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DIRECT AND INVERSE SCATTERING FOR
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Dedicated to Israel Gohberg on the Occasion of his 70" Birthday

A direct and inverse scattering theory on the full line is developed for a class of first-
order selfadjoint 2n x 2n systems of differential equations with integrable potential matri-
ces. Various properties of the corresponding scattering matrices including unitarity and
canonical Wiener-Hopf factorization are established. The Marchenko integral equations
are derived and their unique solvability is proved. The unique recovery of the potential
from the solutions of the Marchenko equations is shown. In the case of rational scatter-
ing matrices, state space methods are employed to construct the scattering matrix from a
reflection coefficient and to recover the potential explicitly.

1. INTRODUCTION

Consider the selfadjoint Hamiltonian system of differential equations

—iJgndXé—i’)\z ~ V(@) X(z,))=AX(z,)), zcR, (1.1)

where |
[0 | O k@ L
2n — 0 —In:|’ (x)——{k(x)T 0 :I: ()

with I, the identity matrix of order n, the n x n matrix function k¥ has complex-valued
entries belonging to L'(R), A € R is an eigenvalue parameter, and t denotes the ma-
trix conjugate transpose. We call the function & the potential and the parameter A\ the

wavenumber. Note that V(z) is a selfadjoint 2n x 2n matrix and satisfies
Jzn V(x) = -—V(.Z‘) Jzn.

We can think of X (z, A) in (1.1) as either a column vector of 2n entries or as a 2n x 2n
matrix. For A € R, we define the Jost solution from the left, F;(z, )\), and the Jost solution
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from the right, F;.(z, A}, as the 2n x 2n matrix solutions of (1.1) satisfying the boundary
conditions
Fy(z,\) = e [, 4 0(1)], z — 400, (1.3)

Fr(z, ) = €M% I, +0(1)], & — —oc. (1.4)

Using (1.1), (1.3), and (1.4), we obtain

Fy(z,\) = e™M® — i, / dy e~ MW= v (4)) By, \), (1.5)

T

Fo(z,)) = e?2n® L i gy, / dy eV V(1) B (y, ). (1.6)
—c0
For a given square matrix function E(x), let us use ||E||; to denote [ dx ||E(z)||, where
||| stands for the matrix norm defined by ||A|| = sup{||4vl|2 : |{v|]2 = 1} and || ||z is the
Buclidean vector norm. Since the entries of k(x) belong to L!(R), for each fixed A € R
it follows by iteration that (1.5) and (1.6) are uniquely solvable and that ||F;(x, \)|| and
||Fy-(z, \)]| are bounded above by el!*li+. From (1.3)-(1.6) we get

Fy(z,\) = 2% [g;(A) 4 0(1)], r — —00, (1.7)

Fo(z,)) = eM2n® [a (N) + o(1)], z — +00, (1.8)

where -
@(N) = Ion — iJam / dy e N V(y) Fiy, ),

—Cc0

ar(/\) = I, +iJon / dy e—iAJgny V(y) Fr(yv /\)

—co
The term “canonical differential equations” for the system (1.1) has been used by Melik-
Adamyan [32-34], L. A. Sakhnovich [39,40], and A. L. Sakhnovich [38], who have studied
the direct and inverse scattering problems for (1.1) on the half line. Under minor restric-
tions on the given so-called reflection function, a characterization of the scattering data
corresponding to an L*-potential on the half line was given by Melik-Adamyan [34], who
also supplied a method to reduce the inverse spectral problem on the full line for a canon-
ical equation of order 2n to an inverse spectral problem on the half line for a canonical
equation of order 4n [32] (see also [41]). We will comment on that characterization result
at the end of Section 6. More recently, Alpay and Gohberg [3-6] have applied state space
methods to derive explicit expressions for the solution of the inverse scattering problem for
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(1.1) on the half line from the general theory in [34] when the scattering data are rational
functions and consist of either the spectral function of the differential operator

. d
H= —ZJzn% - V((E), (19)

or a reflection function. A more self-contained treatment of these results was given by
Alpay et al. [7]. Gohberg et al. have solved a similar inverse problem when the scattering
data consist of the spectral function of A and this function is rational, both on the half
line [24,25] and on the full line [26].

Let us mention that there are other, more general first-order systems for which the
direct and inverse scattering problems have been analyzed. Shabat [42] and Beals and Coif-
man [10,11] considered the nxn system dy/dz = AJp-+q(z) ¢, where J = diag {a, ..., on}
with distinct complex «; and ¢(z) an n x n off-diagonal matrix with entries belonging to
L'(R) or more restrictive classes, without requiring ¢(z) to be selfadjoint. As indicated in
[16], the distinctness of ¢ is not an essential restriction. It has been proved that the inverse
problem has a unique solution within a certain class of potentials for an open and dense set
of scattering data. The solution of the inverse scattering problem for such linear systems is
useful in solving the Cauchy problem for various nonlinear evolution equations; for details

and further references, we refer the interested reader to [2,12,16] and the references therein.

1
Note that by putting Z(z, \) = —=[lan, + id2,] X (z, A), where

V2

0 I,
SR (1.10)

we can convert (1.1) into the massless Dirac equation of order 2n given by

dZ(z, \) p(z) M, —v(z)
—_—t = Z(z, A),
dz —Mn—v(z)  -plz)

1 ; 1 ; o
where p(z) = -Q—[k(ac) + k(z)"] and v(z) = ~—§z[k(a:) — k(z)"] are the real and imaginary
parts of k(z), respectively. The direct and inverse scattering problems for the Dirac system
on the half line were studied in [22]. The interested reader is referred to [22,28,29] and the
references therein for more information on the Dirac system.

The direct scattering problem for (1.1) consists of the determination of the scattering
matrix S(A) defined in (3.11) when the potential k(z) is given, whereas the inverse scat-
tering problem is the determination of k(z) from S(A) or, equivalently, from either of the
reflection coefficients R(A) and L(A), which are defined in (3.7) in terms of the matrices
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a;(A) and a,(X). In this article we develop a direct and inverse scattering theory for (1.1)
when k(z) has entries belonging to L*(R). Working within the framework established by
Faddeev [21] and Deift and Trubowitz [20] for the Schrédinger equation on the line, we
derive the analyticity and asymptotic properties of the Faddeev matrices and the scatter-
ing coefficients, employ them to derive a Riemann-Hilbert problem and varicus Marchenko
integral equations, and recover the potential in terms of the solutions of the Marchenko
equations. We prove the unitarity of the scattering matrix and exploit this property to
prove the unique solvability of the Marchenko equations. We also establish the unique
canonical Wiener-Hopf factorization of the (unitarily dilated) scattering matrix and show
how the potential is obtained once the factors in the factorization are known. We then
give a rather general sufficient condition on the reflection coeflicient to lead to a potential
whose entries belong to L*(R). After that, for rational reflection coeflicients we present a
procedure to compute explicitly the scattering matrix from a reflection coefficient. This
is no longer as elementary as in the case of the (scalar) Schrédinger equation [20,21] and
involves a suitable extension of a contractive n X n matrix function to a unitary 2n x 2n ma-
trix function (cf. [8,27]). When the reflection coefficients are rational, we apply state space
methods [13] to solve the Marchenko equations and the inverse problem explicitly. For ra-
tional reflection coefficients, this approach provides us with a systematic inversion method
for inverse scattering problems on the line, which is different from previous methods such
as those used in [9].

This article is organized as follows. In Section 2 we introduce the Faddeev matri-
ces, obtain their analyticity properties, and analyze some other properties of the Faddeev
matrices and the Jost solutions of (1.1). In Section 3 we define the scattering matrix
S(}) in terms of the spatial asymptotics of the Jost solutions, prove the unitarity of S(A}),
and obtain various properties of the scattering coefficients. In Section 4 we analyze the
Fourier transforms of the Faddeev matrices and the scattering coefficients. We then go
on, in Section 5, to derive a Riemann-Hilbert problem for the Faddeev matrices and show
that the (unitarily dilated) scattering matrix has a canonical Wiener-Hopf factorization.
We also show that this factorization can be used to solve the inverse scattering problem.
In Section 6, we convert the Riemann-Hilbert problem into both coupled and uncoupled
Marchenko integral equations, prove their unique solvability by a contraction mapping
argument, and give a partial characterization of the scattering data corresponding to po-
tentials with entries in L'(R). In Section 7 we show how the scattering matrix can be
constructed from a reflection coefficient, and we also construct S()\) explicitly when one
of the reflection coefficients is a rational function. Finally, in Section 8 we give an explicit
solution of the inverse scattering problem with rational reflection coefficients; this is done
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by using the minimal realization of the reflection coefficients as the input to the Marchenko

equations.

2. SCATTERING SOLUTIONS

In this section we introduce the Faddeev matrices and study some of their properties.
The results obtained here will be used later to establish various properties of the scattering

matrix and to solve the inverse scattering problem by the Marchenko method.

PROPOSITION 2.1. Let X(z,)) and Y(z, X) be any two solutions of (1.1). Then, for
real A, X (z, \)TJonY (z, \) is independent of z.

PROOF. The result follows by differentiating X (z, A\){J2,Y (z,\) and using (1.1)
together with the selfadjointness of V(z) and Joy,. I

PROPOSITION 2.2. For A € R, either of the Jost solutions Fi(z, \) and F,.(z, \) forms
a fundamental matriz of (1.1) and has determinant equal to one, and the matrices ai())
and a-(\) appearing in (1.7) and (1.8), respectively, satisfy

deta;(A) = detar(N) = 1. (2.1)

Moreover, for A € R, the Jost solutions satisfy

Fy(z,A) = Fr(z,A) ai(A), (22)
Fo(z, V) Jan Fi(z, A) = ar (N Jon = Jon ai(N), (2.3)
Fi(z, M) Jon Fi(2,)) = ai(N) on ar(X) = Jag, (2.4)
Fo(z, ) Jon Fr(z, )) = ar (M) 2 ar (V) = Jom, (2.5)
and hence
ar(A) ar(A) = ar(A) ar(A) = Iom, (2.6)
aWN = don (N Jon, ar(A) 7 = Jonar (W) Jape (2.7)

PrOOF. From (1.1) it follows [35] that

d[det Fi(z, A))

I = (tr{iJ2n V(2) + iAJ2n}) (det Fi(z, N)),

where tr denotes the matrix trace. By (1.2), iJo, V(z) + iAJ2,, has zero trace, and hence
det Fi(z, M) is independent of = and its value can be evaluated as © — +oo. Thus, we
get det Fi(z,A) = 1, from which we also conclude that Fij(z, \) is a fundamental matrix
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of (1.1). Similarly, we find that det Fi.(z,A\) = 1 and F.(z,)\) is a fundamental matrix
of (1.1). Then, from (1.2), (1.7), and (1.8) we obtain (2.1). Since either of Fi(x, A)
and F,.(z,\) is a fundamental matrix of (1.1), with the help of (1.3) and (1.7), we get
(2.2). Using Proposition 2.1, we obtain (2.3)-(2.5) by evaluating Fj(z, A\)Jan Fi(z, N),
F(z,\)1Jan Fi(z, A), and Fr.(z, A\)1 o, Fr(z,)\) as £ — +o00. Then (2.6) and (2.7) readily
follow. B

In terms of the Jost solutions, we define the Faddeev matrices M;(z, A) and M, (z, A)
as

My(z,)) = Fy(z,\) e”™ Mo(z,)) = F(z,\) e" 22, (2.8)

From (1.3) and (1.4) we get
My(z, X)) = I, +0(1), z — +00,

M, (z,\) = Ipp + 0(1), T — —00.

Let us partition the Jost solutions and Faddeev matrices into n x n blocks as follows:

I (x /\) _ Fll(m, )\) F‘lg ({E, /\):' I (x /\) _ Frl ((L‘, /\) Frz (:L', /\)} (2 9)
o Fis(z,)) Fa(mn| Fa(w, ) Fu(my|
Ml(x,)\) _ Mll(x, )\) Mlg(m,)\) ’ Mr( , ) _ Mrl(l‘,)\) MTg(m,/\) . (210)
Mlg(x,A) Ml4(:c, )\) Afrg(l‘,)\) M,»4(.’I,’,>\)

By C* and C~ we denote the open upper half and lower half complex planes, respectively.

We also define N

ou() =+ / dy 1)l (2.11)

PROPOSITION 2.3. Assume that the entries of k(z) belong to L*(R). Then:

. Mll($7/\)
(i) For each fired z € R, [Mzs(m,)\)

J can be extended to a matriz function that is
continuous in A\ € CT and analytic in A\ € Ct and tends to {Ig} as A — oo in C+.
(i) For all A € CF, Mu(z,\) and Myz(z, \) are bounded by e+ in the norm.

. Ml2 (:U) )‘)
() For cah fixed = € R, | Mot )

} can be extended to a matriz function that is

continuous in A € C~ and analytic in X € C~ and tends to LO } as A — oo in C—.

(iv) For all X\ € C~, Mya(z, \) and Myy(x, ) are bounded by e°+® in the norm.
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PrOOF. Using (2.8) in (1.5), we obtain

[ee]
My(z,\) = I, — iJan / dy e W2 Y (y) My(y, A) e (=), (2.12)

o3

Tterating (2.12) once, we get the uncoupled systems

My(z,\) =1, + / dy / dz e2C9) k(y) k(2)T M (2, )), (2.13)
z y
o0 . e o] [e] X
Moz, N) = ——i/ dy e” 22— k(y) +/ dy/ dz e 2= k() k()T Mg (z, \),
x z Y

(2.14)

Miz(z, A) :i/ dy ¥ =) k(y)T+/ dy/ dz ¥~ B0 k(2) Mia(z, \), (2.15)
x v

Miy(z,\) = I, + / dy / dz e 22 E( E(2) Mia(z, \). (2.16)
x Y

Tterating the Volterra integral equations (2.13) and (2.15), we prove that the series of
iterates converge absolutely and uniformly in A € C+, and we also get the estimate in
(ii). Similarly, we prove that the series of iterates of (2.14) and (2.16) converge absolutely
and uniformly in A € C~ and that the estimate in (iv) holds. To prove the assertions
concerning the large-A limit we first consider Ms(z, A). To deal with the first term on the
right-hand side of (2.15) we define

w(}) = sup ‘

/ dy 2= k()T H :
z€R z

By approximating &(y) by infinitely differentiable matrix functions of compact support (as
in the proof of the Riemann-Lebesgue lemma) it follows that w()\) — 0 as A\ — oo in C~.
Iterating (2.15) we get ||Mi3(z, V)| < w(A) e+ which implies that ||Ms(z, \)|| — 0 as
A — oo in C+. Next we consider My (z, N). Let Gpi(z, \) = Mpi(z, A) — I, and consider
the following integral equation for Gj; (z, A) which follows from (2.13):

Gulz, N) = Hp(z, A) + / dy / dz e¥AE) () k(2) Gz, A),
z- Y

where

Hy(z,\) = / dy / dz XAV (g k(2)T.
z Yy

Since ||Hj1(z, A)|| < v(A) 04.(x), we conclude that |Gy (z, )| — 0 as A — oo in CF. This
proves the assertion of (i) regarding the limit A — oo. The proof of the corresponding
statement in (iii) is similar. )
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As in Proposition 2.3, we have a similar result for the Faddeev matrix M,.(z, A) :

PROPOSITION 2.4. Assume that the entries of k(z) belong to L*(R). Then:

(i) For each fized z € R, [Mrl(:t,)\)

can be extended to a matriz function that is
Mis(z, ,\)} f

0
(ii) For all X € C~, My1(x,\) and M,3(z, \) are bounded by e~ () in the norm.

(iii) For each fized z € R, [%zgi:ig

continuous in A € C— and analytic in A € C~ and tends to {I”] as A — oo in C—.

} can be extended to a matrix function that is

continuous in A € Ct+ and analytic in A € Ct and tends to [}) } as A — oo in CT.
(iv) For all A € CF, Myy(z, \) and My4(z, \) are bounded by e?-®) in the norm.

ProoF. Using (2.8) in (1.6), we obtain

M (2, )) = Ipp + iJon / dy e @ V() M, (y, A) e enlE—y), (2.17)

-0

Iterating (2.17) once, we obtain the four systems given by

T Y .
My (z,\) = I, + / dy / dz e 2= k(y) k(2)T My (2, ), (2.18)

x A x Yy i
Mo(z, X)) = z/ dy @Y f(y)) +/ dy/ dz 22 k(1) k(2)T Myg(z, A),

e (2.19)
x i z Y )
Myps(z, ) = —i / dy e~ 2@ gyt 4 / dy / dz e =Y k()T k(2) Mys(z, N),
e T (2.20)
z y )
Mya(z,\) = In + / dy / dz BN B k(2) Moa(z, ). (2.21)
—00 —-00
Tterating (2.18)-(2.21) as in the proof of Proposition 2.3, we complete the proof. §
Let us write
an(A)  ap(A ar1{A)  ama(A
a(y = | B @)y e e )} . (2.22)
aiz(A)  au(N) ar3(A)  ara(N)
From (1.7), (1.8), and (2.8) we see that
an(A) a(A) Mu(z, ) e™¥ Mia(z, 2) (2.23)
az(N) aw(N) | #omo | € Mig(z, ) Mys(z, \) ’
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M1z, ) e~ 2 Moo (z, )

= lim l . (2.24)
T—4o0o0

ar1 (/\) Qr2 (A)
e? M, 3(z, \) Mpy(z, N

a,-g(A) ar4(/\)
Using (2.12), (2.17), (2.23), and (2.24) we find the integral representations

an(N) = I — i /_ : dy k(y) Mis(y, ), (2.25)
a(V) = —i /_ O:O dy ¥ (y) Mig(y, \), (2.26)
a(N) =i /_ Z dy €M k(y)T My (y, M), (2.27)
ai(N) = I, +z/_°; dy k(y)T Mia(y, N), (2.28)
s(N) = T+ [ dy ) Ma(y, ), (229)
V) =i [ dye k() Mooty ), (230
ara(A) =~ /_ o; dy ¥ k() M1 (y, A), (2:31)
o) =T [ dy k) My, ). (232

PROPOSITION 2.5. Assume that the entries of k(z) belong to L*(R). Then:

(i) The matrices a1 (N) and arga(A) are continuous in A € C* and analytic in A € C*
and tend to I, as A — oo in CT.

(ii) The matrices aia(\) and aq1(X) are continuous in A € C~ and analytic in A € C~
and tend to I, as A — oo in C~.

(iii) The matrices aia(N), aiz(A), ar2(A), and ar3()\) are continuous in A € R and vanish
as A — £oo.

(iv) The matrices ajp(X), aiz(A), ara(X), and ars(N) satisfy

ara(N) = —ais(N)T,  ara(N) = —ap(N)f,  AeR. (2.33)

ProoF. Using Propositions 2.3 and 2.4 in (2.25)-(2.32), we get (i), (ii), and (iii). We
obtain (iv) from (2.3). §
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Using the notations of {2.9), let us form the following matrices:

.Fll(ff, >‘) Fr?(:C: /\)
EB(x: )‘) F’r4(x7 )‘)

Fr(z, A)  Faz, )

Fi(,A) = Fra(z,A) Fu(z,))

} L (2.34)

}1 f—(ma)‘):

Let an asterisk denote complex conjugation. From Propositions 2.3 and 2.4, it follows
that fy(z,)) is a solution of (1.1) that is continuous in A € C* and analytic in A € C;
similarly, f_(z,)) is a solution of (1.1) that is continuous in A € C~ and analytic in
AeC.

PROPOSITION 2.6. The 2n x 2n matriz f—(x, \*) Jon f1(z, ) is independent of z for
all x € CF. Similarly, fy(z, )t Jon f—(z, \) is independent of z for all X € C-. We have

ai ()\) 0

: Ae CT. (2.35)
0 —ar4(/\)

f—-($7 /\*)T J2n f+(.'13, /\) = I:

Further, an(\)' and ana(\)T have analytic extensions to C~, a1 (M) and au(N)T have

analytic extensions to C*, and

an(N) = a1 (M), (M) =au(d)’, T AeCF, (2.36)

ar1(N) = ag (M), ai(\) = ara(M)T, Ae C. (2.37)

PROOF. Using (1.1), one can show that fy(z, A\*) Ja, fo(z,A) is independent of z
for A € C%. Evaluating it as z — oo and using (1.7) and (1.8) we get (2.35)-(2.37). 1

PROPOSITION 2.7. For A € R, either of fi.(z, ) and f-(z, \) is nonsingular and

hence is a fundamental matriz for (1.1).

PROOF. As in the proof of Proposition 2.2 we find that det fi (2, A) is independent

of z, and evaluating that determinant as x — oo we obtain
det fi(z, M) = det a;1 (A) = det arq(N). (2.38)
From (2.4) it follows that
anMNFan(\) = I +as(N) T as(h), AeR, (2.39)

and hence a;1(\) is invertible for all A € R. Thus, fy(z, ) is nonsingular and forms a

fundamental matrix for (1.1). Similarly, we get

det f_(z, A) = det ar1(A) = det au(A), (2.40)
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and hence with the help of (2.36) and (2.39), we conclude that f_(x, A) is nonsingular and

forms a fundamental matrix for (1.1).

Next we will prove that £, (x, \) is nonsingular for A € C* and f_(z, \) is nonsingular
for A € C—. First, using (2.10) and (2.34), let us define

_ Mz1(.’17,>\) 7‘2(337 ) z, e—l)\Jan
m+<:c,A)—[Mm($’ N )} iz, N) (241)
. Mrl(mv’\) Ml?(z7>\) —iXJanT
m(3,X) = [ o) bite A)} ol X e (2.42)

PROPOSITION 2.8. For each A € CF, fy(z,)\) is a fundamental matriz for (1.1).
Similarly, for each A € C~, f_(z,)\) s a fundamental matriz for (1.1).

Proor. The proof for f_(z,)) is similar to the proof for fy(z,A), and hence we
will only present the latter. From Proposition 2.7, we already know that fi(z,)) is a
fundamental matrix for (1.1) when A € R. Thus, we need only prove that the columns of
J+(z,A) are linearly independent for A € C™T. From (2.34) and Proposition 2.3 it follows
that, for each fixed z € R, f+(z, A) has an analytic extension to A € C*, Because of (1.3),
(1.4) and (2.8), the first n columns of fi(z, ) are linearly independent for A € CT, and
also the last n columns of f,(z,A) are linearly independent for A € C*. It is sufficient
to prove that an arbitrary nontrivial linear combination of the first n columns cannot be

written as a linear combination of the last n columns of fi.(z, A). Otherwise, we would

have )
D (N e Culm ) = Y cg(N) e Cy(z, ), (2.43)
s=1 g=n+1

where C;(z, ) represents the jth column of the matrix m.(z, A) defined in (2.41), and
¢; (M) are independent of z. From (2.8), Proposition 2.3 (ii), and Proposition 2.4 (ii), it
follows that each entry of C;(x, A) is uniformly bounded in z € R for each A € C*. The left-
hand side in (2.43) decreases exponentially as z — +oo while the right-hand side decreases
exponentially as © — —oo; this would turn either side into a nontrivial L2-solution of (1.1),
which is a contradiction because the selfadjoint differential operator of (1.1) cannot have
nonreal eigenvalues. 1

When Im A # 0, a result similar to the one in Proposition 2.8 was proved in [30].

From Propositions 2.3, 2.4, and 2.8 we obtain the following result.

COROLLARY 2.9. For each x € R, the 2n x 2n matriz m(z,A) and its inverse
my(z,\)7 are continuous in A € C¥F, are analytic in A € C*, and converge to I, as
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A — oo in C*. Similarly, for each z € R, the 2n x 2n matriz m_(z, \) and its inverse
m-(z,\)"" are continuous in A\ € C—, are analytic in X\ € C~, and converge to Iy, as
A — o0 in C~.

Next we present certain properties of the matrices a;()) and a,()\) appearing in (2.22).

PROPOSITION 2.10. Assume that the entries of k(z) belong to L*(R). Then:
(i) The matrices a; (X) and aq4(N) are invertible for each A € CF, and ag(N) and apy(N)
are invertible for each A € C—.
(i) The matriz functions a;1(A\)™" and arg(\)™1 are continuous in C* and analytic in
C* and tend to I,, as A — 00 in CT.
(iii) The matriz functions aig(N) ™1 and ar (N1 are continuous in C— and analytic in
C~ and tend to I,, as A — oo in C—.

PROOF. From Proposition 2.8 it follows that f. (z,A) and f_(x, \*)! are nonsingular
for A € C+. Hence, (2.35) implies that a;1(A\) and ar4()) are invertible for each A € C+.
Then, using (2.36), we can conclude that a;4()\) and a,1()\) are invertible for each A € C~.
The proof of (ii) and (iii) follows from (i) and Proposition 2.5. R

3. THE SCATTERING MATRIX

In this section we define and analyze the properties of the scattering coeflicients of
(1.1) when the entries of the potential k(z) belong to L*(R.).
We can write (2.6) as

all()\) ar1 ()\) + ajn ()\) ar3(/\) =1, =am (/\) all()\) + arg (/\) als(/\), (31)
au()\) Aro (/\) + alg(/\) ar4()\) =0=ar(N) an (/\) + arg()\) Q4 ()\), (3.2)
a3 ()\) (1,7-1()\) -+ a14()\) arg()\) =0= arg()\) a”()\) —+ ar4(/\) CL[3()\), (33)
a3 ()\) ar2()\) - al4()\) ar4(/\) = Ip = aT3(/\> ae (/\) “+ Qpy (/\) CL(4(A>. (34)

Let us define the transmission coefficients T3(A) from the left and T5.()\) from the right,
and the reflection coefficients R(A) from the right and L(A) from the left, as follows:

Tl(/\) = all(A)*la Tr(>\) = ar4()\)~1, (35)

R(N) = arp(N) ara(N)7H L) = as(M) an(N) 7 (3.6)
From (3.2), (3.3), and (3.6) we get

RO = ~an(N) " anld), L0 = —ars(N) " ars(N). (3.7)
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Note that using (2.3) and (3.1)-(3.7), we can express the matrices in (2.22) in terms
of the scattering coefficients as

TN TR
al()\) = 1 1 (3.8)
LN T(A) [T-:(M)7)
mM1 RN
ar(A) = (3.9)
~T-(AN)"LL(N) T.(N)1
where the off-diagonal entries can be expressed in terms of L(A) or R(A) by using
LY TI)™ = —[RO) T, (3.10)
which is immediate from (2.33).
The scattering matrix S(\) associated with (1.1) is defined as
Ti(A) R(A
SO = ) BR) (3.11)
LK) T(A)

THEOREM 3.1. The scattering matriz S()\) is continuous for A € R. and converges to
Iy, as A — Zoo. It is unitary for each A € R, and hence the scattering coefficients satisfy

TN TyN T+ R\ RN = I, = T.(W\TT.(\) + R TR, (3.12)
TiN T + LT L) = L, = () T\ + L) LY, (3.13)
T-(A) RO+ L) TN =0 =TT L) + R TI(O). (3.14)
Moreover, for A € R we have
det T3(\) = det Th(}), (3.15)
I,  R()\ 4 I, L\ et T )
R I, = det [L()\) L } = [det T3(N\)|*, (3.16)
det S(\) = [(f;tgtl(/\’\))]* (3.17)

PROOF. The continuity and the large-A asymptotics follow from Propositions 2.5 and
2.10. Using (3.5)-(3.7) in (2.7), we get S(A) S(\)! = Iy, from which (3.12)-(3.14) follow.
Furthermore, from (2.38), (3.8), and (3.9) we obtain (3.15). Using (3.10), we can write
(3.8) and (3.9) as

(M) 0
0 [T

I, —R(N)

X = ~RT I,

, (3.18)
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ar()) = (3.19)

LT 0 I, =LV

0 .\ | -0y L, |
and hence, using (2.1), (3.15), (3.18), (3.19), and det Ja,, = (—=1)", we get (3.16). Using
(2.2), (2.34), (3.5), and (3.6) it follows that

f_(:E, )\) = fi(=z, )\) Joan S()\) Jon, A€ R. (3.20)

Thus, from (3.5), (2.38), (2.40), (3.20), and det Jg,, = (—1)", we obtain (3.17). §

In Proposition 2.10 we have seen that a;1(A) and a,4(A) have invertible, continuous,
and analytic extensions from the real axis to C*. Thus, from (3.5) and Proposition 2.10,

we obtain the following result.

COROLLARY 3.2. The transmission coefficients Ti(\) and T,.()\) and their inverses
Ti(\) ! and T,,(A\) ™t are continuous in A € CT and analytic in A € C*; these four matrices
all converge to I, as A — oo in C+. Similarly, the matrices Ti(\*)T and T.(\*)1 and their
inverses [TH(A*)1]™1 and [T.(A*)1]~1 are continuous in A € C~ and analytic in A € C™;

these four matrices all converge to I, as A — oo in C—.

In general, R(A) and L(X) do not have analytic continuations off the real axis. In the
special case when k(z) vanishes on a half line, we have the following.

ProprosiTioN 3.3. If k() is supported in the right half line R, then L{)\) extends
to a function that is continuous on CF, is analytic on C*, and vanishes as A — oo in C¥.
Similarly, if k(z) is supported in the left half line R, then R(\) extends to a function that

is continuous on Ct, is analytic on CT, and vanishes as A\ — oo in Ct.

ProoOF. If k has support in R¥, then from (2.27) and Proposition 2.3 we see that
a;3(A) has an extension that is continuous in A € C+, is analytic in A € C*, and converges
to 0 as A — oo in C¥. Thus, using (3.6) and Corollary 3.2, we can conclude that L()\)
extends to a function that is continuous on C+, is analytic on C™*, and vanishes as A — oo
in C*. In a similar manner, if & is supported in R™, using (2.30), (3.6), Proposition 2.3,
and Corollary 3.2, we obtain that R()\) extends to a function that is continuous on CT, is
analytic on C*, and vanishes as A — oo in CT. |

In the sequel we will use the notation L7 (I; CP*9) to denote the Banach space of all
complex p X ¢ matrix functions z(a) whose entries belong to L7 (I), endowed with the norm
[ dalz()|l?; if ¢ =1, we simply write L7(I; CP).

Considering the operator H defined in (1.9) and Hy = —iJs,,(d/dx) as the perturbed
and free Hamiltonians, respectively, one can prove the existence of the Mgller wave oper-
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ators

Wi = lim gt g—ito
t— oo

as (partial) isometries and construct [1,37] the scattering operator S = Wi W_. Using the

integral transform
1 * —i o i)
FON = = [ dae g, ge DERiCT,

one can prove that (FSF1¢)(A) = S(A) #(\), where S()) is given by (3.11). In other
words, S(A) coincides with the scattering matrix obtained from time-dependent scattering

theory.

4. FOURIER TRANSFORMS
Let W1 denote the Wiener algebra of all ¢ x ¢ matrix functions of the form

Z(\) = Zog + / do 2() P9, (4.1)
-
where z(a) is a ¢ X ¢ matrix function whose entries belong to L!(R) and Z., = Z(%c0).

Then WY is a Banach algebra with a unit element and endowed with the norm

oo

1Zllvn = 1Zesl + | dar@,

and its invertible elements are those Z () as in (4.1) for which Z, and Z(\) are nonsingular
matrices for all A € R (see e.g. [23]). We will use W1 to denote the subalgebra of those
functions Z()\) for which z(a) has support in R* and WA , to denote the subalgebra
of those functions Z(X) for which Zo, = 0 and z(a) has support in R*. Then, W? =
wWiow! ,=wi ,ewl.

In this section we prove that the matrix functions M,(z, -}, M,(z,-), and S(-) belong
to W?", and that my(z,-) belongs to W3™.

Let us construct the L'-matrix functions b.(z,-), Bi(z,-), and B,(z,-) such that

ma(z,\) = I, -l—/ dabs(z, a) e=e, (4.2)
0

Mi(z,2) = Ipn +/ da Bi(z,@) e?%, M, (z,)) = I, +/ do By (z, ) e ne,
0 0
(4.3)
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Indeed, partitioning the matrix functions B(z, a) and B.(z,a) in (4.3) into n x n blocks

Bi(, ) = By (z,a) Blg(fE,OZ)} B.(z,0) = Bri(z, @) Brg(z,a)]
’ Bia(z,a) Bu(z,a) |’ o ra(z,0) Bra(z,a) |’
so that
3 Bi(z,a) Bra(z,a) B Bri(z,a) Bi(z,a)
(@ 0) = Bis(z,a) Brs(z, cx)} ’ (o) = Bs(z,a) Bulz, a)} 49

we apply (4.3) to (2.12) and (2.17), and derive the coupled integral equations for o > 0

Bi(z,a) = —1 /°° dy k(y) Bis(y, o), (4.5)

i z+a/2 .
Bule,a) = g h(z +a/2) — i / dy k(y) Bua(y, & + 23 — 2), (4.6)

i z+a/2

Bia(z, @) = sk(z + a/2) —l—i/ dy k(y)" Bu(y, o+ 2z — 2y), (4.7)
Bu(,0) =i [ dyh(s)! By, a), (438)
Ba(z,0)=i [ dyhe) Befy,a), (4.9)
Bro(z,a) = %k(m —a/2) +z/i i dy k(y) Braly, a + 2y — 2x), (4.10)
Brs(z,a) = —%k‘(x - oz/2)Jr -1 /i P dy l~c(y)Jr B (y, a + 2y — 2z), (4.11)
Bra(z,0) = —i /_I dy k() Bra(y, a). (4.12)

We first prove that, for each = € R, the four systems of integral equations (4.5) and (4.7),
(4.6) and (4.8), (4.9) and (4.11), (4.10) and (4.12) have unique solutions with entries in
LY(R™). Then for the matrix functions mx(z, A), Mi(z, \), and M,(z, \) defined in (4.2)
and (4.3), we derive the integral relations (2.13)-(2.16) and (2.18)-(2.21). In this way we
will have proved that M;(z,-) and M,(z,-) belong to W?" and m(z,-) belongs to W3".

Let us introduce the following mixed norm on the 2n x 2n matrix functions B(z, «)
depending on (z,a) € R x R*:

1B(s Moo, = sup [|B(z,-)]ls- (4.13)
zER
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THEOREM 4.1. Assume that the entries of k(z) belong to L*(R). Then, for each
z € R, the four pairs of integral equations (4.5) and (4.7), (4.6) and (4.8), (4.9) and
(4.11), (4.10) and (4.12) have unique solutions with finite mized norm as defined in (4.13).
Conseguently, my(z,-) belongs to W™, m_(z, ) belongs to W™, and M,(z,-) and M, (z,-)
belong to W2,

ProOOF. Consider (4.5) and (4.7). We can solve this system by iteration as follows.
Define
Bl(g)(xa a) =0,

BY (z,0) :—i/ dyk(y) B9 (y,0), >0, (4.14)

T+

) ; /2 .
Bl(gﬂ)(m, ) = %k(:c + oz/2)Jr —H‘/ dy k(y)Jr Bl(f)(y, a+ 2z — 2y), j>0. (4.15)

Taking operator norms we obtain from (4.14) and (4.15)

1B (z,0)) < / " 4y k@) 18D @ o)l

) 1 z+a/2 )
1BV (@, a)ll < 51k + a/2)]| + / dy k@) B (4, + 22 — 29)] .

€T
Then the norms of Bl(f)(m, -) and Bg)(m, -} in LY(R™) satisfy

(o]

1B (z,)IIx < / dy k@) 1BP (v, i, (4.16)

z

. o0 T+a /2 .
1BE) (2, ) < o4 (z) + / dor / dy @) 1B (v, @ + 22 — 29)|
’ (4.17)

~oula)+ [ " ay k@) 18D (. ),

where o (z) is the quantity defined in (2.11), the order of integration has been changed,
and the change of variable ¥ = & + 2z — 2y has been applied. From (4.16) and (4.17) we
obtain by induction

) I o ()28 i J o 2s—1
8w <378 e s g izt

Consequently,

= oy (z)°
IBus(z s + B, M < 3 2L < vt

s=1
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At the same time we have proved that, for each z € R, the system of equations (4.5) and
(4.7) has a unique solution with entries belonging to L!(R™).

The proofs for the three other systems of equations, namely (4.6) and (4.8), (4.9) and
(4.11), (4.10) and (4.12) are analogous. We are led to the estimates

1B (@, ) < e @ =1, By, )b < 7= -1, (4.18)

where 7 =1,2,3,4. K

The integral equations (4.5)-(4.12) allow us to derive the following relations for the
potential k(z) :

k(z) = 2 Bjy(z,0%) = —2i Bpo(z,0%) = 26 Bia(x,07)1 = —2i Bs(z,07)". (4.19)

To justify (4.19), let us fix & > 0 and integrate the norm of the left-hand side in (4.7) with
respect to x € R. We obtain

IBoC, )< g+ [~ ds [ o) 1Pt e+ 22 - )

— 00

=2 e+ [T [ s 1Bt |

IA

1 > 1
3 |1+ [ ali Bt ] < 5 [e -1
where we have used (4.18). Hence, for each a > 0, Bis(-,a) is a matrix function with

entries in L'(R). We now easily derive the estimate

< %/Zdy“k(y)!! /OadzHBn(y,z)H = o(1), o — 0t

1 —

HBZS(-,CX) - —;k(- +a/2)

which justifies the identity k(xz) = 2i Bjz(z,07)f. In an analogous way one proves the

similar result for Bia(-, &), Bra(-, @), and Brs(-, a).

THEOREM 4.2. The reflection coefficients R(\) and L(\) belong to W™, and R(%o0) =
L{z£c0) = 0. The transmission coefficients T;(\) and T.(X) belong to W7, and they converge

to I, as A — oo in CF.

PROOF. Using (2.3) and (2.6)-(2.8) we get

al(A) = e“i)\hnz J2TLMT‘("'E7 /\>T ']27:, M[(.’IJ, >‘) ei/\JanE, (420)
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ar(\) = "M% o My (2, N oy M (2, X) €202 (4.21)

From Theorem 4.1 we see that M;(z,\) and M,(z,\) belong to W2, Using (4.20) and
(4.21) at & = 0, we can show that a;(A\) and a-()\) are products of elements of W2" and
hence belong to W?". Using (3.5)-(3.7) and Proposition 2.10, we complete the proof of the

theorem.

5. WIENER-HOPF FACTORIZATION
Using (2.41), (2.42), and (3.20), we obtain the Riemann-Hilbert problem

m.(z,\) = my(z, A) Gz, A), AER, (5.1)

where G(z, A) is the unitarily dilated scattering matrix given by

) ) ’I’[(A) *“R(A) e?i)\z
G(z, \) = Mo Jo S(N) Jy, &7 M2 = , . (5.2)
~L()\) e~ %A= T.(A)
Equation (5.1) can in principle be used to compute the potential from a reflection
matrix. To do so, we first construct the scattering matrix S(A) in terms of L{A) or R(})

alone. Given R()) for A € R, we can obtain T}()\) by performing the factorization
TN TNV =1, — RO RN,  MeR, (5.3)

which follows from (3.12). Here T}()) is continuous in C+, is analytic in C*, and converges
to I, as A — oo in CT; similarly, 7;(A\*)! is continuous for A € C—, is analytic for A € C-,
and converges to I, as A — oo in C—. In a similar way, T»(\) can be constructed by
performing the factorization

TN T.(\) =1L, — ROTR(\), AeR, (5.4)
which is found from (3.12). With the help of Proposition 2.6 we then get
L) = -T.(0) R [V, AeR. (5.5)

Note that from Theorem 4.2, it follows that the n x n matrices on the right-hand sides in
(5.3) and (5.4) both belong to the Wiener algebra W™. Furthermore, from Corollary 3.2 and
Theorem 4.2, it follows that T}(A) and T:()) belong to the subalgebra W%, and 73(A\*) and
T-(A*)T belong to W™. Hence, (5.3) and (5.4) lead to a left and a right canonical Wiener-
Hopf factorization in W™, respectively. One now builds the matrix function G(z, A) as in
(5.2).
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We have the following result.

THEOREM 5.1. Suppose that k € L'(R; C") and that the reflection coefficient R()\)
of (1.1) belongs to W™ and satisfies supyeg ||[R(MN)|| < 1. Then, for each z € R, the matriz

function G(z,-) given by (5.2) has a unique left canonical Wiener-Hopf factorization
Gz, \) =mi(z,\)"m_(z,)), AER, (5.6)

where m4(z,-) and my(z,-)~! belong to W2, m_(z,-) and m_(z,-)"! belong to W?™,
my(z,\) and my.(2, )~ tend to I, as A — oo in CF, and m_(z, ) and m_(z, \)~*

tend to Is, as A — o0 in C-.
PRrOOF. From (3.8), (3.9), and (5.2), we get

() 0
0 TN

In a2 (/\) 621‘)\1

G("L" /\) = l:ar3 (/\) e—2i>\z In

where the right factor is easily seen to have a positive selfadjoint real part when A € R.
The left factor and its inverse belong to Wi” and tend to Io, as A — oo in Ct. Thus the
right factor has [19] a unique left canonical Wiener-Hopf factorization of the form

In ag ()\) e2i)\z

B R

where W (\) and W (\)~! are continuous in A € CF, are analytic in A € C*, and tend
to Ip, as A — oo in CE. Putting
TN 0

my(z,A) = Wy (\)7! 0 . (3) !

} , m_(z, A) = W_(A),

completes the proof. K

The matrix V(z) appearing in (1.1) can be recovered from the scattering matrix
S(\) as follows. First, construct the matrix function G(z, A) as in (5.2) and compute the
Wiener-Hopf factors of G(z, A) as in (5.6). Then V(x) is given by

V() = —iJan my(z,0) ma(z,0)7 0. (5.7)
Indeed, from (1.1) using (2.41) and (2.42) we easily derive

—iJan M) (@, A) ~ V() me(z, A) = Ama(z, A) — Jon ma(z, A) Jon],
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which implies (5.7). To make (5.7) a viable way of computing the potential k(z) from
the Wiener*Hopf factors of (5.2), one still needs to prove that mu(z,0) are absolutely
continuous and that the entries of the 2n x 2n matrix on the right-hand side in (5.7)
belong to L*(R.).

6. THE MARCHENKO METHOD

In order to establish the connection between the Riemann-Hilbert problem (5.1) and
the Marchenko integral equations we first express the scattering coefficients in terms of

their Fourier transforms as

R(\) = / T daR(a)e e, L) = / " dal(e) e, (6.1)
Ti(AN) =1, + /OO dav(a) e, .\ =1+ /00 dav,(a) e, (6.2)

Note that by Theorem 4.3, v;{e) and v,(e) vanish for « < 0 and their entries belong to
LY(R+), while the entries of R(:) and L(-) belong to L!(R). Let us define

0 —R(2z + @)

. , a>0. (6.3)
—L(-2z + a) 0

9(z,0) =

THEOREM 6.1. For each z € R the matrices b_(z,-) and by(z,-) defined in (4.4)
satisfy the 2n x 2n systems of coupled Marchenko equations

b_(z,a) =gz, ) + /Ooo dBby(z, B) g(x,a+ B), o >0, (6.4)

be () = g(z, 0)' + / " dBb_(z,B) 9@, a+ BY,  a>o. (6.5)

PrOOF.. Using (4.2), (5.1), and the fact that by (z,0) = b_(z,0) = 0 for a < 0, we
get ‘

ma (2, 0) [Gla, \) — In] = / dab-(z,0) —bs(z,~a)] e, AcR.  (66)
Furthermore, from (5.2) and Theorem 4.2 we conclude that

G(z,)\) = I, = / daH(a)e®, AeR, (6.7)

—00
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where (@) R(Q )
i\ — r— o
H(a) = _E(_% ) va(a) , a e R. (6.8)

Upon writing
m4 (2, A) [G(z, A) = o] =[Gz, A) — Dog] + [ma (2, ) — Top] [G(z, A) — Ty,

by using (6.6) on the left-hand side, (4.2), (6.1)-(6.3), (6.7), and (6.8) on the right-hand
side, together with the convolution theorem, we obtain (6.4). Similarly, using

m_(z, \) [G(z, V)T — Ina] = [G(z, \)T — L2,] + [m— (2, \) — o) [G(z, N = L),

we obtain (6.5). 11

Using (6.4) in (6.5) and vice versa, we can uncouple these 2n X 2n systems. Using
the notations in (4.4), this leads to the uncoupled n x n Marchenko equations for o > 0

given by

Ba(w,a) = ~Rla+20)+ [ a8 [ dyBulo,n) RS+ +20) Rla+ 5+22), (69
0 0

Bis(z, @) :—R(a+2:c)f+/wdﬁ/md~yBlg(m,7)R(ﬁ+7+2x)1§(a+,6+2x)h (6.10)
0 0

Bpa(z,a) = —L(a—2x) +/°° dﬂ/oo dvy Bra(z,y) L(B+ v — 2z) L(a+ 8 — 22), (6.11)
0 0

Brs(z, o) = =L{a —2z) + /00 dg /00 dy Brs(z,v) L(B + v — 22)" L(a+ 8 — 2z), (6.12)
0 0

Bu(w,c) = [ dBR(8+2) Rla+ 6+ 20)'

- (6.13)
+/ dﬁ/ dy B (z, ) R(B + v + 2z) R(a + 8 + 2x)T,
Q Q
Bul(z, o) :/OO dB R(B +22) Bla+ 5+ 22)
R (6.14)
+/ dﬁ/ dy Bu(z,v) R(B+ v + 22)T B(a + 8+ 22),
0 0
By (z,a) :/w dB L(8 — 2z)t L(a + B — 2)
’ (6.15)

+ [T a8 [ avBatem LB+y—22) Lot B - 20),
0 0
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B4(z, ) :/w dB L(B — 2z) L(a + B — 2z)!
° (6.16)

+ /oc dﬁ/oo dry Bra(z,7) L(B + v — 2z) L{c + 8 — 2z)T.
0 0

THEOREM 6.2. The coupled system of Marchenko integral equations (6.4) and (6.5) is
uniquely solvable in L' (RT; C?*"), The integral operator in each of the eight uncoupled
Marchenko equations (6.9)-(6.16) is selfadjoint, and each of these eight equations is unigquely
solvable in L*(R*; C™*™),

PRrROOF. The selfadjointness of the integral operators in (6.9)-(6.16) is clear. From
(3.12), (3.13), and Corollary 3.2 it follows that

sup IL(A)[ <1, sup [R(A)[ < 1. (6.17)
A€R AER

Now observe that, for fixed x € R, the action of the integral operators with kernels
R(a+ 8+ 2z), Rla+ 6+ 2z)!, Lia+ 6 - 2x), and L(a+ 8 — 22)t on L*(R*+;C") can
be interpreted as follows: one imbeds L?(R*; C") into L%(R;C™) isometrically, applies
the sign flip h(8) — h(—f), implements a convolution with an L!-matrix function, and
then projects orthogonally onto L2(R*; C™). Since the Fourier transforms of these matrix
functions have norms strictly less than one, this is also the case for the norms of these
integral operators. Hence, the system of equations (6.4) and (6.5) as well as each of the
eight equations (6.9)-(6.16) are uniquely solvable on the direct sum of a suitable number
of copies of L?(R™). Since, as a result of the integrability of L(-) and R(.), the integral
operators are compact on both L? and L' (cf. Lemma XII 2.4 of [23], the proof for the
L?-case there can easily be adapted to cover the L!-case; also p. 401 of [18]), the system
of equations (6.4) and (6.5) as well as each of the eight equations (6.9)-(6.16) are uniquely
solvable on the direct sum of a suitable number of copies of L!(R™*). I

From (4.19), we see that we can recover the potential k(z) by solving any one of the
four Marchenko equations (6.9)-(6.12).

The unique solvability of the Marchenko equations (6.9)-(6.16) has a number of other
consequences. For example, if R(A) is analytic on C*, then R(a) is supported on R~ and
hence the right-hand sides in (6.9), (6.10), (6.13), and (6.14) vanish for = > 0. Since these
equations are uniquely solvable, their solutions vanish as well and therefore k(z) = 0 for
z > 0. On the other hand, if L(}\) is analytic on CT, then ﬁ(a) is supported on R, and
hence the right-hand sides in (6.11), (6.12), (6.15), and (6.16) vanish for z < 0. Since these
equations are uniquely solvable, their solutions vanish as well, and therefore k(z) = 0 for
x < 0. We have thus proved the converse of Proposition 3.3.
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It remains to prove that the potential k(x) obtained by the Marchenko method has
entries in L!'(R). To do so, we modify the inversion procedure as follows. We solve one of
the Marchenko equations (6.9} and {6.10) for z > 0 and then employ (4.19) to compute
k(x) for z > 0. By the same token, we solve one of (6.11) and (6.12) for z < 0 and then
use (4.19) to find k(z) for z < 0. In fact, this procedure will be implemented in the case
of rational reflection coefficients in Section 8.

We first derive the following partial characterization result.

THEOREM 6.3. Let R(A) be a matriz function in W™ such that
swp [ROV <1, [ da (&) + @ JR@)IP) < +o0, (6.18)
AR 0

where R(a) is defined in (6.1). Then, forz > 0, the unique solutions By (z, o) and Bis(z, a)
of (6.9) and (6.10), respectively, satisfy

o>
/ dz || By (z,07)]| < +o00, i=23.
0

In particular, the entries of k(zx) = 2i Bja(z,0%) and k(z) = 2i Bja(z, 0 belong to
LYR™). Similarly, let L(\) be a matriz function in W™ such that

0
swp L <L [ da (IE@) - alE@)IP) <+, (6.19)

where L(c) is defined in (6.1). Then forx < 0 the unique solutions By (z, &) and Brs(z, o)
of (6.11) and (6.12), respectively, satisfy

0
| @l <+, G=23
In particular, the entries of k(z) = —2i Bro(z,0") and k(z) = —2i Bra(z, 07) belong to
LYRO).

PrROOF. We only prove the theorem for « > 0, as the proof for z < 0 is similar. Put
0 —R(a)

Rale) = a0

and consider the integral equation

Bz, ) - /00 dB Bi(z, B) Ra(2z + o+ B) = Ra(2z + o), a> 0. (6.20)
0
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This integral equation, which follows directly from (4.4) and (6.3)-(6.5), has a unique
solution in L'(R¥; C?"*%") which coincides with the matrix function Bi(z, ) in (4.3).
Moreover, the integral operator with kernel Ra(2z + o + ) is selfadjoint and a strict
contraction on L2(R¥; C?"*2n), Tterating the equation obtained by taking the adjoint of

the matrices on either side of (6.20) we obtain

oo

By(z,0) =" B (z,0)!,
7=0
where Bl(o)(ac, @) = Ra(2z + @) and
BP(z,a)t = / dBRA(2z+o+B) B V(.0  j>1 (6.21)
0

Now let p € [0, 1) be the spectral radius of the integral operator appearing in (6.21). Then,
by the selfadjointness of this operator on L?(R*; C2"*2") and the Schwarz inequality, we

get

o 1/2

150l | [ " 1Ra )] - [ a0

< / WPBIEAB)E i1,

and therefore

| @B el < [ [Tairaon+ = [Ca [ dﬂnmmﬂ

0 Y+
<3| [ aira@n+ o [ ase- ) IRa@)]

which is finite. B

We note that the finiteness of [J° daa | R(a)|?, which is implied by (6.18), is equiv-
alent to R(ca + 8)! being Hilbert-Schmidt on L2(R*; C™). In fact we have

IR|% s :/Ooo /()wdadﬁtr{R(a+ﬂ)TR(a+,6’)}.

Thus, because || R||? < tr{RT R} < n||R||> and

| dactr@r = [da [T aipwip = [T [T aas i o,
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the asserted equivalence follows. In a similar manner, from (6.19) it follows that L(—a—G)
is Hilbert-Schmidt on L?(R*; C").

Note also that the assumptions of Theorem 8.3 are satisfied when R(A) and L(\)
are rational matrix functions without real poles that vanish at infinity. This follows easily
from the partial fraction decompositions for R(A) and L(\), respectively.

The natural conditions under which one would expect to be able to reconstruct a
potential with Ll-entries for z > 0 are R € W™ and

sup [[R(A)]] < 1, lim [[R(A)] =0 (6.22)
AER A-—too
However, evaluating the first iterate of (6.20) as o — 07, we get

. | s r@ Ry 0
5007 = [ “ashatoy = |7 N ,
2 0 /2 48 R(B)' B(8)
which strongly suggests that condition (6.18) is probably indispensable if the integral
[2° de | B (z,0M)] is to be finite.
Assuming only the finiteness of [~ do | 2(c)|| and using the method of the proof of
Theorem 2 in [34], one easily obtains the estimate

) . 1 oo . j+1 .
w s @ <3 ([ wiren) . izo
2x9 2zq

for each fixed zg € R. Unfortunately, this estimate does not extend to the odd iterates of
(6.20). However, since R belongs to the class Ka introduced in [34], it follows from this
theorem that the potential k(z) obtained has an L'-tail in the sense that

Jug > 0 (/;E +/°°> da ||k()]| < +oo.

Moreover, for every A € R the Jost solution Fj(x, A} is differentiable with respect to z
if £ > zg and F,.(z, ) is differentiable with respect to = for z < ~m¢. In other words,
neither in the work of Melik-Adamyan [34] for the half line nor in the present work for the
full line, a complete characterization is given of the scattering data leading to a unique
L'-potential. One does not obtain such a characterization either if one combines Melik-
Adamyan’s reduction of the inverse problem on the full line to that on the half line [32]
with his solution of the inverse problem on the half line [34].
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7. CONSTRUCTION OF THE SCATTERING MATRIX

Throughout this section we assume that R(A) is a rational matrix function satisfying
(6.22). We recall that then R € W™ by the comments following the proof of Theorem 6.3.
From the theory of transfer functions [13], since R(A) — 0 as A — oo, it follows that
R(\) can be represented in the form

R(\) =iC(A—iA)'B, AEC, (7.1)

where A, B, and C are independent of A and belong to CP*P, CP*" and C™*?, respectively,
for some positive integer p. Here it is assumed that the order p of A is minimal, i.e. the
realization (7.1) is minimal and hence unique up to similarity (cf. Theorems 6.1.4 and
6.1.5 in [31)).

Our goal is to construct S(A) in terms of the matrices A, B, and C given in (7.1).
Since R(A) is continuous for A € R, from the minimality of the realization given in (7.1)
it follows that \A does not have any eigenvalues on the imaginary axis (¢f. Theorem 6.2.2
of [31]). Using (7.1) in (5.3) and (5.4), we obtain

TN T\ =TI, —i[C m@ﬁmrﬂﬁy (7.2)
B
TN T\ =1, +i[0 BT]()\—HCT)_I[O}, (7.3)
where
o A -BBf . _ A 0 »
Tlo o—at ]’ "Ulcte —at] 4)

Note that the inverses of the right-hand sides in (7.2) and (7.3) can be written as

MO ) = Lo+ile 0] (A —if)7 Lﬂ : (7.5)

LT L0 =L—il0 B (- m : (7.6)

where £ is the “state characteristic matrix” given by

. A —BB'
Clcte —at |7 .7
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which, apart from some factors ¢ = /~1, has been used in [27]. We note that K;, K,
and £ do not have eigenvalues on the imaginary axis. This follows from the invertibility of
I, —R()\) R(\)" and Corollary 2.7 in [13]; for K; and K, this also follows immediately from
the special form of the matrices K; and K, in (7.4) and the fact that A has no eigenvalues
on the imaginary axis. Hence the matrices (A — k)™, (A = iK,)™!, and (A~ &)~ in
(7.2), (7.3), (7.5), and (7.6) all exist for A € R.

The contractivity of R(A) and R(A)T for A € R given in (6.17) implies the following
result (Theorems 3.2 and 3.4 of [27]):

PRrROPOSITION 7.1. Let A, B, and C be the matrices in the minimal realization given

by (7.1) and consider the quadratic matriz equations
AX + X AT = BB + xcicx, (7.8)

Aty yA=clc+yBBTY. (7.9)

Then all hermitian solutions X of (7.8) are nonsingular, and the number of positive (resp.
negative) eigenvalues of X coincides with the number of poles of R(A) in C* (resp. in C™).
There is at least one such solution X. An analogous result holds for hermitian solutions of
(7.9).

The nonlinear equations (7.8) and (7.9) are called state characteristic equations in
[27] and (continuous algebraic) Riccati equations elsewhere in the literature (e.g. [31]).
Since in the literature the term “hermitian” (instead of “selfadjoint”) seems to have some
tradition when referring to solutions of Riccati equations, we will use this terminology
here. We also remark that in counting the number of poles and eigenvalues, (algebraic)
multiplicities have been taken into account. The following result is essential for obtaining

explicit expressions for the factors 73(\) and 7:.()\) and their inverses.

PROPOSITION 7.2. Let A, B, and C be the matrices in the minimal realization given by
(7.1). Then the spectrum of the matriz £ given in (7.7) is symmetric about the imaginary

amis. Moreover, the spectral subspace M of € corresponding to its eigenvalues in the right

X
M={{ }u:uECp}, (7.10)
Ip

where X is a hermitian solution of (7.8), and the spectral subspace L of £ corresponding to

half plane is of the form

its eigenvalues in the left half plane is of the form

c T C (7.11)
= u: ue CP .
{[3]eveet,
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where Y is a hermitian solution of (7.9). The hermitian matrices X and Y are unique.

PRrROOF. The symmetry of the spectrum of £ about the imaginary axis follows from the
similarity JopQepEdzpJop, = —ET, where d2p is defined by (1.10). The remaining assertions
follow from Theorem 7.6.1 in [31] applied to the matrix Jy,&J, (to comply with the
condition D > 0 there) and the E-neutrality, where = = iJ2,qs,, of the spectral subspaces
M and L. Note that the spectral subspaces M and £ both have dimension p, which is the

order of A, because £ has no eigenvalues on the imaginary axis. i

We remark that the subspace M can be written in the same form as £ by setting Y =
X1, since the hermitian solutions of (7.8) are related to those of (7.9) via the substitution
Y = X~*. The subspaces M and L are called graph subspaces in the terminology of [31].

The matrices & and Y used in Proposition 7.2 allow us to block diagonalize the
matrix £. Since the subspaces £ and M have dimension p and M M £ = {0}, the matrix

Y defined by
I, X
S=" (7.12)
Yy I

is nonsingular. Hence, both I, — XY and I, — Y X are nonsingular, and

w1 [ (Ip —XY)~ =L, = &Y)” X:f ' (713)

(p=YX)71Y  (L—yx)~

THEOREM 7.3. Let A, B, and C be the matrices in the minimal realization given by
(7.1) and let X and Y be as in Proposition 7.2. Then

& 0
TTlEE = , (7.14)
0 &
where
& =A-BBYY, &=A-xcCiC (7.15)

Moreover, the matrices £ and & have all their eigenvalues in the left half complez plane

and are reloted via the similarity transformation

& = (I — XV)"'& (I, - XV). (7.16)

ProoF. The relations (7.14)-(7.16) follow by direct computation using (7.7)-(7.9),
(7.12), and (7.13). The assertions about the spectra of £, and & follow from (7.14) and
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Proposition 7.2 which imply that £ [ £ is similar to £, and £ [ M is similar to —8;. Here
the symbol | denotes the restriction of £ to the subspace £ (resp. M). I

In the following we also need representations of the form (7.10) and (7.11) for certain
invariant subspaces of K; and K,.

PROPOSITION 7.4. Let A, B, and C be the matrices in the minimal realization given by
(7.1). Then the spectrum of Ky (K\) is symmetric about the imaginary azis and the invari-
ant spectral subspaces corresponding to the left and right half planes both have dimension

p. In the case of K, both invariant subspaces are of the form

(MRS
urueCPy, (7.17)
I

where X is a solution of the Riccati equation
AX + X AT = XCTcx. (7.18)

In the case of K; both invariant subspaces are of the form

Ip
Hiu:uecp}, (7.19)
Y

where 37 15 a hermitian solution of the Riccati equalion

AV + YA =YBBIY. (7.20)

PrOOF. Apply Theorem 7.2.4 of [31] to JopKiJop and qopK,qzp. The symmetry of
the spectrum about the imaginary axis follows as in the proof of Proposition 7.2 for £. §

Let us mention that unlike in Proposition 7.1 the matrices X and ) in (7.17) and
(7.19), respectively, may be singular.

Before we can apply the main factorization result from [13] to (7.2) and (7.3), we
need the following proposition ([36], Theorem 6.5.3 of [31]).

PROPOSITION 7.5. Let L (resp. M) be the invariant subspace of the matriz € given in
(7.7) corresponding to the eigenvalues in the left (resp. right) half plane, and let N (resp.
V) be the invariant subspace of K, (resp. K;) corresponding to its eigenvalues in the right
(resp. left) half plane. Then LB N = C» and M@V = C?.

ProOOF. First, it follows from Theorem 19.3.1 of [31] (together with the rotation
A = 1)) that the matrix functions on the right-hand sides of (7.2) and (7.3) admit canonical
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factorizations with respect to the real line. Then Theorem 19.1.2 of [31] (or Theorem 6.1
of [23]) implies that the pairs {£, N} and {M, V} each form a direct decomposition of
C’. 1

Now let II be the projection such that
ImIl=_L, Ker I = NV, (7.21)
and let Q be the projection such that
Im @ =V, Ker @ =M. (7.22)

Applying Theorem 1.5 of [13] we can express the transmission coefficients in terms of the
matrices appearing in (7.1} and the projections II and Q as follows:

T (M) =1, +i[0 BN\ —iK,) ™ (Top — D) , (7.23)

B
To(A\) = I, +i[0 BT —ik,) "} {o] , (7.24)

B
(W) t=1I,—i[0 BI](A-i&)7'I {0} (7.25)

B

(L) =L —i[0 Bl (I - (A €)™ {0 ] , (7.26)
T = L —i[C 0](A—~ i)™ O Lﬂ (7.27)
T =1, —i[C 0] (Iyp— Q) (A — i) ™" (H , (7.28)
LA =Lo+i[C 0]\ —i&) ™ (Iy, — Q) LOTJ , (7.29)
TN =I,+i[C 0]Q(A—-i&)™" {COT} (7.30)

With the expressions (7.23)-(7.30) we have accomplished the desired canonical factoriza-
tions of the matrix functions on the right-hand sides of (7.2), (7.3), (7.5), and (7.6). Our
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next goal is to find more explicit representations for the projections II and @ and for the
invariant subspaces A and V.

PROPOSITION 7.6. Let X and Y be as in Proposition 7.2 and let X = /'Er and JNJ = 37_
be as in Proposition 7.4, where the subscript +(—) indicates that the spectral subspaces given
in (7.17) and (7.19) are those associated with the right (left) half plane. Then the invariant
subspaces N and V and the projections II and Q can be ezpressed as

U lereeet = {5] o]
N = u:u€CPy, V=<|_ |u:uecCPs, (7.31)
I y_

e )
V(I — X)) =YL - X V)71,
{ (L — Y. —(I, - xY.)"'x J
o=|_ - _ - ‘ (7.33)
Vol =Xy )™ =Y (L, - xY)"'x

Furthermore, if A has all its eigenvalues in the left half plane, then /‘E, =Y_ =0 and

N = {0} CP, V=CP {0}, (7.34)
o= [I” | o= [Ip _Xl (7.35)
y 0 0 0

ProOF. First, (7.31) is an immediate consequence of (7.17), (7.19), (7.21), and
(7.22)." Then (7.32) and (7.33) follow from (7.21), (7.22), and Proposition 7.2. If A has
all its eigenvalues in the right half plane, then .5\?; =y = 0, by the particular form of K;

and K, in (7.4), and so (7.34) and (7.35) follow from (7.31)-(7.33). 1

In order to find more explicit expressions for II and Q when A has at least one
eigenvalue in the right half plane, we employ suitable similarity transformations which
bring the images of K; and X in a form amenable to the same treatment as if A had only
eigenvalues in the left half plane. To set up these similarity transformations it is convenient

to choose a basis such that A4, B, and C are partitioned as

A_ 0
A= , B=
0 Ay
Here A_ (A4) has all its eigenvalues in the left (right) half plane and we denote its order
by p— (p+), so that p_ + p, = p. Moreover, B+ and Ci are p+ X n and n X p+ matrices,

B_
By

}, c=[Cc. ¢4l (7.36)
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respectively. Now put

I, 0 0 0 I, 0 0 O
0 0 0 I 0 P 0 I

@l = P ) @’r = ? P I (737)
0O 0 IL_ o0 0 0 IL_ ©
0 -L, 0 P 0 -I, 0 0

where P; and P, are the unique solutions of the equations (cf. Theorem I4.1 of [23],
Theorem VII2.4 of [17])

AP+ PLAL = B, B, (7.38)
PyAL +ALP =Cley. (7.39)
In fact, we have
< - —tAl o —tAl ot —tA
P1:/ dte™+ B, Bl e~ PQ:/ dte "t M4ClC e, (7.40)
0 0

so that P; and P» are positive selfadjoint. Then, we easily compute

Q3 Q0] 0 0
Q=aet = P m=edgert=| (74D
0 -0f olos —af
where
A_ —B_BL A0 B_
QS: ’ Q4= + t o QS: ) QSZ[C— O]
0 -AL cle. -AL 0

Note that all the eigenvalues of 3 and 2 lie in the open left half plane. Therefore, in
analogy to (7.34), (7.35), and Proposition 7.2, the projection operators Q and II are such
that

Im Q = &1 [CP & {0}], Ker @ = Im E\g} , (7.42)
IP
Kerll = &1 [{0}©C?], ImlI=Im [y} . (7.43)

Let us partition the inverses of ®; and @, defined in (7.37) into p x p blocks as

o7t = A A goi = |1 A2l (7.44)
Az Ap Arz Ars
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Note that
ot =qp®ia, 07l =an®ray, (7.45)

so that the entries of @fl and ®! are readily available from (7.37).

PROPOSITION 7.7. Suppose a basis is chosen such that the matrices A, B, and C in
the realization (7.1) have the form indicated in (7.36). Then the matrices Xy, Y., 1, and

Q in Proposition 7.6 can be expressed as

V_ = ApAj;? o0 Xy = AppA} o0 (7.46)
— = 4\3iyy = 0 Pl_l ’ + = Ap2idyg = 0 Pz__l ’ .
3 [All(All — XAis)™t —Ap (A — XA) X (7.47)
A(Ap — XA)™T —Ap(An — XA) x| '
_Ar2 (Ar4 - yArZ —ly Ar (Ar - yAr -1
Ly I = ) s ?) 1 (7.48)
~Ara(Ars —VA)TTY  Apa(Aps — YA2)™

Proor. It follows from (7.37), (7.42), (7.44), and (7.45) that

MR
V=ImQ= u:ueCl.
Aig

Now (7.31), (7.37), (7.44), and (7.45) imply (7.46) for Y_. Similarly, by (7.31), (7.37), and

(7.43)-(7.45), we have
A
N =Kerll = lutuece ,
Ar4

and so, by comparison with (7.31), we obtain (7.46) for X,. Then (7.47) and (7.48) foliow
on using (7.46) in (7.32) and (7.33). In the derivation of (7.48) we have also used the
identity (I, — Xy V)2 X, = X, ([, — VX)L &

Note that in (7.48) we have stated the result for I, — II rather than II because we
will only need the former. By using (7.36) and (7.37) one easily verifies that X, and Y_
given in (7.46) satisfy (7.18) and (7.20), respectively.

In order to use the results of Proposition 7.7 in (7.23)-(7.30) we need some additional

notation. We decompose the solution X of (7.8) as

X, Ay
X = :
Xz Ay
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so that & and &y are selfadjoint and have orders p_ and p., respectively, and X. [ = Xs.
‘We denote by P; the unique solution of the equation

QP+ P&l = -Au BB, (7.49)

which is given by
Py = / dtet%p,, BB (7.50)
0

and we define Py to be the unique (and generally nonsquare matrix) solution of the equation
QP+ P AL = A, BB,

given by
&="/ dt e’ n BB AL, (7.51)
Q

Note that in contrast to the solutions P; and P» of (7.38) and (7.39), respectively, the
matrices Ps and P, are in general not selfadjoint. Furthermore, we let

Ti=(An = ApX) A, Jr =V (A — M) (7.52)

and introduce the matrices

~ [A; o . [B ~
A:{ - ~}, B= f], c=[c, c_], (7.53)
0 A_ B_
where
_ & 0 _ -AL 0
Ay = , A= , (7.54)
0 Al ABBL 9,
~ Jict N P = X)) Y xct + x.cl
=7, A= (F1 = X~ (A 1) , (7.55)
0 Pt
Ce =B, +7P) Bigp-B], (=[-8l -B'7]. (7.56)

‘We mention that Z, g, and C are 3p x 3p, 3p x n, and n x 3p matrices, respectively.
Moreover, Ay, By, and Cy. are (px+2) X (px +p), (px +p) Xn, and n x (px +p) matrices,
respectively.

Next we present the main result of this section, expressing the scattering matrix in
terms of the quantities defined above in connection with the similarity transformations
induced by ®; and ®,.
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THEOREM 7.8. Let R()\) be a rational reflection coefficient satisfying (6.22). Then

the remaining entries of the scattering matriz (3.11) are given by

T(\) = In + i CAj (A — i) 1Ay — XAs)"txct, (7.57)
Tr()‘) =1I, ""iBT.jr(A - iQ4)_1AT487 (758)
L) =iC(A—iA)'B. (7.59)

In the special case when A has all its eigenvalues in the left half plane, these expressions

simplify to

TN\ = I, +iC(\ — iA) 1T, (7.60)
To(\) = I, + i BTY(\ —iA) 7B, (7.61)
L) =i BYO — A xct +i Bf (I, — yx) (A + &)1l (7.62)

PrOOF. Using (7.27), (7.37), (7.41), (7.44), (7.45), (7.47), and the equality

0

®,0 LT

IP
=4 (A — XA)~txct,

we obtain (7.57). From (7.23), (7.37), (7.41), (7.44), (7.45), (7.48), as well as the identity

B
o, (I, — 10

0
= - { } (Ar4 - yArZ)_lyB:
IP

it follows that
To(A) = I, — i B Apg O + Q1) 7 (A — YA ,0) T1VB.

Now (7.58) follows by taking the adjoint and using (7.52). Note that Aro, Ary, and ) are

hermitian.
With the help of (7.14), (7.26), (7.47), and (7.52), we derive

MO = L+ icx(\ +igf) "t et (7.63)
From (7.1), (7.63), and using
I~ T = —Ai(hp — XAp) 7t X,

icfcx = (\ +iAN) — (A +i€)),
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we get

—ROHITANT ™ = =BT+ AN T A (A — XAR) T xCt +iBT (A +igf)~ Lt
(7.64)
Using (5.5), (7.57), (7.64), and some standard results on realizations (Chapter 1 of [13]),
we obtain

LX) = i Qg( X — iQ7) 10y, (7.65)
where
Qs —AyBBT ABBI
Qr=10  —Af o 1,
0 0 ~&f
0
Q=BT —I, L,], Qo= |Ap(Ay—-XAs)~1x]|Cl.
N
In order to bring L()) into the form (7.59) we use a similarity transformation. Let
0 0 0 I P P 0 -,
0 I, 0 0 0 I, 0 0
U= i ,  uls ? :
0 0 I, O 0 0 I, 0
~-I, B, 0 P I, 0 -0 0

where P3 and P, have been defined in (7.50) and (7.51). Then it is straightforward to
verify that

A=00,971, C=Qs0}, B=UQ,, (7.66)

where A, E, and C are the matrices defined in (7.53). Using (7.66) in (7.65), together with
the fact that for one of the blocks of Qg we can write

-1

0 0 L, -y X Ae
MMy — XAg) "X = y

0 L. || 0 P-a X X

_ 0 0
G ETA R - &)*lxj ’

we obtain (7.59) with the matrices (7.54)-(7.56). The expressions (7.60)-(7.62) can be
obtained from (5.5) and (7.23)-(7.30) by using the special forms (7.35) for IT and Q, or by
obvious reductions from (7.57)-(7.59). The details are omitted. I
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8. INVERSE PROBLEM WITH RATIONAL SCATTERING MATRICES

Let R{)) have the form (7.1) for certain matrices A, 53, and C, where A has minimal
order and hence does not have zero or purely imaginary eigenvalues. Then

RO\ =iC(A—iA)™'B = —/Oo dte™MCE(t; - A) B, (8.1)

where .
e=APL = 2—/ dze ¥ (z - A", t>0,
e ry
E(t,—-A) = ) (8.2)
_otApP(e) L ~tz ¢, Ay~-1
e Py 271_i/r—dze (z— A7, <0,

is the bisemigroup generated by A (cf. [14,15]). Here I'y and I'_ are the positively oriented
simple Jordan contours in the right and left half planes enclosing all of the eigenvalues
of A in the open right and left half planes, respectively, and PVECL) and Pj(f) are the
spectral projections of .4 corresponding to its eigenvalues in the right and left half planes,
respectively.

Our strategy for reconstructing k(z)} from R(A) is as follows. When z > 0 we will
solve the Marchenko equation (6.10) by using R(A) as the input, and when z < 0 we will
solve the Marchenko equation (6.11) by using L{A) as given in (7.59). Then we use (4.19)
to determine k(z). First consider (6.10) with

R(ty=—CE(t;-A)B, Rt =-B'E{t;-ANCT,
which are obtained from (6.1) and (8.1). Introducing the positive selfadjoint p x p matrices
Dy = /0 ” dtE(t; —A)BBIE(t; —AT), Dy = /o ” dt B(t; —ANCTC E(t; ~A),
and assuming x > 0, we obtain for the hermitian integral kernel in (6.10)
/Ooo dBR(y + B+ 2z) Rl + 8+ 2z)1 = C E(y + 2z; —A) D1 E(a + 22; —AT) C'.
The unique solution of the separable integral equation (6.10) is then given by
Bus(z, @) = B [I, — E(2z; —AT) Dy E(2z; —A) D1] ™ E(a + 2z; —AD) €T, (83)

where the inverse exists because of the unique solvability of (6.10). For later use we note
that, by (7.36) and (7.40), we have

0 @
0 B

0 0
0 P

> DQ—‘

Dy = . (8.4)
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When z < 0 we start from L()) as given in (7.59), so that
L(t)=-CE(t;-A)B, L) =-BtBEt; -AHCT.
Proceeding as in the derivation of (8.3), we obtain
Byo(z,a) = B Iz — BE(=2z; —A") Dy E(—22; —A) D3] " E(a — 2z; AN CT,  (8.5)

where the inverse exists because of the unique solvability of (6.11). Here D3 and Dy are
the positive selfadjoint matrices given by

D3=/ dt B(t; - D) BB Bt -4, m:/ dt B(t; A1) Gt 8 B(t; -4,
0 0

which, by means of (7.53)-(7.56), can be written as

P 0 00 P P 0 0
0 0 0 0 P P 00
D3 = ) D4 = )
0 0 0 O 0 0 0 O
0 00O 0 0 0 0

where
Ps = / dtetl gcteglet®, Py = / dt (I, + P TNBBY(L, + 7,P3)e! | (8.6)
0 0

and P7, P, and Py are irrelevant because they will not contribute to k(z), as we will see.

Now we are ready to prove the main result of this section. Again we first state the
general result and then specialize it to the particular case when A has all its eigenvalues
in the left half plane or, equivalently, when R()) is analytic in C™.

THEOREM 8.1. Suppose that R(\) satisfies (6.22) and is given by the minimal rep-
resentation (7.1) in a basis where (7.36) holds. Then the matriz potential k(z) in (1.2) is
given by

27 C+ e 2w As [Ip+ — Py 6_21:A:ri' P e"zmA*'] __184_, x>0,
k(z) = L (8.7)
~2icg} [Ip — =261 Py =258, P5] e=26 (L, + P{71B, z < 0.

If R()) is analytic in C7, then

0, z >0,
k{z) = R (8.8)
—QiC[Ip — ey o 2mE; ] e 228 ([, — X)) B, x <0,
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where X and Y are the unique solutions of (7.8) and (7.9), respectively. Moreover, if R())
is analytic in Ct, then the jump in the potential at x = 0 is given by

k(0T) — k(07) = —k(07) = 2iC B. (8.9)

PRrOOF. The representation (8.7) for k(z) is a direct consequence of (4.19) and (8.3)-
(8.6). Thus we need only establish the simplifications that occur when R(}) is analytic
in CT. In this case A has all its eigenvalues in the left half plane so that from (8.2) we
get E(t;—A) = 0 for ¢ > 0. Thus k(z) =0 for £ > 0. For z < 0, starting with (7.36), we
can simplify the expression in (8.7) by deleting the blocks associated with the spectrum
of A in the right half plane. This reduction is implemented by the following substitutions:
Ay = Iy, Aiz — 0, and hence

VAR=S (8.10)

by (7.52). Similarly, Ayg — 0, Ays — I, and hence JI — V. Since Q4 — A, the solution
to (7.49) becomes Py = —X and thus

L+ PiJt — I, — X. (8.11)

Furthermore we can compute Ps and P in (8.6). We observe that Ps and Py are solutions

to the following Riccati equations:

Ps& + &l s = ~Clc, (8.12)
PoE] + &P = —(I, — XV)BB! (I, - YX). (8.13)

First note the identity
gy +ye =cte(r, - xY), (8.14)

which follows from (7.9) and (7.15). On multiplying (8.14) from the right by (I, — XY) ™1,
using (7.16), and comparing the result with (8.12), we find that

Py = -Y(I, - XY) = —(I, - YX)" ). (8.15)
Similarly, on multiplying the identity
EX + XE} = BBI(I, - V&),

which follows from (7.8) and (7.15), from the left by I, — XY, using (7.16), and comparing
the result with (8.13), we obtain

Pe = —X(I, — VX). (8.16)
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Since, by (7.16) and its adjoint,

(I, = VX)e 228 = e=22E1([, _ yx),

the result (8.8) for z < 0 follows from inserting (8.10), (8.11), (8.15), (8.16) in (8.7).
Finally, letting  — 0 from below gives £(07) = —2:CB, and hence (8.9) follows. |
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