-
canonical factorization.

The existence of a right quasi —canonical factorization follows by applying the same
argument to £ = (—A, B, —~C;V,W;Y), knowing that W¢()) = Ws(-1). m]

We note that Theorems 5.1 and 5.2 have counterparts involving right quasi - canon-
ical factorization. This is also the case for Theorem 5.4 below, which generalizes the
Bounded Real Lemma on the existence of solutions of Riccati equations. In [vK2] this
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result was derived as a consequence of a result on general LQ - optimal control prob-
lems for the class of PS-systems. The proof given below is based on our factorization
theorems above.

Theorem 5.4. Let § = (A,B,C;V,W;Y) be an eztended PS - realization, and let
We(-)~? be uniformly bounded on the strip [Im A| < v. Suppose d(A)Uo(Aw) C C _.
Then

(5.13) sup |[We(X)=1I|| < 1

[Im Al <wp

for some vy > 0 if and only if the algebraic Riccats equation

(5.14) —iXAz +iAly Xz + XBB*Xz+C*'Cz = 0, z € D(A),

has a solution X € L(V,W) where X[D(A)] C D(A}),
o(A+iBB*X)cC_, o(Ap —iXBB*)C Cy,

and X7 = 7*Xyw for some Xyw € L(W,V). Here B* is given in terms of the
extended PS - realization 0* by Proposstion 3.3. Moreover, X1 € L(W) is selfadjoint.

Proof. We split the proof into t:our parts. 5 5
Part (a). Introduce ¢ = (4,B,C;V,W;Y) where V = Ve W, W =WeV,

f=7®T",
. A 0 . B «
A= R , B = , ¢ = (0 -B%,
c'C Ay 0

and D(A) = D(A) ®D(A}y). Applying Theorem 5.1 to the extended PS - realizations
8= (A,B,C;V,W;Y) and 6* = (A},,C*, B*;W,V;Y) one sees that

Y = ) ,(-B* 0);WeV,VeW,Y
0 A B

is an extended PS - realization and thus ¢ is an extended PS -realization. Further,
the operator C € £L(D(A),Y) as defined in terms of ¢ in Lemma 3.1 is given by

& = (0 -5),

where B* € L(D(Aj}y),Y) is defined in terms of §* as in Lemma 3.1. Note that
B* = (B)" A}, : D(A}) = Y [cf. (3.5) applied to °, and (4.9)]. The resolvent of A
has the form

” (A-A)! 0
(5.15) (A-4)" = ( ) 1).

(A-Ap) 7 'CCA-A) (A -Ap)”
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Further, (}i)w is most easily described by specifying its resolvent, which is found by
using the identity

and is given by

-1 (A = Aw)™" 0
(5.16) ()‘_(A)W) = (A'()\_A‘)‘lé‘C(/\—Aw)_l ()\—A')—l)

where we have employed (4.9). Using (5.15) we easily obtain the transfer function
Wo(d) = 1+C0-A)1B

_[A-A 0 \'/pB
(5.17) -0 Bt)(—c'c" ,\—A;V> <0)

I-B*(A-A4y) 'Cc*C(r - A)'B
I = [We- (A) = N[We(\) - 1).

It

For later use we define
y . o3 A BB*
A* = A-BC = N
C*C Ay

with domain D(A) = D(A)®D (A} ). Observe that its part (A%), in W is not easily
specified.
Part (b). Suppose (5.13) is true. Because

2
sup |1W¢(f\)—1||5< sup ||Wo(/\)-1”) <1,

IImi| € v Im A|<wp

Wy () has a left quasi - canonical factorization and hence

v

VieVx =V, W.eW} =W.

Since 0(A) C C_ and o(A}) C €4, (5.15) implies V. = {0} & W. In the same way,
since o(Aw) C C - and o(A*) C €4, (5.16) implies W_ = {0} & V. Hence, there exist
Xwv € L(V,W) and Xyw € L(W,V) such that e

ox I $rx I o R
VX = Im(ixwv), WX = hn(iwi>.

Because for every w € W there exists v € V such that

WAy A
TLixvw )Y T \ixwy )V

we find
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(5.18) ™ Xvw = XwvT.
Thus, noting that D(A*) = D(4), we get from Ax [’D(A) nvX] c V. that

A (ixfw> = (ixﬁw )A°

for some operator Ag (V — V). As a result, D(4q) = D(4), 4o = A+ iBB*Xwv,
and
C*C +iAlyXwy = iXwyv(A+iBB*Xwv),
which implies (5.14). Note that (I iXwv)T maps D(4o) = D(A) into 'D(/i") =
D(A) @ D(A3}y) and therefore Xwv[D(A4)] C D(Ajyy, ). Further, 0(Ao) C C -, as Ao is
similar to the part of A in V:.
Let us now consider the identity
(—tXvw I)AT)( = A:,W (-iXyw I)

for some Af y (W — W). Then D(A}] ) = D(A}y), A} w is similar to the part of
A% in V¥, and hence 0 (A} ) C C4. We easily find that A} y = A}y — iXywBB*
and (5.14) is satisfied.

Now X = Xwv has all the properties required by Theorem 5.4, except possibly

Xvw = (Xwv)* which will be proved below.
Part (c). Conversely, let X be a solution of (5.14) with the properties mentioned in
Theorem 5.4 (except for the selfadjointness of X 7). Then

Wy(X)
1-B(n-43) 7
[1 +iB* (A - A;V)"XB] [I —iBX(\ - A)“B]

[1 +iB* Ay (A - A;V)“XB] [1 —iB* Ay X(A - A)-‘B] ,

—iX(A— A) +i(h— A})X - XBF'X](,\ - A)'B

(5.19)
where (3.5) applied to 6* and (4.9) were employed. Then, inverting the two factors in

(5.19), we find
Wy(N)™! = [I +iB* X () - Ao)-lB] [I —iB* (A - A;_w)“XB] ,

where Ap = A + iBB* X satisfies o(4g) C C_ and A} y = A}y — iXBB* satisfies
o(A} w) C C4. Also, 0(A) C C_ and o(4}y) C C4. Thus (5.19) is a right quasi-
canonical factorization of Wy, and its factors and their inverses tend to the identity

operator in the strong operator topology as A — oo in ct.
Note from (5.17) that W, takes selfadjoint values on the real line. Taking adjoints
in (5.18) it easily follows that
Wy()) = [I+iB*(A— A")'X*AwB][I - iB"X*(A - Aw) ' Aw B]

is also a right quasi — canonical factorization of Wy, for which the factors tend to the
identity operator in the strong operator topology as A = oo in ci. However, such a
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right quasi — canonical factorization is readily seen to be unique. Thus for A € R the
two factors in (5.19) are each others adjoints and hence Wy, (A) > 0 for all A € R. But

then
sup ||We(A) - I|| < 1.
AER

Since Wy (-)~! is bounded on all strips |Im A| < v with vy small enough,

sup |[We(A) - 1|l < 1
Im A|<wp

for vy small enough.
Part (d). It remains to prove that X7 € L(W) is selfadjoint. Using that the factors
in (5.19) are each others adjoints, we obtain

[1+iB*(A~ A*)71X*AwB][I - iB*X*Aw (X — Aw)'B]
[1 +iB*() - A;V)"X;,WB] [I - iB* X (A - A)-1B],

Wy(2)

where we used (4.9) and (5.7). The result is (5.19) with X replaced by Xy, . Taking
inverses of the factors we find

W™ = [1+iB*Xiyw(A - 4)7B][1 - iB* (A - 45w) " XiwB],

where A; = A +iBB* X}, satisfies D(4;) = D(A) and 0(4;) C C and 43, =
Ay — Xy BB satisfies D(Aj ) = D(Ajy) and 0 (A5 ) C €. This implies

ol I\ _ (I

on D(4;) = D(A). Hence Im(I iX",W)T is an A* - invariant subspace of V @ W and
the restriction of A to this subspace has its spectrum contained in € —. Thus

I I —_ 17X
Im(ixaw) CIm(iX) =V

which implies Xy, = X. The selfadjointness of X7 then follows from (5.18). a

sxf{ 0 T < x 6 r*

A(T'o and (A% {, o
are selfadjoint operators on V @ W and W @ V, respectively. Thus the spectra of 4%
and (A")W are symmetric with respect to the real axis.

We note that

6. Left and right quasi—canonical factorization

In this section we give necessary and sufficient conditions for the existence of a
right quasi - canonical factorization of the transfer function Wy of an extended PS-
realization if Wy is assumed to have a left quasi - canonical factorization.
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Lemma 6.1. Let 04 = (As,By,Cs; Ve, Wy;Y) be two extended PS - realizations

such that a(Ai.) U a(Ai,w) C Cx. Then there exists a unique pair (Q,Qw) of
solutions of the Lyapunov equations

(6.1) AQr-QA_z = -B,C.z, ze€DA.);
(6.2) Qwz — AI}waA_'WI = —B+C_:B, z € D(A..,w),

where Q € L(V_,V,), Qw € L(W_,W,), Q[D(A-)] C D(A4), and Cy and By are
defined in terms of the extended PS -realizations 6 in Proposition 3.3 and in (3.5),
respectively. This pair of solutions is given by

o0
(6.3) Qr = —i / e 4+ B, C_e"4-z ds, ze€DA);
0
w ., .
(6.4) Qwz = —ir}! / e #A+B,C_e"A-wgds, z€D(A-w).
0

Moreover, Qrz = 1Qwzx forz € D(A_,w).

Proof. Let (Q,Qw) be a solution. Then replace z by e**4-z with s > 0 in (6.1)
while using the invariance of D(A-) under e**4~ | and premultiply the whole expression
by ie~%4+ while using the invariance of D(A, ) under e~#4+, yielding

i {e—inA+ A+QeiaA- z— e—ilA+ QA._C“A'.’Z?} = —i e-—icA+ B+Cv_eiu4_z’
where z € D(A-). Hence for r > 0 we have
,
Q.’L‘ - e—irA+QeirA-z = — / e-l’aA+ B+C_e"A‘a:ds,
0
so that
w . - .
Qz = —¢ e #4+B . C_e"A-zds.
+
(i}

Thus
Qz = —ityTg Az, z€D(A),

and we may conclude that Q extends uniquely to an operator in £(V_,V,).
In a similar manner, let z € D(A_ w) satisfy (6.2). Then 7_z € D(A_) and

—A;1B+C~'_T_z = —1.B,C_z = T+Qw:c—A;l-r+QwA__w:c,

so that 7.Qwz € D(A4). Then A4y Qwz = ~B,C_7.z + 7.QwA_ wz and
therefore Qwz € D(A4,w), and hence

Ay Qwz - 4 QwA_wz = -B,C_x.
Then replacing z by e'*4--W z with s > 0, premultiplying the resulting expression by

ie~*4+ we obtain by integration

-
7+ Qwz — e A+ 1, QueTA-wg = —i/ e 4+ B, C_e4-wgds,
0
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which implies (6.4) for z € D(A_ w). Observing that

Qwz = —iP9+As_T—I, T€ D(A—’W) ’

we get (6.4).
Conversely, if (Q, Qw) is given by (6.3) and (6.4), the Lyapunov equations (6.1) and
(6.2) are immediate. Further, 74 Qwz = Q7z for z € D(A_w). o

Theorem 6.2. Let 61 = (A4,B+,Cy4; Ve, Wy;Y) be two estended PS - realiza-
tions with 0(A+)Uo(Az,w) C Cx, and let § = (A,B,C;V,W;Y) be the product of
04+ and _. In particular,

Wa()‘) = W9+( ) 6_ (’\)7 ’\elRﬂ

i3 a left quasi - canonical factorization. Let (Q,Qw) be the unique pair of solutions of
the Lyapunov equations (6.1), (6.2), i. e

AQz-QA_z = -B,C.z, zeDA);
Qwz - A7 QwA_wz = -B,C_z, =ze€D(A_w),

and let (P, Pw) be the unique pair of solutions of the Lyapunov equations
(6.5) AXPz - PAXz = B_Cyz, z€D(AY) = D(44);
(6.6) Pwz-— (A% ) 'PwAl wz = BXCyz, z€D(AXy),

where Cy and B, are defined in terms of the extended PS - realizations 64 in Propo-
sition 3.3 and in (3.5), and B = =1 (AX) ' B_ € L(Y,W_). Then Wj has a right
quasi - canonical factorization

(6.7) We() = Wo, (MW, (A), AeR,

if and only if the operator I — QP is boundedly invertible on Vy and the operator
I - QwPw is boundedly invertible on W, or, equivalently, if and only if the operator
I-PQ is boundedly invertible on V_ and the operator I- Py Qw s boundedly invertible
on W_. When this is the case, the factors Wy, and Wy, are given by the formulas

(6.8) Ws,(\) = I+(CQ+C-)(A-A-)"Y(I-PQ)"*(-PB4 +B_);
6.9) We,(\) = I+(Cy+C_P)I-QP)~*(A-A4)" (B4 - QB-),

and their inverses are given by

(6.10) Wo (N)! = I-(C+Qw +C.)(I - PQ)™ (A~ AX) (PB4 + B.);
(611) Wa, (W' = I-(Cr+C_P)(A-A4F)7'(I-QP)™(B+ - QB-).

Proof. We split the proof into three parts.
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Part (a). Let 8§ = (A,B,C;V,W;Y) be the extended PS - realization with transfer
function Wy constructed as the product of 8, and _. Then, by Theorem 4.1,

Ay ByC_ B
A = (0+ 2_ ), Bz(Bt)’ C=(Cy C), 7T=r1r0T_,

as well as

. _ [E(t;-iAy) F(t)

Bt -id) = ( 0 E(t;—iA_))

with o
F(t)r = —i/ E(t-s;—iA{)By(Ae_z)(s)ds, z€V_,

and E(t;—idA+w) Fw(t)

s _ yTlAL W

Bt —idw) = < 0 E(t;—u;A_,w))’

with

Fw(t)z = —ir;’/ E(t-s;-iAy w)B4C_E(s; —iA_w)zds, zeW._.

-—00

By the same token, if we depart from the factorization 8> = X6}, we find in addition

A% 0
X +~
A% = (—-B_C+ Ai)'

as well as B(t;~iA%) 0
C i AX) — y A,
E(t; -i4%) ( Fx(t)  E(t —iAi))
with o
FX(t)z = i/ E(t—s;—iA:)B+(A,:z)(s)ds, zeV_,
and
. E(t;—iAX w) 0
e i AX - ’ +W
Bt -idy) ( Fy (1) E(t;-—iAf,w))’
with

Fyt)z = ir]! E(t — s;—iAX ,)B,C_E(s;—iAX , )zds, z € W_.
w + +,W W

—00

Now note that there is

(a) a closed A-invariant subspace of V complementary to V, & (0), namely the
spectral subspace of A with respect to its spectrum in C _.

Likewise, there exist

(b) a closed Aw -invariant subspace of W complementary to W, & (0),

(c) a closed A* —invariant subspace of V complementary to (0) & V>, and

(d) a closed Ay, -invariant subspace of W complementary to (0) & WX.
Thus there exist
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Q
Iy

(a) Q@ € L(V-,V,) such that ( ) leaves invariant D(A) and is A -invariant,

(b) Qw € L(W_,W,) such that (IQW“_,) leaves invariant D(Aw) and is Aw -
invariant,

(c) P € L(V4,V_) such that (I;’;) leaves invariant D(A*) = D(A) and is A* -
invariant, and

(d) Pw € L(W4,W_) such that (%f) leaves invariant D(Ay,) and is Ay, -

invariant.
Further, Q7— = 74 Qw and P71, = 7_Py. Moreover, since

D(A) = D(AX) = D(A4)@D(A-) = D(A})@D(AL),

we have Q[D(A_)] C D(A4) and P[D(A4)] C D(A-). Furthermore, the Lyapunov
equations (6.1) and (6.5) are satisfied. The identities Q7_ = 7. Qw and Pr, = 7 Py
then imply that the Lyapunov equations (6.2) and (6.6) are satisfied as well.

Part (b). Now suppose Wy has a right quasi-canonical factorization. Then, by

Theorem 5.2, the ranges of ( 18 ) and ( I;*) have a trivial intersection and add

up to V, and the ranges of IQWW and %’ have a trivial intersection and add

up to W. Consequently, I - PQ, I — QP, I — PwQw and I — Qw Pw are boundedly
invertible on V_, V, W_, and W, , respectively.

Part (c). Conversely, let the operators Q € L(V_,V,), Qw € L(W_,W,), P €
L(V4,V_) and Pw € L(W;,W_) be as in Part (a), and assume that I — QP is
boundedly invertible on V., and I — Qw Pw is boundedly invertible on W,. Then

Im(Ie_)eBIm(I}‘Q) =V, Im(?J_’)@Im(%) =W.

We then define the projection I of V onto Im (I;/; ) along Im( IQ ) and the pro-

jection IIyw of W onto Im Iw, along Im Qw . It is easily seen that
Py Iw_

(6.12) n = (Il‘g)(I-QP)-l (v, -Q);
(6.13) Ny = (’W+> (I-QwPw)™ (Iw, -Qw);
(6.14) I-1 = (1? (I-PQ)™ (=P Iv.);

(6.15) I-Ty = (?WW)(I PwQw)™ (-Pw Iw_).
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Applying Theorem 5.1 we obtain the right quasi - canonical factorization (6.7), where
Om = (Am)Bm,Com; Vin, Wn; Y) with Vy,, = KerIl, W,,, = Kerllw, Am (Vin = Vi)
and C,, € L(W,,,Y) the restrictions of A and C to V;, and Wy,, respectively, and
By € L(Y, V) given by Bz = (I — I1)Bz, and where 6, = (Ap, By, Cyp; V, Wy, Y)
with V, = ImIl, W, = ImIlw, A, (V, =+ V;), Cp € L(W,,Y) and By, € L(Y,V,) given
by Apz = IlAz for z € V,, Cpz = Cz for z € W, and Byz = [1Bz. Observe that
Vi is indeed A —invariant because of (6.1), and V, is A* —invariant because of (6.5).
Likewise, the invariance of W,, under Aw follows from (6.2), while the invariance of
Wy under Ay, follows from (6.6).

Let us now define the operators S € L(V_,KerIl), Sw € L(W_,KerIlw), T €
L(V,,ImII) and Tw € L(W,,ImIIw) given by

- (2). sem (2) 7= (5). me ()

Then these four operators are boundedly invertible and their inverses are given by
S7' = (I-PQ)7'(-P Iv.), Sw = (I-PwQw) ' (-Pw Iw_);
T7' = (I-QP) Iy, -Q), Ty = (I-QwPw)'(lw, —Qw).

Moreover, S[D(A-)] = D(A,,), and T[D(A4)] = D(A,). We find with the help of the
four expressions (6.12) - (6.15) and the expressions for S, T', S~! and T~! that

S~ 14,8 = A_, T_IA,,T = (I- QP)-1A+(I - QP),
S 'Bm = (I-PQ)"'(-PB; +B.), T-'B, = (I-QP)"(B+-QB.)
CnSw = C4Qw +C—; CpTw = Cy+C_Py.

Using that ST = 7Sw and T'r = 7Tw, we obtain in addition

T ApwT = (I - QwPw) 'Avw(l - QwPw).

We thus find the right quasi - canonical factorization (6.7) where the factors are given

by (6.8) and (6.9). The factors (6.10) and (6.11) are found by considering 6> = 6;6;,.
(]
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