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Abstract. In this article we propose a method to easily generate infinite multi-index positive
definite self-adjoint matrices as well as Riesz bases in suitable subspaces of LZ(R?%). The method is
then applied to obtain some classes of multi-index Toeplitz matrices which are bounded and strictly
positive on £2(Z%). The condition number of some of these matrices is also computed.
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1. Introduction. Matrices with special properties are important tools for test-
ing numerical algorithms and software, while Riesz bases in different Hilbert spaces
are important for solving many problems in approximation theory. However, whereas
there are several methods for generating extensive classes of finite test matrices (see,
e.g., [16, 11]), we are not aware of methods for generating multi-index test matrices.
Similarly, whereas there are methods for generating Riesz bases in subspaces of L?(R)
and L?(RT) [13, 18], we are not aware of general methods for generating Riesz bases
in subspaces of L?(R?) for d > 2, except for grids of sampling points with, apart
from a positive constant factor, only integer coordinates [20, 2]. We note that there
is an increasing interest in this topic both from the theoretical and the applicational
points of view. Classes of multi-index positive definite test matrices could be used, in
particular, to compare the effectiveness of preconditioning techniques in solving linear
systems by the conjugate gradient method [22, 9, 23, 24].

In a recent joint paper [18] with Nashed on the sampling expansions of functions
defined on the real line which belong to unitarily translation invariant reproducing
kernel Hilbert spaces Hy, we have developed a method to generate both infinite posi-
tive self-adjoint matrices and Riesz bases in suitable subspaces of H,;. More precisely,
starting from a real function ¢ € L'(R) N L2(R) whose Fourier transform ¢ defined
by d(w) = (2m) 42 Jpa € ¢(x)dx does not vanish, we have represented the Hilbert

space Hy of all f such that (f/ng) € L%*(R) as a reproducing kernel Hilbert space with
reproducing kernel

(1.1) oty w) = Fo(t — ) = /jo oz — 1)o(w — u) da.

Assuming in addition that ¢(-)(1 + (-)?)7 € L*(R) for some v > 1, and taking a
sequence of sampling points {t;} such that [t; —¢;| > e > 0 for i # j, it has been
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proved that for all f in a suitable closed subspace X, of Hy we have the following
results:
(a) The Gram matriz

Gij = ky(tist;), 14,j €Z,

is bounded and strictly positive self-adjoint on ¢2(Z).
(b) The sequence

(ko () 172 oo
is a Riesz basis in X.
(¢) The sampling expansion
1 o0
(1.2) f(t) = Tol2 > fltrelt—t;), teR,
2 ]:700

is valid for every f € X,;. Note that r4(0) = ||¢]|3.
Though the closure Xy of the linear span of the functions {ks(-,#;)}32_,, has not
been explicitly specified, in [18] various examples have been worked out in detail.

In [18] the main emphasis of the research has been on the development of sam-
pling expansions in unitarily translation invariant reproducing kernel Hilbert spaces.
Although in the present article we have generalized the main results in [18] on sam-
pling expansions for functions on the line to sampling expansions for functions on R,
the present authors are primarily interested in the multi-index Toeplitz matrices aris-
ing as Gram matrices of the Riesz bases involved in the case of equidistant sampling
points. These matrices are presently being used as test matrices in the development
of numerical methods for solving multi-index Toeplitz systems. We are, in particu-
lar, interested in comparing the effectiveness of recent preconditioning techniques in
solving linear systems by the conjugate gradient method with the most commonly
used preconditioning techniques. We are also interested in solving large multi-index
Toeplitz systems by using the solution of the corresponding infinite Toeplitz system.
For these reasons the present paper contains many explicit examples whose entries
have Gaussian, exponential, or algebraic decay away from the diagonal, including the
condition numbers of some of the Toeplitz matrices generated.

The outline of the paper is as follows. In section 2 we compile some useful defi-
nitions and results involving Gram matrices, Riesz bases, and frame inequalities. In
section 3 we illustrate the method proposed for generating positive definite multi-
index Toeplitz matrices. In section 4 we present various examples of strictly positive
self-adjoint multi-index Toeplitz matrices. Finally, in Appendix A we present a dupli-
cation formula for Bessel polynomials that has been used to generate a specific class
of multi-index Toeplitz matrices, while in Appendix B we compute the condition
numbers of some of the Toeplitz matrices introduced.

Throughout this article, | - | will stand for the Euclidean vector norm or the
absolute value of a real or complex number.

2. Preliminaries. Given a complex Hilbert space H, a sequence { f }nes, J C
7% and J infinite, of vectors in H is called a frame (cf. [10, 26]) if there exist positive
constants C'1, Cy such that

1/2
Cilflle < [Z|<f7fn>H|2] < Collflla, feH.

neJ
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These inequalities are called the frame inequalities. The frame is called an ezact frame
if the removal of any vector from the frame causes it not to be a frame anymore. Given
a frame, the linear operator T' defined by T'f = >, . ;(f, fu)u fn is a bounded linear
operator on H. Further, if {f,}ncs is an exact frame, for every f € H there exists a
unique sequence {a, }nes such that

f = Zanfna

neJ

where > [an|* < co. A well-known result [10, 26] states that a sequence { fn}nes
in a separable Hilbert space H is an exact frame if and only if it is a Riesz basis in H
(i.e., if it can be obtained from an orthonormal basis in H by applying a boundedly
invertible operator).
PROPOSITION 2.1. Let H be a complex Hilbert space and let {f;};es, J C Z2, be
a sequence of functions in H. Then the following statements are equivalent:
1. There exist positive constants C1, Cy such that

1/2

(2.1) Crllflle < | D UF £idul? <Co|fllu, feH,

jeJ
holds for every f € H and no such relation holds for any proper subset of functions

{fi}-

2. The sequence {f;};cs is a Riesz basis in H.

3. The sequence of functions {f;}jes is complete, and the Gram matriz G;j =
((fi, i) #)ijes is bounded and strictly positive self-adjoint on €2(.J).

Recall that by a reproducing kernel Hilbert space of functions supported on a set

S we mean a (complex) Hilbert space of functions on .S, where all of the evaluation
functionals &(f) = f(t), for f € H and each fixed ¢t € S, are continuous [3, 5, 17].
Then, by the Riesz representation theorem, for each ¢ € S there exists a unique
element k; € H such that

f(t):<f7kt>a fEHa

where (-,-) is the scalar product on H. We then call k(t,u) = (k¢ ky), for t,u € S,
the reproducing kernel of H. Clearly, k(-,-) is Hermitian and positive definite.

In [18], Proposition 2.1 has been applied more specifically to the situation in
which H is a reproducing kernel Hilbert space of complex-valued functions on a set S
with reproducing kernel k(t, s) and f;(t) = k(t,t;)//k(t;,t;) for a sequence of points
{t;}jes in S. Then, under any of the conditions of Proposition 2.1, for every f € H
we have the moment expansion

(2.2) F@&) =S (. fi)ufi().

jeJ

When J = Z%, the Gram matrix {G;;}; jeza is a multi-index Toeplitz matrix (i.e.,
Gij = Gi_j for 1,] € Zd).

The following elementary result has been adapted from [18].

PROPOSITION 2.2. Let J = Z%. Then the statements of Proposition 2.1 and the
following two claims are equivalent:
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1. The sequence of functions { f;};cza is complete, and the multi-index Toeplitz
matriz (Gi—j); jeza defined by

Gi—j = (fi, fi)u
is bounded and strictly positive self-adjoint on (?(Z%).
2. The sequence of functions {f;};eza is complete, and the symbol
G(s) = Z s1Gj,  s=(51,...,84), |s1]=-+=|s4] =1,
JEZA

is positive, essentially bounded, and essentially bounded away from zero.
If any of these conditions holds and J = 7%, the condition number of G equals

(2.3) DoXeerd 715) G(s) :
min cpa G(5)
where T? is the d-dimensional torus.

3. The method. Let ¢ be a real function in L'(R?) N L?(R9) and let

(3.1)  ky(t,u) = kgt —u) = [ ¢z —t)p(x —u)dx = / e = (w)]? dw.
Rd Rd'

Then

(3.2) fig(w) = (2m)2|d(w)|?,

where ¢(w) = (27)~%/2 Jpa € %¢(x) dz. Now suppose {t;};ecs, J C Z%, is an infinite
sequence of sampling points in R? and

(Gg)ij == ko(ti, tj) = » d(x —ti)p(x —t;)dx, i,j € J,

the associated Gram matrix. When the sampling points are equidistant (i.e., when
t; = aj for some o > 0), G is a multi-index Toeplitz matrix whose symbol we define
by

G(s,a) = Z £y /Rd o(z)p(x + aj) de = Z sTkg(ag),
Jjezd jezd

where the series converge uniformly and absolutely in s on the d-dimensional torus
T¢ if the condition

(3.3) D rglag)] < oo
jezd

is satisfied. R
The condition that ¢(w) # 0 for every w € R? is sufficient for ky(-,-) to be a
reproducing kernel on S = R%. Indeed, let t1,...,t, be distinct points in R?. Then

for every nontrivial n-tuple (&1, ...,&,) of complex numbers we have
> kot )68 = [ P Y et o
ij=1 R ij=1
" 2
= | 16w |Y_ e ee| dw>o0,
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which proves that kg(-,) is a reproducing kernel on S = R? if d(w) # 0 for every
w € RY  As in [18], we now easily identify the corresponding reproducing kernel
Hilbert space Hy (cf. 3, 5, 17] for reproducing kernel Hilbert spaces) with the complex
Hilbert space of all measurable functions f on R? such that (f/¢) € L2(R%), endowed
with the norm

1/2
1 o2
1£llm. = Gryare Md'f ) |¢3<w>2] |

The following result provides a general condition on ¢ and the sampling points
in order that the Gram matrix {s4(t;,t;)}ijes be bounded on ¢2(J). In the case of
equidistant sampling points, we actually prove that condition (3.3) holds. Note that
all of the examples given in the next section satisfy these conditions.

THEOREM 3.1. Let the distinct sampling points {t;};cs, with J C Z% an infinite
set, satisfy |t; —t;| > € >0 fori#j in J. Further, let ¢ have the property

(3.4) Iy>d: /Rd(l + |2*) ¢(x)? dr < oo.

Then the Gram matriz {ky(ti,t;)}i jes is bounded on €2(.J). In particular, if t; = «i
(i € J =17 for some a > 0, then (3.3) is satisfied.
Proof. Note that

(3.5) $g§2|k¢(ti7tj)| :sggzw(h —t5)|

JjeJ jeJ

is an upper bound for the norm of the Gram matrix on £2(J). Therefore,
(L4 [t) kg ()] < /Rd(l +[z)7|o(@)] - (1 + |z +t])7[¢(z + t)| dw
< [t lahPoerde < [ (1 Py o) do
Rd Rd

which implies that (3.5) is bounded above when |¢t; — ¢;]| > ¢ for i # j. |

We now give sufficient conditions on ¢ and the sampling points for the Gram ma-
trix {k¢(ti,tj)}ijes to be bounded below on ¢2(.J) by a positive multiple of the iden-
tity. With Theorem 3.1, we then obtain sufficient conditions on ¢ and the sampling
points in order that this Gram matrix be bounded and strictly positive self-adjoint
on ¢2(J) and that the frame inequalities (2.1) be satisfied. All of the examples of the
next section satisfy these conditions. The two proofs we give are based in part on
ideas of Schaback [21, Theorem 3.1].

THEOREM 3.2. Let (t;)jeza be sampling points with tg = 0 and

ltis — tjs| > €lis — js| >0, 4,5 € Z with t;s # tjs.

Let ¢ be a real function in L'(R?) N L2(R?) satisfying the conditions of Theorem
3.1 whose Fourier transform ¢(w) # 0 for max(Jwil,...,|wq|) < M for any M >

m/e\/3(21/4 —1). Then the Gram matriz {ks(t; — t;)}i jeza is bounded and strictly
positive self-adjoint on (?(Z%).
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Moreover, if g?)(w) # 0 for all w € RY and X, denotes the closed linear span of
kg (x) = kg(x —1;), j € Z% in Hy, then there exist positive constants Cy, Co such
that the frame inequalities

1/2

(3.6) Culfllm, < | D0 1F@)IP| < Callfllm,.  f€ Xy,

jeza

hold. Consequently, {H¢j}jezd is a Riesz basis in X, and for each f € Xy we have
the interpolating expansion

7 10~ [ 2 Semste 1)

jEZ

Proof. We present two proofs, the first one adapted to ¢ such that qg(w) is zero
free for max(|ws |, . . ., jwq|) < 2M, and the second one adapted to ¢ such that ¢(w) is
zero free for |w| < 2R, where M and R are specified in the first and second proofs,
respectively.

First proof. For N € N and any set of NV sampling points and arbitrary complex
numbers cq,...,cy, by Parseval’s theorem we have

2

N
Z ciCrkg(t; — tr) / Zc] oz —t5) dxz/Rd chei“"tjdg(w) dw
j=1

J,r=1
A 9 2M 2M N ( )

. > inf U T tw-(t;—t; d
38 =2 <st<21\1417ls—1,...,d¢(w) )/21\4 [2M M(W)MZZICCJG w,
where

d
2M)~d 2M — |wsl), S| <2M, s=1,....d,
Wy (w) = § BM) S:Hl( jwsl)s  Jws| < 2M, s
0 otherwise.
Putting
2
(3.9) B(u):/ (1_|C|)e’<“dg“: ( %u ) , u#£0
1 " -

we obtain for t; = (tj1,...,t;q) (j=1,...,N)

2

N N
/Rd Z CJCLL)(Q? B t]) de Z (UJ ‘<2]\iﬂnf—l d |¢)(W)|2) Z Cl@A”’
j=1 s|> sy S=1,..

where

d
(3.10) Ay = [I B@M (tis — 1;5))-
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Now choose € > 0 such that |t;s — tj5| > €|is — js| for ;s # t;s. Then in view of
(3.9)

d d
0< [[B@M(tis —t;s)) = [[ B@M(tis —t;.))
= tL:;tl_]s
1 1
- Szg_,d (Me(is — js))? s=]11.,d (Me(is — js))?
tisFtjs is£]s

We easily prove, by induction on d, that

d d
> I B@M(E —t)) <1+ ) T[] BEM(ti — 1)

jEZI s=1 jGZd s=1
J#i

S| —))2

jezd s=1,.
j;é’L «:751:

<14+ Y H < (1+25(Me))?,

JELN{0} s=1..
‘73#0

where

8

=1

Using Gershgorin’s theorem [12, Theorem 8.1.3], it appears that the real symmetric
matrix (A;)7;—; with elements defined by the right-hand side of (3.10) has all of its
diagonal elements equal to 1, and hence all of its eigenvalues A are real and satisfy

N
1-) < i:rgﬁ?fNZ | Agjl.

=1

e

Thus its eigenvalues can be found in the open interval from 2 — (1+2S(Me))¢ to (1+
25(Me))? whose endpoints do not depend on N. Thus if M > 7/(ev/3(21/¢ —1)1/?),
this matrix is positive definite. Therefore, for this choice of M the lower bound (3.8)
extends to arbitrary subsets of the set of the sampling points, and hence the Gram
matrix {ke(t; —t;)}ijez is strictly positive self-adjoint. Its boundedness follows from
Theorem 3.1. The frame inequalities (3.6) now follow with the help of Proposition 2.1.
Finally, (3.7) is immediate from (2.2), (3.6), and kg (t;,t;) = £(0) = ||8]|3.

Second proof. Let R be a positive real number and let XC}% (z) be the characteristic
function of the sphere in R? with center the origin and radius R. Then

0< dexg(z —t)x%(x —s) < RW,, t,s€RY,
Rd

where V; is the volume of the unit ball in R%. Then for N € N and any set of N
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sampling points and arbitrary complex numbers cy, ..., cy, we have
2 2
N N N o
> cierrg(ty — tr) =/ > cidla —ty) dﬂﬁ:/ D oce i) dw
=1 = =
N
> inf |¢(w)|2>/ \de (w) Ci?eiw(tiftj)dw
<|w|<2R |w|<2R f ”zzzl !
N
3.11 > inf |p(w)|? T Fy(R, 6 —t),
(311) > (inf J6R ) 3 el 1)

ij=1

where ¢(w) is zero free for |w| < 2R,

1
V) = - [ h(EXRE - ) de,
and
. . o)
Fu(R,t) = /MR Wh)e' o = (m) 2 ih(0) = i)

Using [14, 8.411(5) and 6.561(5)] and Sy_o = 27(@~1/2/T'((d—1)/2) we easily compute

R T
X‘}%(t) = (277)*‘1/25@2/ drrdil/ dcpl(singol)dﬁe”lt'wwl
0 0

1 ™
= (27r)’d/2Rd/ dppdil/ (sin ;)% 2 cos(pR|t| cos @1 )
0 0
J(RYT M R\?
=it () [ deetaesoritn = () s,

(2m)? (rR)?
}‘—’d(f{7 t) = WJ% (R|t|)2 and hence }‘—’d(fi7 0) = W%Z)Q

so that

According to [14, 8.479], for |t| > (d/2R) we have the estimate

2m)4
Valt|?

2 (2m)d 1
T VAl JCRie? - (2

—

Fy(R,t) = Ja(RIt))? <

and hence for |¢| > ((ud)/(2R)) with fixed p > 1 we have

Fd(Ra t) S

1 (27‘(‘>d+1
TVaR/p2 — 1 \ It '

Now choose & > 0 such that [t; — t;] > e[>2%_, (is — js)?]'/2. Then for & >
((ud)/(2R)) and some p > 1 we have for 7 # j

(27 Je)d+1 1
Fy(R,t; —t;) < _.
ol 2 TVaRy/p? =1 [C 0 (i — 50)2) 5
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Therefore, for [t| > ((pd)/(2R)) with fixed g > 1 we have

_(2n/e)ttt
maX F )
Z Bt t) < a1

J#t

where Sig) = >0 jezalif + + ji]_%. Using Gershgorin’s theorem [12, Theorem
8.1.3], it appears that the real symmetric matrix (F(t; _tj))zj‘\,[jzl’ appearing in (3.11),
has its eigenvalues in the open interval of half-length (27 /)4 Sy /mVaR\/p? — 1

centered about Fy(R,0). Consequently, if € strictly exceeds the number eq(R, d, )
defined by

Nd ) S[d]r(dé-Q)Q d+1
d = -
olfd ) =max | op R |~ 1

for some y > 1, then the real symmetric matrix (F'(t; ftj))fyj:l appearing in (3.11) is
positive definite, irrespective of the choice of finite subset of the sampling points. The
frame inequalities (3.6) now follow with the help of Proposition 2.1. Finally, (3.7) is
immediate from (2.2), (3.6), and kg (t;,t;) = £(0) = [|B]|3. 0

Assuming d;(w) # 0 for all w € R? and given the finite linear combination
> ¢itie(- —t;) in Xy, we easily compute that

2 2

S| = g [, [l —

Hy

2

/ Zc et p(w)]? dw.

Hence if t = {t; : j € Z%} denotes the set of sampling points, then the image F[X}]
of X4 under the Fourier transformation F coincides with the completion APy 4 of the
vector space of d-variate almost periodic polynomials with spectrum within ¢ with
respect to the scalar product

v = [ @GN0 o

Here by the spectrum of a d-variate almost periodic function f : R* — C we mean the
set of all ¢ € R™ for which limy— 4o 77 fOT - fOT e~ @t f(x)dw # 0, where we note
(cf. [6]) that

t= R¢
lim d/ / i (u=t) gy drg = R qu ’
T—+oo T 0, t,u€R*andt#u.

Denoting the Banach space of d-variate almost periodic functions with spectrum
within ¢ with respect to the supremum norm by APy, one can also identify F[X;] with

the closure of ¢[AP,] in L2(RY). Since $[L>®(R%)] is dense in L2(R%) and APy is not
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dense in L>[RY], the space X3 is a proper closed linear subspace of Hy. Furthermore,
due to the estimate

D eims(- =) <4l sup D et
i weR i

Hy
we see that

Apt C A’Pt,(;s = .7:[X¢]

When the sampling points form a rectangular grid in R? containing the origin
(i.e., when there exists a > 0 such that t; = aj for j € Z¢), the space APy coincides
with the Banach space of all bounded continuous functions f : R* — C satisfying
flw+ 27y = f(w) for all w € R? and j € Z%, endowed with the supremum norm.

4. Examples. Let us discuss the following examples of real functions. Here
we remark that if ¢(¢) depends only on [t|, then k4(t) depends only on [¢f| and
q@(w) depends only on |w|. Consequently, expressing the Cartesian coordinates in
spherical coordinates by putting 1 = rcosei, o = rsingp;cosys,..., Tg_1 =
Tsing; ...sinpg_oCospg_1, Tq = Tsing; ...sinpq_osingpg_1, where we have ¢; €
[0,7] (j=1,...,d—2) and @41 € [—7, 7], with Jacobian

3

dfz(sin @2)d7 ...8inpg_o,

J =14 (sing)

we obtain

@y ée =@ () T (5) 81 [ 2 ltryots) dr

|wl 0

where S;_; is the surface measure of S9!, Sy_; = S;_ 2B( R 2) and B(p,q) and
J,(z) stand for the Euler beta function and the Bessel function of order v, respectively.

Example 4.1. A typical example involves the Gram matrix of the multinomial
distribution [19]. Let ¥ be a positive definite real d x d matrix,

det o\ /2 ~(Saw) _ o —df2 )1/2
(4.2) o(z) = — e ) = (det X)*/“ exp Z Sz |,
4,j=1
where # = (21,...,7q4) € R and kg (t, s) = [pa &( ¢(z — s)dx. Then
(4.3) ko(t) = [ dlx)d(z —t)dz = (27) Y2 (det )1 /23 (301
Rd

where t € R?. In particular, for ¢, s € R? we have

blw) = (2m) "2 HET W) 2 g
in R? and

ke(t,s) = g dlx —t)p(x — s)dr = ky(t — s) = kp(s — t).
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Hence, if t; = aj, a > 0, j € Z%, the Toeplitz matrix
Gi—j(a) = kg(ali = jl),

whose entries have a Gaussian decay away from the diagonal elements, is bounded
and strictly positive self-adjoint on ¢?(Z%). Furthermore, as ¢ has no zeros in R?, the
expansion (3.7) holds with ||¢||3 = (27)~%2(det £)1/2.

Ezample 4.2. For o > 0, consider ¢(z) = e~?1*| where the length of x € R? is
its Buclidean vector norm. Then ¢(w) depends only on |w| and kg(z) depends only
on |z|. For d = 2 we use rg4(t) = k¢(—31|t|er, 3|t|e1), where e; = (1,0), and apply
the transformation = = 1|t|(coshu cos v, sinh usinv) to elliptical coordinates (u,v) in
(3.1) to find

t* [
Ke(t) = 71-‘4| / cosh(2u)e 7t eoshu gy —
0

mt*

K (alt]),

where K stands for McDonald’s function [14, 8.432(1)].

For d > 3 we observe that (1) ke (t) = ky(—3|t|e1, 3|t|e1), where e; = (1,0,...,0),
and (2) the integrand does not change if the relative position of x in the two-
dimensional plane containing +3|t| and x remains the same. Denoting the surface
measure of S92 by S;_, and using the fact that S;_; = S4_ gB( , 2), we obtain
[1, 9.6.23 and 9.6.26]

Sa- > d—1 ‘
kg (t) = ;dl\tld/o {sinhduJr y sinh? 2 u} o—oltlcoshu g,

= P (M) [yt + M o]

UQF(%)Sd_l ﬂ
s 20

For d = 3, in particular, we have

T > N _, T (2 Y
Ke(t) = §|t\3/ <§2 — 3) e ItE e = = <302|t2 +olt| + 1) el
1

Moreover, for any d > 2 we have

qg(w) _ (27T)_d/2sd72/ / Td_l sind_2 gei\w\rcosée—ar dOdr

_d=2
= (2m)"¥28,_oT <d2 ) ( >(|w2|) / 742 o (|w|r)e™" dr
0 2

#
) K ay2 (ot])-

d _1.d._ v
(271_ d/QS B d— 1 )F<27_272? 0'2-Hw|2)
2P\ T2 2 (02 + |w[2)d/2
1 d—
=(2m d/2sd7 ( 2 ) 2( Yo a1
(02 + |w|?) ™2
d—1lo

= (2m)" %28,
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where we have used (4.1), [14, line 3 of 6.621(1)], and Sy_1 = Sq—2B(%51, 1), while
F stands for the hypergeometric function. For d = 3 we trivially find

A 4 o
)= o T WP

which has no zeros in R. As a result, the Gram matrix G given by G;; = kg(t; — ¢;),
i,j € 7%, whose entries decay exponentially away from the diagonal, is strictly positive
definite and the expansion (3.7) holds with k4 defined as above.

Example 4.3. For d > 2 and ¢ > 0 consider the algebraically decaying function
d(x) = (o + |x\2)*%. Then ¢ satisfies condition (3.4) for v € (d,d + 1), while (4.1)
and [14, 6.565(3)] imply

. S,
= (2 —d/2-d —ojw|

B(w) = (m) =2 el
where we have employed Sd,lB(%, %) = S4. Thus

o d/2| 7 2 —d/2 Sg —20|w|

Ro(w) = 2m)TZlow)[” = (2m) =" —Ge :
Consequently,

S 1
Ro(t) =24 ——
= =

More generally, for d > 2, 0 > 0, and ¢ =0, 1, ... consider ¢(z) = (02+|z|2)’(%+‘1).
Then (4.1) and [14, 6.565(4)] imply

. - w92 T(9)Sy_4
p(w) = (2m) "2 ('20|> Nfiq)f{fmé)(g\wl)

—as2 bq(olw]) T(HT(3)

= (27 Sy_qe ol
Bm) G2t T p(as g 5!
- Og(o|w|)Sa  _
_ d/2 q olw|
49 = e @D,

where we have used the Pochhammer symbol ¢ = 1 and ¢5 = ¢(c+1)(¢+2) - - - (c+s—1)
for s =1,2,... and the expression (see [14, 8.486(14) and 8.486(16)], plus induction

on q)
[T 0,(2) .
Ki(q+%)(z) = giiqe

for the so-called Bessel polynomials 6,(z) of degree ¢ which satisfy the recurrence
relations (see [14, 8.486(14) and 8.486(10)])

(45) B(:) =1, Bi(=z+1,  Bua(e) = 2l0,(2) — ()] + (20 + 1B,(2)
(4.6) 6Oo(2) =1, 0i1(z)=2z+1, 04+1(2) = (2 + 1)0,(2) + 220,-1(2)
and have the explicit form (see [1, 10.2.15] and [15, Chap. 2, (7)—(8)])
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Using the fact that k4(t) is a linear combination of expressions of the type (4.4) with
o replaced by 20 as well as (A.1), we obtain

2
kg(t) = % zq: dq7502(3_Q) [d+2q+1]s—4
da+1 )
(20)20+1[d + 1], = (402 + |t|2)%+s

where dgog—n = 92 (9) (n=0,1,...,q), [co = 1, and [c]s = c(c + 2)(c +4) - (¢ +

2nn!

2s —2) for s = 1,2,.... In particular, for ¢ = 1 we find

ko (t) = —1 1 o2(d+3)
¢ 8(d+1)o3 (402—|—|t\2)% (402 + |t]2 )d+o .

Further, for ¢ = 2 and ¢ = 3 we find

olt) = Sq 3 2(d+ 5)0? (d+5)(d+ 7)o"
v 3209(d+ 1)(d+3) | (402 + [t]2)F° (4o + |t]2) T (402 + [t[2)*F
and
ot) = Sy 15 90%(d +7)
P 12807(d + 1)(d + 3)(d + 5) (402 ) (02 1 )
o d+T7)(d+9)
(402 +[2) 75
oS(d+7)(d+9)(d+ 11)
(4o + 1) |
respectively. For ¢ = 4 and ¢ = 5 we obtain
of) = Sq 105
P T 51209(d + 1) (d+ 3)(d +5)(d+7) | (402 + [t2) 5
6002%(d + 9) 180*(d + 9)(d + 11)
(Ao + )55 (o2 +[e)F"
405(d +9)(d+11)(d+13)  o®(d+ 7)(d+ 9)(d + 11)(d + 13)(d + 15)
(402 + [t]2) 75" (402 + [t2) 75"
and
ot) = Sa 945
PN 204801 (d + 1)(d + 3)(d + 5)(d+ T)(d+9) | (402 + |¢]2) 5"

52502(d +11)  1500*(d + 11)(d + 13)

(402 + [¢)) 75" (402 + [t2) 5"

300%(d + 11)(d + 13)(d + 15) n 508(d + 11)(d + 13)(d + 15)(d + 17)

(402 + [t2) = (402 + [t]?) ="

10(d+11)(d + 13)(d + 15)(d + 17)(d + 19)

(407 + [t) 55

b
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respectively. In this example the Gram matrix {kg(t;,t;)}; jeza, whose entries decay
algebraically away from the diagonal, is strictly positive self-adjoint. Furthermore,
the expansion (3.7) holds with k4 as above, as qg does not have zeros in R

Ezxample 4.4. Now consider the box spline

1— g, 0<z <m <1,
1=, 0<m <m1 <1,
l—214+22, 0<2:<1, =142 <22<0,
¢(—x1,—x2), —1<21<0, =1 <20 <1+,

¢($1, xQ) -

and zero elsewhere. Then

) 1 s . o
B(wn,wa) = 1sin(wi) +sin(ws) —sin(w1 +w2)
™ wiwa(wy + we)

1 sin(3wi) sin(3ws) sin(3 (w1 + w2))

2 Luy 1w, (w1 +w2)

while $(0,0) = (1/27) and

11— cos(wi)

2
T wi

é(wh 0) = é(o,wl) = é(wh _wl) =

Thus

d(wi,wz) >0, max(|wil, |wa|, w1 +ws|) < 27.

As a consequence, the Gram matrix {kg(t;,t;)}; jeza is positive self-adjoint, but the

expansion (3.7) is not valid, because qg(wl,wg) has zeros in R<.
Let us now employ (3.2) to get

) 41— cos(wy) 1 —cos(wz) 1 — cos(wy + wo)
4.7 ==
(47) Folwr,ws) T Wi w3 (w1 + w2)?

Introducing (z) = 1 — |z| for =1 < 2 < 1 and ¥(z) = 0 for |z] > 1, so that

P(w) = \/gl_#zs(w), we can write (4.7) in the form

g (w1, w2) = V2mih(w1)(w2) (w1 + wa),

which implies that

kgt t2) = V21 / duwy e 1 ) (wy) / dzp(ty — 2)e™ 79 (2)
— [ @@t - it - 2)
S(t2), 0<t; <ty <2,
S(t1), 0<t, <t <2

(4.8)
Sty —t2), 0<t1 <2, =2+1; <ty <0,

kg(—t1, —t2), —2<t; <0, =2 <ty <241y,
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where
1 2 1
Ezf3+§(1—zt)—6(1—zf)3, 0<t<l,
S(t) =
i(2—1&)‘1 1<t<2
12 ’ -7

and zero outside [—2, 2]%.

Appendix A. Some expressions involving Bessel polynomials. In this
appendix we prove the following result of independent interest.
THEOREM A.1. We have

(A1) 20,(22 = 3 ) (Z) agn(22).
n=0

21

Proof. According to (5.6) of [8] we have the addition formula

d q!(2r+1)

(A.2) Oa(2+w) =21 ,;0(71)(1% (q—7r)g+r+1)!

(zw)*7" 0, (2)0,(w)

and the inverse addition formula

q
B W (0 L
(A.3) 0,(2)0,(w) = ; WQ (zw)T "0, (2 + w),
which follow from analogous expressions for the Laguerre polynomials [7]. From (A.3)
we have the duplication formula

(A.4) 2210,(2)2 = 3 MTQZ)%W)&@Z).
. Iy

r=

Using (3.1) and (1.5) of [8], we see that

k

(A5) Zlen(Z) — Z(_l)s (kf) (2n+2k+1)”)”9n+2k3(2),

s)(2n+2k—-2s+1

s=0

which generalizes (4.6). Substituting (A.5) into (A.4) (with 2z, r, and ¢ — r instead
of z, n, and k) we get

20 12 LS a—r\ (2¢+ D)
0,6 = Y Ao S (1) e a2

r=0 s=0
— - - son—s (Q+n_5)' (2q+1)”
- nz::O 5:0(_1) ? sl(n —s)!(g —n)! (2¢ — 25 + 1)!!92q_”(2z)
= Z <Z>B(q,n)92q_n(22),

3
Il
=]
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where
S o\ (g+n—15)! (2¢+1)!
B — _1 S2TL S
(¢,m) ;)( ) (s) q! (2g — 2s + 1!
n 1 1
-q— s + 1 n—s —q—3)+ + 1 n
pors sl(n —s)! n!

o (1) (2n)!
an  en(l) -0
In the penultimate equality of (A.6) we have applied a corollary of the Chu—Vander-
monde identity derived in Remark 2.2.1 of [4]. |

Appendix B. Condition numbers. In this appendix the condition numbers
cond(Gy) of the multi-index Toeplitz matrix G, are listed in the case t; = ai (i € Z%)
for Examples 4.1-4.4 as far we have been able to compute them, in some cases only
ford=1.

2

Example 4.1. For d =1 we have ¢(z) = e 7% and

G(s,a) = \ /% 1+ 22 e 7’32 cos(j6)

j=1

= \/1193 (;976—@42/2)
= G(“)\/Zﬁ { (1 + ef(jfé)aﬁem) (1 + 6*(1*%)01126—19)} ’

where s = ¢'?, ¥ denotes a Jacobian Theta function [25, sect. 21.11 and 21.3], and
G(a) = H;—il(l - 6_j"‘¥2). Consequently,

2

e} 2

, e o= (-3
G(-1,0) 1 — e (G=3)oa?

j=1

cond(Gy) =

Example 4.2. For d = 1 we have ¢(z) = e~?/*l and

G(s,a) = (111(322;512(302[Zi:—al)2 )

where p(3) = % —4e728 — %e*w and ¢(8) = (1+ %)673[’ +(1- %)e*ﬂ. Consequently,

B =(
i(aa; + 2¢(a0) <1 + e_c“‘7>4 .

(ao) —2¢(ao) \1 — e~

Example 4.3. For d = 1 and ¢ = 0 we have ¢(z) = 1/(0? + 2?) and

oy T2 [ 20 S 1 coslitr - )
ame?\de « = 72+ (20/a)?

1 e2(7r76')0/a+672(7r79)0/a

o3 e2no/a _ g—2m0/a ?
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where s = e (cf. [25, Prob. 9 of Chap. IX]). Consequently,

cond(Gyy) = GG;(_lloz) — cosh (22") .

Example 4.4. We now compute the Toeplitz matrix G = (G—;); jezz where

Gi= | o(@)p(x—i)de, i=(ir,i) € Z>.
R2

By using (4.8) it is immediate to obtain

1

5, i1:7;220,

1

— ) 1 -1 1 -1
o )73 1€ 10,0),(-1,0,0.1, 0,1},

1

— ) 1,1),(—1,—-1

S0 e {(LD),(-1,-1)},

0 elsewhere.

The corresponding symbol is given by

1
G(s,a=1)= 6 (3 4+ cos ¥y + cos g + cos(¥1 + U2)) > 0,

where s = (€1, ¢€"2), from which we immediately have

_ G(1,1) _
cond(G) = G(EQﬂi/S’eQWi/S) -
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