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Abstract In this article the Marchenko integral equations leading to the so-
lution of the inverse scattering problem for the 1-D Schrddinger equation on
the line are solved numerically. The linear system obtained by discretization
has a structured matrix which allows one to apply FFT based techniques to
solve the inverse scattering problem with minimal computational complexity.
The numerical results agree with exact solutions when available. A proof of
the convergence of the discretization scheme is given.

Keywords Structured matrix systems, 1-D inverse scattering, Marchenko in-
tegral equation
1 Introduction

In this article we propose a numerical method for solving the inverse scattering
problem for the Schrodinger equation

w'(k, x) + Kwk,x) =V(x)pk, x), xeR, (1.1)

where V is a Faddeev class potential, i.e., a real function satisfying

o0
Vi [ dx(+LDIve < oo,
—0o0
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60 C. van der Mee et al.

This method is based on the application of structured matrix algorithms for
solving the linear systems obtained by discretizing the Marchenko integral
equations whose solution allows one to identify the potential V, as explained
in Sect. 2.

Traditionally inverse scattering problems on the line were solved numer-
ically by methods not relying on the Marchenko integral equation method.
Most effort went into the development of the layer stripping method [2,5,7,
21] which is based on either the trace formula or on causality and the Riesz
transform. Basically these methods rely on the time domain description of di-
rect and inverse scattering rather than on the frequency domain description. In
[22] a time domain description of the direct and inverse problems and finite
difference schemes are applied to solve the same inverse scattering problem.
Only in [2, 13] was the Marchenko integral equation method adopted, but with-
out using structured matrix techniques. In [2] the Marchenko method served
to construct the scattering matrices for the restrictions of the potential on the
positive and negative half-lines and to employ the latter data in the layer strip-
ping method, while in [13] an integral equation method was applied to solve
the inverse spectral problem of the Schrddinger equation on a finite interval
numerically. As a result, the method has a computational complexity of O (n?)
for a number of x values that is proportional to n. Our method allows one to
compute V (x), for the same set of x values, by an algorithm of computational
complexity O (n? log n). We also prove the convergence of the scheme adopted
at the approximation of the Marchenko integral equation, by observing that the
approximation amounts to quadratic spline interpolation. This approximation
is similar but not identical to that given in [19] for convolution equations on
the half-line. For the approximation inspired by that given in [19] and for the
approximation obtained by applying the corresponding Nystrom method we
also give convergence proofs.

The outline of the paper is as follows. In Sect. 2 we introduce the Mar-
chenko integral equation and explain how its solution allows one to identify
the potential V if the scattering data satisfy the hypotheses which we specify.
In Sect. 3 we discuss the boundedness and compactness of the Marchenko in-
tegral operator and the unique solvability of the Marchenko integral equation
on various Sobolev spaces. These well-posedness results, as well as auxiliary
results presented in Appendix A, are used in Sects. 4.1 and 4.2 to prove the con-
vergence of two approximation schemes for the Marchenko equation in certain
Sobolev spaces. In Sect. 3.2 we derive the explicit solution of this equation for
rational scattering data by control theory methods. Some of them are used to
assess the effectiveness of our numerical method. In Sect. 4.3 we describe the
(preconditioned) Richardson iteration algorithm and present numerical results.
We draw conclusions in Sect. 5.
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Structured matrix algorithms for inverse scatteringon the line 61

2 The Marchenko integral equation method: statements and
discussion

We first discuss conditions on the scattering data that assure the identificability
of the potential V by the Marchenko integral equation method. To explain this
issue, we introduce the Jost solutions f;(k, x) and f; (k, x) as those solutions
of (1.1) that satisfy

filk,x) =e*[1+0(1)], x— oo,
fitk,x) = e [1 +0(1)], x —> —oo,

and define the transmission coefficient 7'(k) and the reflection coefficients R (k)
from the right and L (k) from the left by means of the asymptotic relations

1 th L(k) —th

filk, x) = T(k) +— T(k) +o(1), x— —oo,
1 e~ ikx R( ) eikx

Jr(k, x) = TH° * +T(k) ™ +o(l), x— oo,

such that the scattering matrix

(T R(K)
S(k)_(L(k) T(k))’ ek

is unitary. Let ik, ..., ixpn, With 0 < x; < ... < Kku, be the finitely
many (necessarily simple) poles of 7 (k) in the upper half-plane C* and let
ity, ..., ity be the residues of T (k) at these poles. Then the inverse scattering
problem consists of determining the unique Faddeev class potential V (x) from
the following scattering data [6,8,10,17]:

a. to determine V (x) for x > 0 from the reflection coefficient R(k) from the

right, the distinct positive numbers 7, . . . , ks relating to the poles of T (k)
in C*, and the constant ratios ¢; = f,(ix;, x)/fi(ix;, x) (the so-called
norming constants) suchthat I'; = ¢;t; > 0(j =1, ..., N);

b. to determine V (x) for x <0 from the reﬂectlon coefﬁ01ent L(k) from the
left, the distinct positive numbers «i, . . . , ks relating to the poles of T (k)
in C*, and the constantratios (1/c¢;) = fi(ix;, x)/f, (ix;, x) (the so-called
reciprocal norming constants) such that (¢; /c;) > 0(j =1, ..., N).

The potential V (x) is to be found from the unique solutions B;(x, y) (for
x,y > 0)and B,(x, y) (forx < 0and y > 0) of the two Marchenko integral
equations

Bi(x, )+ QC2x + ) +/ Az Q2x +y+ 9B, ) =0,  (2.1)
0

B, (x, ¥) + @ (=25 + )+ / 4z, (<25 +y+)B(x,9) =0, (22)
0
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62 C. van der Mee et al.

by means of the identities

—2(0/0x)B;(x,0"), x>0,
V(x) = 2.3)
+2(0/0x)B,(x,0%), x <O.

Here the kernels of the above integral equations are connected to the scattering
data as follows:

N N
Q) = RO+ D tjcje™, Q) =Ly)+ D (tj/c)e™”, (2.4)

Jj=1 Jj=1

where

A 1 e . ~ 1 o0 .
R(y) = — / dke™ R(k), L(y)=— / dk ™ L(k).
27 J_oo 27 J_o

We note that the integral kernels of the Marchenko equations (2.1) and (2.2) are
functions of the sums of their arguments. This property motivated us to solve
them by applying structured matrix algorithms to the linear systems obtained
by their discretization and thus to reduce the computational complexity of the
algorithm substantially. The same property holds true for the integral kernels
of the equations characterizing V (x) forx > 0 and x < 0 as, given B; and B,,
0B;/0x and 0B, /0x are the solutions of the integral equations

OB Oo OB
T+ [ dz@uCxy 95w = -20)@r +)
ox 0 ox

- 2/ dzQ(2x + y+2)Bi(x,2), (2.5)
0

OB,
ox

00 0B, ,
o+ [ a0 -2ty 95 (00 = 20 (<2 + )
0
+ 2/ dz Q. (=2x + y + 2) B, (x, 2). (2.6)
0

Consequently, we can apply the structured matrix algorithms for solving
Egs. (2.5)—(2.6), which allows us to obtain better results than by applying
numerical differentiation to the solution of the Marchenko integral equations,
but without increasing the order of computational complexity.

Calculations for x > 0 and x < O are done independently. Once the
algorithm for computing V (x) for x > 0 is in place, it is sufficient to recall
that the scattering data { R(k), {x;, c; }j/.\i l} for V(—x) for x > 0 are exactly
{L(k), {xj, (l/cj)}j/.\il}, where L(k) is computed from R(k) and x, ..., kn
in a straightforward way [6,8,17].
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Structured matrix algorithms for inverse scatteringon the line 63

To test the method we make use of explicit expressions for the potential
V(x) with x > 0 based on a so-called realization of rational reflection coeffi-
cient R (k) in the form [4]

R(k) = —iC(k — i A)~'B, (2.7)

where A, Band C arereal p x p, p x 1 and 1 x p matrices and p is minimal
and is in fact equal to the McMillan degree of R(k). Under the realization (2.7)
the integral equation (2.1) can be solved explicitly by separation of variables if
x > 0.Moreover, by using symbolic calculus the explicit solution thus obtained
can be employed to determine the error in the numerical computation. When
R(k) is not rational, in general no explicit solution of (2.1) is known.

3 Analysis of the Marchenko equations
In this section we prove the compactness of the Marchenko integral operator
between various function spaces.

3.1 The Marchenko integral operator

For1 < p < +o0cand m = 0,1,2,... we define the Sobolev spaces
WP-m(R*) as the (real or complex) spaces of those measurable f for which
f and its first m distributional derivatives f’, f”, ..., f belong to L? (R™),
endowed with the norm

1/p
m
Do, 1 < p <+oo,
”f”p,m = j=0
max (| £ loos 1 f llsos - > £ ™ llso)s P = Fo0.

We write f© = f and WPOR*) = LP(R*). We write BC(R*) for the
Banach space of bounded continuous complex-valued functions on [0, c0)
endowed with the supremum norm.

Proposition 3.1 Let 1 < p < 400 and K € WU (R™Y). Then the integral
operator K defined by

(Kf)(y) = /0 d2K(v+2) () 3.1)

acts as a compact linear operator from LP (R™) into WP"™(R"). As a result,

K is a compact linear operator on W™ (R™). The operator K is compact on
BC(R*) whenever K € L'(R").
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64 C. van der Mee et al.

Proof Tt is easy to see that K is a bounded linear operator on L”(R™) with
norm bounded above by ||XC||;. In fact, this is a straightforward estimate for
p = 1 (using the convolution theorem), p = 2 (using the unitarity of the
Fourier transform), and p = 400 (trivial). It follows for the remaining p-
values by the Riesz interpolation theorem. Next, if L € W1 (R™), then for
j=0,1,..., m we have

o0
KNV0) = [ d:KOG+af@. v e R,
0
in the distributional sense and therefore

KNI, < IKDNIfll,,  f e LPRY).
As aresult,for 1 < p < 400 we have

1/p 1/p
m m

WK flpan = | D NEADDIE | < | DUKDUT | 1S,

Jj=0 j=0
(m+ DI mll £l < (m4 DYPNK Ll £l -
For p = 400 we have | K flloom < IKIILmll flloo < N1 mll flloo,m-

The compactness of K on L”(R*) and BC(R™) under the condition K €
L'(R) is a well-known result ([11], Lemma XII 2.4, its proof generalized to
p € [1,0]). When K € WI(R*), we have K) e L'(R*) and hence the
integral operator K/ of the type (3.1) with kernel function X/ is compact
on L?(R*) (j = 0, 1,...,m). Thus choosing a bounded sequence { f,,}°2
in L?(R*) one can extract a subsequence { f,, }7>, and find {go, ..., g} in
L?(R™") such that, for j = 0,1,...,m, ||K(j)fnk —gjll, > 0ask — oo.
From the fact that the (distributional) differentiation operator on L?(R™) is
closed it follows that g; = (d /dx)’ gy in the distributional sense. As a resullt,
I|K fu, — &ollp,m — 0as k — oo, which proves the compactness of K as an

operator from L”(R™) into W»"(R™). O

IN

To determine if {R(k), {xj,cj }ﬁ l} are scattering data for a (unique) Fad-

deev class potential, let To(k) be the unique continuous function of k € Cc+
such that k/ Ty(k) is analytic in k € C*, To(k) — 1 as k — oo in C*, and
To(k)To(—k) = 1 — R(k)R(—k) for k € R (cf. [8]). Put

k+ix;

L) =
k—l.Kj ()

T (k)
T T(=k)

N
T(k) = To®) [ ]

Jj=1

R(=K).

Then { R(k), {x;j, c; }ﬁ l} are scattering data for a (unique) Faddeev class po-
tential [18,17,1] if and only if
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Structured matrix algorithms for inverse scatteringon the line 65

R(—k) = R(k) fork € R,

R(k) is continuous for k € R,

-1 < R0) <1,

the function k/ T (k) is continuous in C+,

R(k) < 1—C(k?/(1 + k?)) on R for some positive constant C,
R(k) = o0(1/k) as k — +o0,

the functions R and L are absolutely continuous, while

Q=0 0 o

/ dy (L4 YD (RO +120)) < 400, a R,

def

h. Fj =tjc; > 0 for l.l‘j = RCS,'Kj T(k) G=1,... ,N)
When {R(k), {xj,cj }ﬁ l} are scattering data for a Faddeev class potential
V(x), then {L(k), {xj, 1/c; }j/.\i l} are scattering data for a Faddeev class po-
tential (namely, for V (—x)).

The following result is well-known, as far as unique solvability in L' (RT)

and L?(R*) is concerned (see [6,8,9]). The other statements follow from it by
the compactness of the integral operator and the symmetry of its kernel.

Theorem 3.2 Let {R(k), {xj, cj }j/.\i l} be scattering data for a Faddeev class
potential. Then, for 1 < p < oo and any x € R™, the integral equation

G (y) +/ dzQ(2x +y +2)Ci(2) = Fi(y), y€eR™, (3.2)
0

is uniquely solvable in L?(R") for any F; € LP(R"). Moreover, if Q; €
WLm(RY) for some m € N, then (3.2) is uniquely solvable in WP (R*) for
any F; € WP™(R"). Analogously, for 1 < p < oo and any x € R~, the
integral equation

G0 + / 420 (“2x+y+9C, () = F(), yeR', (33
0

is uniquely solvable in LP(R") for any F, € LP(R"). Moreover, if Q, €
Whm(RY) for some m € N, then (3.3) is uniquely solvable in WP™(R™") for
any F, € WP'™(R™).

With F standing for the Fourier transform operator, it is well-known [15]
that F maps the orthogonal decomposition L*(R) = L?(R™)@L?*(R*) into the
orthogonal decomposition L*>(R) = H? (]R)GBH}r (R), where the spaces HZ(R)
are the Hardy spaces of analytic functions f on C* for which sup,_, || f(- £
ib)|l, < 4oo. Letting Q stand for the natural projection of L?(R) onto
Hfr (R), j, for the natural imbedding of L?(R™) into L?(R), and J for the sign
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66 C. van der Mee et al.

inversion (J f)(k) = f(—k), we can write the Marchenko integral operator K
in (3.1) on L2(R*) in the form

Kf =F 0. (KIFj,f),

where F~! maps Hi(]R) onto L>(R™) and K is the Fourier transform of K.
As a result,

1K | 2@ty 2@y < INF{IK = @lloo : ¢ € HZ(CT)},

where H*°(C™) is the Banach space of bounded analytic functions on C~,
which can be compared to functions of k € R through their almost everywhere
existing nontangential limits in & € R. In fact, equality holds according to the
Hartman-Wintner theorem [14]. Therefore, if there are no bound states, then
the Marchenko integral operator in (3.2) has the spectral radius

min  esssup |R(k)e'™ — ¢ (k)|.
peH>(C™) keRp ) (0

As aresult, if R(k) € [r_,r ] for =1 < r_ < ry < 1, then by choosing
¢pk) =1-— —[rJr —r_ ] we see that the Marchenko integral operator in (3.2)
has a spectral radius < 3 Liry —r_].

Because of the compactness of K on all of the function spaces mentioned
above, the result remains true on these spaces. Indeed, let E and E be two of
these function spaces, let K be compact on either, and let / — K be invertible
on E. Then E N E, which is dense in both E and E, is a Banach space when
endowed with the sum of the norms on E and E and K is a compact operator
on E N E. Since Ker (I-K)={0}onEN E, the Fredholm alternative implies
the invertibility of I — K on E N E. Then the density of E N E in E implies
that / — K has a dense range on E. By the Fredholm alternative, I — K is
invertible on E , as claimed.

3.2 Explicit solutions in the rational case

If the reflection coefficient R (k) is a rational function satisfying the character-
ization conditions (a)-(h) for corresponding to a Faddeev class potential, then
there exist real matrices A, B and C, of sizes p X p, p x 1 and 1 x p, respec-
tively, such that A does not have zero or purely imaginary eigenvalues and the
realization (2.7) is valid. Letting PJ(4+) and PJ([) stand for the projections onto
the maximal A-invariant subspaces of C? on which the restriction of .4 only
has eigenvalues in the right and left half-planes, we have

R(y) = CE(y; —A)B, (3.4)
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Structured matrix algorithms for inverse scatteringon the line 67

where
+Ce‘yAPJ(4+)B, y >0,
E(y; —A) =
—Ce_yAPJ(Ll_)B, y < 0.

We now easily arrive at the following result (cf. [3]).

Theorem 3.3 Let { R(k), {x;j, c; }j/.\i l} be valid scattering data satisfying the
conditions (a)-(h), and let R(k) have the realization (2.7). Put

B .
) 1 A =A@ diag(ky, ..., k),
5= : éz(Ctlcl...thN).

1

Then for x € R* the unique solution of the Marchenko equation (2.1) is given
by

Bi(x,y) = —CEQx + y; —A)[I + XECx; —A)]"'B,
where

o
X = / dy E(y; —A)BCE(y; —A). (3.5)
0
For x € RT the corresponding potential is given by

V(x) = —4CEQx; —A)[I + XEQx; —A)]™
All + XEQx; —-A)]'B. (3.6)

Proof From (3.4) and (2.4) we easily derive that
Qu(y) = CE(y; —A)B, (3.7)

where E(y; —A) = E(y; —A) & diag(e ™", ..., e ) for y > 0. Further,
for x € R the integral equation (2.1) has a separated kernel and hence

Bi(x,y) = —CEQx + y; —A)[B+ /Ooo dz E(z; —A)BB)(x, 7)],
which implies that
[1+XEQx; —A)] /0 h dy E(y; —A)BB,(x,y) = —XE(2x; —A)B,
which immediately gives (3.5). Equation (3.6) then follows using (2.3). |
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68 C. van der Mee et al.

4 Discretization schemes and algorithms

In this section we introduce an approximation scheme which makes use of an
exact calculation of integrals of the type fooo dz K(y + 2)s(z), where s is a
quadratic spline, and prove its convergence in several Sobolev spaces. When
these integrals can be evaluated exactly, as in all of the examples given in
Sect. 5 except for Example 5.3, the resulting linear system is of diagonal-plus-
Hankel type. Moreover, we describe an algorithm for solving Eqs. (2.1)—-(2.2)
and (2.5)—(2.6) which relies on the evaluation of these integrals by composite
Simpson quadrature, thus leading to Nystrom’s method [16]. In all cases the
resulting linear system is of diagonal-plus-Hankel type. The former method,
to be described in Sect. 4.1, leads to an approximation error of the type

/0 dz K(y + 2)[(I — 1) f](2),

with IIr defined below in (4.2), whereas the second method, to be described
in Sect. 4.2, leads to the additional quadrature error

Az&WAHom@+wﬂ@.

which is of the order of the square of the step size.

4.1 Convergence of the approximation scheme
By a mesh we mean a set of the form
IF'=0=xg<xi<xp<...<x;, <...<+400}, 4.1)

where x, & 4o00asn — o0. The points x, are called division points. We write
hj=x;—xj_1(j =1,2,...). For each mesh we write ||I'[| = SUp;eN hj.

Given the mesh T of type (4.1) and a continuous function f : Rt — C we
define its corresponding quadratic spline interpolant as:

(v = 3lxjo1 +x,1) (v — x))
/2

1 O —x-00 —x;))
— f(z[xj—l +xj]) Ih;/4 J

(ITr H) =f(xj-1)

(v —x;2)(y — 3lxj-1 + x;))
h%/2 ’

+ f(x)) (4.2)
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Structured matrix algorithms for inverse scatteringon the line 69

wherex;_; <y <x;forj=1,2,3,...,. Using a C*-function g of compact
support to compute ((Ir f)' f, g) = —(IIr f, ') and g(x¢) = g(0) = 0, we

obtain (in the sense of a function defined a.e.)
1 3
— (3%j-1+3%)
15 /4

1 v = 3lxjo1 4]
13051 +1) s

(M) () = 1)

- (3xj-1+3%)
ns /4

+f(w)y , 4.3)

where x;_; <y <xjand j =1,2,3,.... For details see Appendix B.
By an allowable sequence of meshes we mean a sequence {I',,} 7, of

meshes
Fp=0=x <x" <xi <...<x <...<+400},
[,,, Lo SR
Wl =xt—-xily, j=L2,...,

where
lim ||| =0.
m— 00

Given the integral operator K defined by (3.1), we now define the approx-
imant Kt of K as:

(Kr f)(y) = (Irg)(y),

00 (4.5)
g(y) = /0 dz K(y +2)(IIt f)(2).

Proposition 4.1 Let 1 < p < oo. Then for any allowable sequence of meshes
{Tm},_, we have as m — oo

IK — K, [l = O(ITwl) (4.6)
if K € WH2(RY), in the operator norm of any of the Banach spaces WP (RY).
Proof Writing K1, = Ilt, KIIr, we have

K—Kr, =K —1r,)+ U -, )K — (I =TI, )K(I —1IIr,,). (4.7)
We estimate each term separately as depicted in the following diagrams:
wrlRY) 2 Lr(RY) —s wrlRY),
WP RY) — s WPARY) 2 WrL(RY),

WPLRY) LN LP(RY) SN WP2(RY) VN WP LRH).
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The first estimate requires X € W (R*), the second and third require K €
WL2(RT), and Lemma A.2 and the p-additivity of the L”-norm are applied to
get the norm estimates on / — Ilr, . In all of these cases we only need Ilr, f
and (Il f)’ for continuous f, but no higher order derivatives of Il f.

Indeed, applying Lemma A.2 to each interval (x7_, x7) for j = 1,2, ...
and Proposition 3.1 for m = 1, we obtain, for 1 < p < oo,

X

K =T 717 < UK e 3 [ dyild =) 7 ]o0r
j=1 /i

o0

3 P Xj
< (||K||LP—>WP~1)pZ (Zhj) / dy|f'I°

Jj=1

3 .
<2 Z”’C”l,l”rm” (AP

so that, for f € WP I(RY),

1K (L =TIr,) fllpa < 2YPAT Wl f 1l .- (4.8)

Next, using the facts that K acts as abounded linear operator from W7-1(R*)
into W?2(R™) whenever K € W!?(R*") with norm bounded above by || K|,
and that / — IIr,, acts as a bounded linear operator from W?*(R") into
WP L (R*) [see (A.13a)] with norm of the order of O(||T,||), we see that,
for f € WP L(RY),

I =T, K fllpa < 3YPITulIK 20 f 1 - (4.9)

Also, using the facts that / — I, acts as a bounded operator from W 7! (RT)
into L?(R*) with norm of the order of O(||T,,||), that K acts as a bounded
operator from L”(R*) into W?-?(R*) whenever K € W!?(R*) with norm
bounded above by 3/7||K|| 12, and that I — Ilp, acts as a bounded operator
from WP7-2(R*) into W»! (RT) with norm of the order of O(||T',,.|), we have,
for f € WP L(RY),

I =T, )K= TI5,) fllpa < 32Tl 2l f 1l p.i- (4.10)
From (4.8)—(4.10) we immediately obtain (4.6). |

The unique solvability of the Marchenko integral equations implies that,
under the conditions of Proposition 4.1, the solution of the discretized equation

(I + Kr,)B,, = —IIr,, W 4.11)
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converges to the unique solution of the Marchenko integral equation
I+ K)B=-W

in the norm of the function space WP?'!(RT), irrespective of the choice of
W e WP2(RT).

Theorem 4.2 Let 1 < p < oo and let I + K be invertible on L? (RY). If K €
WUL2(RY), then for any allowable sequence of meshes (L)oo there exists
mo € N such that, for m > myg, (4.11) has a unique solution B,, € W»'(R")
for any W € WP2(RY). Moreover, for m > mg we have

1B — Bullp1 = OUKI ATl IWI,2), (4.12)
where the order constant does not depend on m > mg and B € WP2(R™).
Proof The invertibility of I + K on W»>!(R™) and the relation

lim |K — K, ||qul

B
m— 00 - we

=0

imply that, for sufficiently large m, the inverses (I + Kr,)~' exist and are
uniformly bounded on W7:!(R™):

1+ Kr,) ™ oy o < €0, m > mo.

Now let B,, € W»!(R*) be the solution of (4.11). Then for m > my it follows
that

1B — Bullp1 < coll(I + Kr,,)(B — Bu)llp.1
< co(Il(I + K)B = (I + Kr,)Bullp1 + II(Kr,, — K)Bll5.1)
< co(IIW = T, Wi, + 35T, I 20 Bl p.1)
< OUTul 1K (W2 + 1Bl p.1)
< O(ITwull IKT2DINW 2,
which establishes (4.12). O

4.2 Applying Nystrom’s method
Apart from (4.5), we now consider the Nystrom approximation scheme [16]
o
K0 = [ dz (KT .2
0
(K" (@) = K@y + ) fO1Q).
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Given the mesh (4.1) and putting 2_; = h,+; = 0, it is easily verified that

n+1

o0 hj hj
| avaenm =3 = p)
j=0

hy ) 1
+ ?f(xn) + /Z:;‘ ghj—lf(z[xj—l +x4/])

is the result of truncating f for y > x, and integrating f over [0, x,] by
Simpson’s rule. Here we note that the sum of the weights equals x,. Thus, the
integral in the integral equation (I — K)B = —W is confined to the interval
[0, x,,] and evaluated by Simpson’s quadrature rule.

Fix M > 0. Let {T',,};_, be a sequence of meshes such that

I,={0=xy <x" <...<x, =M}, lim max (" = xj_) =0.

m m—00 j=1,...,n,
(4.13)
Then it follows from [16, Theorems 12.2 and 12.4] that the sequence of quadra-
ture rules corresponding to such a sequence of meshes is convergent in the sense
that

M
lim ; dy[f(y)— I, /)(y»)]=0

n—

for every f € C[0, M]. According to [16, Theorem 12.8], the sequence of
integral operators {K ""}°°_, is collectively compact and converges pointwise
to the integral operator K & defined on C[0, M] by

M
(K™ f)(y) = /0 BzKG+f@. 0<y<M. “4.14)

In the sequel we write y 4 for the characteristic function of the set A.

Theorem 4.3 Suppose K € WH (RY), W € BC(RY), and that the homo-
geneous equation (I + K)f = 0 has only the trivial solution in L*°(R™).
Then, for sufficiently large M > 0 and for any sequence of meshes {I',,}>°_,
satisfying (4.13), there exists my = mo(M) € N such that the equations

M
By () + 21040(») /0 d2K(y+2)Bu(D) = —W(y), y 20,

and, form > my,

(I + Kr,,))Bymy = —Ir,, (Wlio,mn)

have unique solutions By € L*®(RY) and Bj,,; € C[0, M], respectively.
Moreover,

lim || B — Bulloo,jo,m] = O for sufficiently large M, (4.15)
m— 00
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where || f oo j0,m] = SUDye10,Mm] | f(x)], and
lim ||By — Blleoc = 0. (4.16)
M— o0

Proof For M > 0 define K™ = Py, K Py : L*(Rt) — L®(R"), where

fx), xel0,M],

(P f)(x) = [0 e M

Since Py has unit norm on L*(R™), for f € L*(R™) we can estimate

|Kf =ROF| < IKS = KPuflloo+ I1Pu(KS = K Puf)loo
< 2|Kf = K Puflos

o0
=2 sup / dzK(y+2)f (2
y>0 M
o0
< 2||f||oo/ 1K@,
M
which vanishes as M — +o00. This means that
lim ‘K _ 12<M>H —0. 4.17)
M— oo L®(Rt)— L®(RT)

Consequently, since I + K is invertible on L>°(R*), the operators I + K ™)
are invertible for sufficiently large M.

To prove that the operator I + K M) . C[0, M] — CI[0, M] defined by
(4.14) is invertible for sufficiently large M, it is sufficient to show that, for
sufficiently large M, the homogeneous equation

fFH+KMF=0 (4.18)
has only the trivial solution in C[0, M]. Indeed, if f € C[0, M] is a solution
of (4.18), define
f(x), xel0,M],

0, x> M.

Then, since Py, is a projection operator, we have
0=f+K"f=Pyf+PuKPuPuf=(1+K")Pyf.

Due to the invertibility of 7 + K™ on L®(R™) for sufficiently large M, we
obtain Py f = 0 and hence f = 0, thus proving the uniqueness statement.
Let B and By, denote the solutions of the equations (/ + K)B = —W and
(I + IE(M))BM = — W, respectively. Then, due to (4.17), || Byy — Blloo = O as
M — +oo. With the help of [16, Theorem 10.9] one obtains the convergence
(in the norm of C[0, M]) of B, to the restriction of By, to the interval [0, M].
Thus we have proved (4.15) as well as (4.16). |

Jx) =
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The choice of M is not an easy task. However, in our numerical experiments
we found it effective to choose M such that [|XC y[pr,00) 11 = [IT]l, where y[a,00)
is the characteristic function of [M, co). This choice of M is motivated by the
fact that, on the one hand, |[K — K™ || = O(lIK xim,)l1) and, on the other
hand, | K — Kryll = O(IT ).

4.3 Algorithms

Our numerical method is based on Nystrom’s method, i.e., on the evaluation of
the integrals in (2.1)—(2.2) and (2.5)—(2.6) by Simpson’s method for y € (0, a)
for sufficiently large . When applied to (2.1) by selecting an odd integer n and
a step size h such that (n — 1)k = a, by takingx; = ({ — Dhforl =1,...,n,
and by selecting y; = (i —i)h fori = 1,...,n with (n — 1)h = « for each
given [ value, we obtain the linear system

B+ HydiBj=-H;, i=1.n, (4.19)
j=1

where
N

H; = Ié(le + (@ — l)h) + Z tscse—KS[Z)q-i-(i—l)h]’
s=1
dy = d, = (h/3),d; = (4h/3) fori =2,4,6,...,n—1,and d; = (2h/3) for
i =3,5,7,...,n— 2. Thus the linear system (4.19) has the form

(I +HD)b = —w, (4.20)

where [ is the identity matrix, H = (H;1;);,;_; is a Hankel matrix, D =
diag(d,, ..., d,) is a diagonal matrix, and w is a known column vector. After
the computation of By, the application of the same technique to (2.5) leads to
a linear system whose matrix is exactly the same but whose right-hand side
is different. For this reason the analysis of the algorithm is focused on the
solution of (2.1). We note that solving Eq. (2.1) and then Eq. (2.5) leads to
more accurate results than computing V (x) by numerical differentiation of B,
without increasing the computational complexity of the algorithm.

When there are no bound states, the Marchenko equations (2.1) and (2.2)
can be solved uniquely by iteration in a variety of function spaces [6,8,9,17].In
this case the linear system (4.20) is solved by Richardson iteration [12], since
the Marchenko integral operator is a strict contraction. When there are bound
states, the Marchenko integral operator is a strict contraction plus a positive
selfadjoint operator of rank A/, which makes (2.1) and (2.2) uniquely solvable
in many function spaces ([9], also the discussion at the end of Sect. 2). In this
case the Hankel matrix H can be written as the sum H = H® + H® of a
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Hankel matrix for which H® D is contractive, and a positive Hankel matrix
of rank /. We then solve the preconditioned system

(I+1+HODI'"H®D)b = —[1 + HOD] w,

by Richardson iteration. The Hankel matrix-vector products arising during

execution are computed by applying the FFT, leading to a reduction of the

computational complexity from O (n?) [foreach x]to O (n log(n)) [for each x].
If there are no bound states, the linear system

[1 + H®D]p = -0
can be solved by the Richardson iteration scheme:

~(r)
b " = Db,,
B = —— HOR. @20

Then the absolute error b — b of the r-th iterate behaves as follows:
b—b"*"=[-w—-H®Db]+0+HPDL" = —-H®D([BH - b").
Therefore,
b—b" = (=1 D™D HPD'*ID'*(b — b).
Consequently, the relative error decreases exponentially in 7, i,.e.,

Ib =67

———— < |[D”'2| DA I D*PH® D",
16— bO

where || D'/?2H® D'/2|| coincides with the spectral radius of H® D, because
of the selfadjointness of D'/>2H® D1/2_ 1t should be observed that in (4.21)
the first line can be implemented in O (r) operations and (by FFT) the second

line in O (n log(n)) operations for each iteration step. To get the relative error
6 — 0P| /16 — b?| below & > 0 we need about

log (D] 1D~"2| /¢)
log(1/IID'2H®D/2|)

iterations.

Now note that || D'/?|| || D~!/2|| equals the square root of the ratio between
the largest and the smallest weight, namely g = 2 for Simpson’s rule. Writing
A = A(h) for the value of || D'/2?H® D'/2|| we need about

log(q/¢)
log(1/A)
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iterations, where ¢ = 2. Richardson iteration works properly only if
IDVZH®DY?| = Ah) < 1. (4.22)

This condition is satisfied, since A (k) tends to the spectral radius of K (which
is less than 1) monotonically as 2 — 07. Hence the iteration scheme works in
the approximately

log(1/IID'>H® D)

log(1/¢)
iterations needed to attain a relative error of less than .
If there are A/ bound states, we should solve the full linear system

[ +{H™ + HP}D]b = o0, (4.23)

where H %) is a Hankel matrix of rank A such that the nonzero eigenvalues if
H® D are all positive. This means that linear systems which are of the form
[l + HYDlb = —b can easily be solved uniquely in O(N/?) operations,
without using any of its structure apart from its rank. We then write (4.23) in
the form

b=—-w—H®Db,

[+ H(K)D]b = b,
which can be solved by the Richardson iteration scheme:
=(r)

b
E(H_l)

b(r)
H(R)b(”)
b(r+l) — [I + H(K)D] lb(i’-‘rl)‘
The rate of exponential convergence is determined by the spectral radius of
the matrix
[1+H®D]'H®D,
which equals the spectral radius (and hence the norm) of

[I+Dl/2H(K)Dl/2]—1/2D1/2H(R)D1/2[I+Dl/2H(K)Dl/2]—1/2’

which is strictly less than the spectral radius of H® D, due to the nonnega-
tive selfadjointness of D'/2H ) D'/2_ Thus taking into account bound state
information tends to accelerate the Richardson iteration scheme. Once (4.22)
is satisfied, the iteration scheme works in the approximately
10g (1/”[1 + Dl/2H(K)Dl/2]—l/2Dl/2H(R)Dl/Z[I + Dl/2H(K)Dl/2]—l/2”)
log(1/¢)

iterations needed to attain a relative error of less than ¢.
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To compute the inverse of the matrix I + H®) D, we first observe that
H®D =vuvT,

where U and V are the real n x N matrices given by

Uis = tscse_KS(i_l)h:
Vi, = wjesU=Dh,
i,j =1,...,nand s = 1,...,N. According to the Sherman-Morrison-

Woodbury formula ([12], Sect. 2.1.3), we have

(1+H®Dp)™

= lixn — U(I + VTU)_IVTa

where (I + VTU)~! is an N' x N-matrix which is to be computed before
performing the iterations. As a result, we have O(n log(n)) operations per
iteration, as if there were no bound states.

5 Numerical results and conclusions
5.1 Numerical results

In order to assess the effectiveness of the method proposed, we carried out
extensive experimentation on various models, some of which are quoted in the
literature. More precisely, we considered three models without bound states,
a model with one bound state, and a model with two bound states. The re-
sults are presented in Figs. 5.1-5.5 in logarithmic scale (except for Fig. 5.3).
Furthermore, the results presented were obtained by taking a = 10.24, which
correspondston =2'"+ 1land h = ﬁ. These values of @ and n correspond
to a choice for which ||, || and || y1.) |1 are essentially equivalent.

Example 5.1 Following [2] we consider the Schrodinger potential without
bound states, where

(k + i)k + 2i)(101k% — 3ik — 400)

R(k) = , , . : :
(k — i)(k — 2i)(50k* + 280ik* — 609k* — 653ik + 400)

Then for y > 0 we have

A 3 4 .
R(O) = —Ze™ + ge‘zy, L) = (8= 632)e™V2.
Moreover, for x > 0 the potentials V (x) and V (—x) are given by (3.6), where

A=A= diag(1, 2), B=B= (}), andC =C = (—% %) [for V(x)], and

@ Springer



78 C. van der Mee et al.

A=A=(v2),B=B=(1),and C = C = (8 — 65/2) [for V(—x)], which
corresponds with the expressions given in [2].

Figure 5.1 highlights the effectiveness of the algorithmillustrated in Sect. 3.1.
Indeed, it shows the behavior of both the analytical expression for the potential

for x > 0 and the potential computed by solving (2.1) and (2.5) as explained
above.

0 2 4 6 8 10

Fig. 5.1 Potential without bound states and with exponentially decaying Marchenko kernel:
numerical (blue) and exact (red) results

Example 5.2 We next consider the potential without bound states whose Mar-
chenko integral kernel for x > 0 is given by (3.4), where

~ 21 ~ 1 5
A=A=(_12), B:B(l), G=c=(i1).

Then

) — e (L cosr) - s
R(y)=e" (10 cos(y) 10 sm(y)) :

Figure 5.2 gives a geometrical idea of the accuracy of the results for this
model.

Example 5.3 We now study the Schrodinger potential without bound states,
where R(k) = ywe ¥ for yx € [—1, 1). Then, for y > 0, we have

I

R(y) = ——,
) 1y
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-30

0 2 4 6 8 10

10

Fig.5.2 Potential without bound states and with oscillatory Marchenko kernel: numerical (blue)
and exact (red) results

where the spectral radius of the Marchenko integral operator is bounded above
by |y |7 /2. In this case no explicit solution of the inverse scattering problem
is known. Further, as a — +00, we have

={1/a)[1 +01/a)].

l+a2

/ dy (RO + 1R ()]) = arctan(1 /a) +

Example 5.4 Here we consider the Schrodinger equation with one bound state
poleatk = ix,norming constant I'y = #;c¢; = I' > 0, and reflection coefficient

Fig. 5.3 Potential without bound states and with algebraically decaying Marchenko kernel:

1
numerical results for y = —— (blue), y = —= (red), y = ——— (green)
T 8 25
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from the right and transmission coefficient

2y B
RO = 177
T = k+ipJTH20 7Pk +ipJT =20 /B)) k +ix

(k +ip)? k—ix’

where —1 < 2(y /B) < 1. Then R(y) is given by (3.4), where A = (),
B = (1), and C = (y), while

A:(gg, B:(D’ E=(y ).

The Marchenko integral kernel is given by
Q) =ye ™ +Te™, y>0.

The numerical and analytical results (for f = 1, y = —%, x = 2, and
= %) are presented in Fig. 5.4.

-10
5

-10

-10

-10°

0 2 4 6 8 10

Fig. 5.4 Potential with one bound state and exponentially decaying Marchenko kernel: numer-
ical (blue) and exact (red) results

Example 5.5 Lastly we consider the Schrodinger equation with two bound
state poles at ix; and ix,, norming constants I'y = #tjc; > O and I', = t,¢; >
0, reflection coefficient from the right R(k) = 2y 8/(k* + B?) with —1 <
2(y /B) < 1, and transmission coefficient

(k+ i1 +20 /B Kk +ifJ/1=2(y /B)) (k + iKy)(k + i)
(k+ip)? (k —ir))(k —iny)

T(k) =
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Then the Marchenko integral kernel is given by
Q) =ye +T1e™ +Te™,  y>0,
which can be written in the form (3.7), where

_ (00 ;

1
AZ OK]O ) B = 1 , (f:(yl“ll“z).
00K2 1

The numerical and analytical results (for f =1,y = é, K =
I't =3, and I'; = 6) are presented in Fig. 5.5.

0 2 4 6 8 10

Fig. 5.5 Potential with two bound states and exponentially decaying Marchenko kernel: nu-
merical (blue) and exact (red) results

5.2 Conclusions

Our numerical experiments highlight the effectiveness of the numerical al-
gorithm, as might be expected from the convergence properties of the spline
approximation to the exact solution of the Marchenko integral equation. Fur-
thermore, in the absence of bound states the Marchenko integral operator has
spectral radius less than one in suitable Sobolev spaces and therefore this is
also the case for the iteration matrix in the Richardson iteration. When there are
bound states, the bound state part of the Marchenko integral operator makes
its spectrum shift to the right and hence the corresponding matrices have the
same property, which leads to a preconditioned Richardson iteration matrix
of spectral radius less than one. As a result, starting from 5© = (0, ..., 0)7,
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we always obtained good results with few iterations: at most 15 for the al-
gebraically decaying case (Example 5.3) and at most 10 in the exponentially
decaying cases (Examples 5.1-5.2 and 5.4-5.5). We emphasize that the com-
putational complexity of our method is O (n log(n)) for one x value, whereas
it is O(n?) in all the methods for solving the Marchenko integral equation of
which we are aware [2].

We remark that in the cases considered we have essentially the same results
obtained with the same computational complexity if we adopt the approxima-
tion scheme based on the approximation of K f by Kr f.

Acknowledgments. The authors are greatly indebted to Prof. Peter Junghanns for several useful

remarks which have led to a substantial improvement of the contents of the paper, in particular
for the formulation and proof of Theorem 4.3 on the Nystroém method.

A Appendix: auxiliary approximation results

In this section we obtain results concerning the approximation by quadratic splines needed to
study the convergence of our discretization schemes.

Consider a, f,y € Rsuchthata < fand y = %(a + p),andputh = f —a. Fora
continuous function f : [a, f] — C, the unique quadratic polynomial S, f passing through
the points (a, f(a)), (f, f(B)) and (y, f(y)) is given by each of the three identities

(S2/)x) = f(x) — En(f3 7, %)
N En(f57,.B)x—a)x =y)+ Ea(f5y,0)(x = B)(x —7)
h2/2

s (A1)

where n = 0, 1, 2. Here E,, (f; y, x) is the n-th order remainder term in the Taylor expansion
of finy,ie.,

n ) .
F) = EO L20) =3y 4 B3 7,0, (A2)
where
En(f:7.0) = — / di (x — 1" F0 D 0), (A3)
n! y

provided that f € C (1+D[q, £1. Throughout the appendix norms are taken in function spaces
over the interval [a, £].

The estimate (A.4) in the following lemma can be proved in a straightforward way for p = 1
and p = oo and by interpolation for 1 < p < oo. The estimate (A.5) follows by applying
Holder’s inequality.

Lemma A.1 For generaln =0,1,2,...and1 < p < +00 we have

IEn(f357,)llp < Rt D (A4)

20+ (n + 1)!

@ Springer



Structured matrix algorithms for inverse scatteringon the line 83
and
/DAL N p, n=0,
1
l+q 1
711||f I, n=1,
IEn(f575)lloo <7 (¢ + D1/92'Fd (A5)
1
hn+3
0, n=0,1,2,...
nl(ng + H1/a2"q
whereq = p/(p — 1).
We now easily obtain the following result.
Lemma A.2 Forl < p < 400 we have
11 —1/p |4 3.
If =& fllp <h 5+Z(P+1) IIfIIpSZhIIfIIp, (A.6a)
2|1 1 -1/p /" Loy
If =S fllp <h §+§(P+1) Lo Np < Zh L1 ps (A.6b)
3[, 1 ~Un| O, < 23| B
If=S2flpsh’ |5+ 3—2(P+ DTYPLFp < %h‘ 11 p, (A.60)
while, for p = 400, we have
3 /
If =82 flleo < Ehllf lloos (ATa)
3 20 £
If =82 flleo < gh ILf loos (A7)
1
If = S2flloo < 5h* 1 Plloo (AT0)

Proof We begin by deriving the estimates
C=BC=»lp=1C=)C=)lp

n\2*7
(_) Kp’ 1 S [7 < +OO5

Y p:+OO,

where

1 1 1/p
Kp:|:/ z”(l—z)”dz—{—/ z”(l-{—z)”dz} .
0 0
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For1l < p < 4+ocoandn =0, 1,2 we have [cf. (A.4) and (A.5)]

1
1/ =82y _ NE(f57p 4 IEn(fi7 oo, (B)F7
IFeDy, = ey, R ey, Y

2

hn+l K hn+l
< + L
21+l(n + 1)1 nl(ng + 1)1/92n+1
< hn+l 1 + KP
- 2l 4+ 1)1 ni2ntl |7
where K, is as above. On the other hand, for p = co and n = 0, 1, 2 we have [cf. (A.5)]

If = Saflloo _ NEn(f37: oo, o 2 NEn(f3 7, )0 h?
1@ D)o = 0D h2 | fetD) e 2

1
< 3Cnhn+ 5

where ¢ = %, cl = % and cp = %, as claimed. O

We now compute the derivatives of the spline interpolants. First we have

d . _ f/(x)’ n=0,
EE”(f’V’x)_{En_l(f’;y,x), n=1,2,3,.... A8
From (A.1) we find that
') = (S2/) ()
_fm_%0wﬁm—@h+%Ummu—%%
a h2 /4
E\(f;7, B — L)+ E(f5 7, 0)(x — E52
= Eo(f'sy.x) — 157, B = = 22/410’ 7, 0)(x 5)
Ex(fi7. P — S0y + BEx(f1y. )0 — B2
B (fy.x) — 2057, Hx— = 22/420’ 7, 0)(x 5 )’ (A9)
as well as that
17 Vi 17 E 5V E 5V
) = S ) = £6) = OUVVﬂ2$4“f}’”
_ s ELGy. D+ E(Sy,9)
= f(x) 124
_ " By, P+ E(fy.9)
= Eo(f"5y,%) 124 . (A.10)
Using the fact that
‘._Eil_ | e+
2 p_ 2
A TR e BV
I , 1<p<+oo,
=1 45 nr
%h, p = +oo,
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we obtain
/ / , [3p+1+1]1/p /
“f —(S20) ||p§“f“p|:l+w S4“f|p, (A.11a)
1 / [3p+1+1]l/p
l f/_(Szf)/HpSEth’”p[1+21/p(p+1)1/P(q+1)1/q R
ptl 1/p
I/~ 71, < 1O, | 14 2]
2 (p+ )P (2 + 1)/
11
< ah2||f(3>|p, Ao
1+1
" " ” 2°"p .
1#7 =0, < 1", | 1+ oy | <5170 (A.12a)
! 2l/p 3
" _ /7 : 3) 2 3 @)
1=yl < 3, [ G2 <,

We now arrive at the result to be applied when proving the convergence of the discretization
method for the Marchenko integral equations. The constants can be chosen to be independent
of p € [1, +o0].

Theorem A.3 For1 < p < 400 we have

If =82 fllp,1 < consthll fllp,2, (A.13a)
If = S2fllp,1 < consth?| fllp.3. (A.13b)
If = S2fllp2 < consthl fllp 3. (A.13¢)

Proof Equations (A.6) and (A.11)-(A.12) imply that
Ilf =S2fllp1 < consthlf'l,1 <consthlfll,2,
If —Safllpa < consth?®|| f”|l 1< consth®| £l » 3

/
If =82 fllp,2 < consth| fllp2 <consth|flp3,

as claimed. O

B Appendix: distributional derivatives (IT1 /)" and (TT f)”

Puté; = %[x‘/_l +x;], where j = 1,2,3, .. .. Given a C*°-function g of compact support in
(0, 00) and denoting the right-hand side of (4.3) by H (y), we obtain, for a continuous function
f on [0, 00),
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<(Hl"f)/, g) = —<Hl"f, g’)

=3 [ oo
Xjfl

Jj=1

= =S W NGO, + > [ dy H3g)
j=1 j=17"%-1

== D> {f@xjgt)) — fxj—Dglxj—1)}

Jj=1

+3 [ ay o)
j=17%1
= FO0)gl0) = Jim FOn)gGn)+ Y. [ dy HG)gw)
j=17
= [~ 4y o100

Here we have employed the fact that g(xo) and all but finitely many g(x;) vanish, which yields
the absolute convergence of the first series in the fourth expression above. Thus (It ) (y) =
H(y)forae.y € RT.

Computing (TT £)" we obtain, for any C°°-function g of compact support in (0, 00),

(Tr ), g) = —((TIr ), g) = — /0 dy H)g'(»)

== D> HGEOhag, + > /

"y H (3)50)

j=1 j=170!

= S HEH - HEDIg + S [ aH o).
-1

j=1 j=1"%

Consequently, (ITT f)” is the sum of the piecewise constant function H’ and an infinite linear
combination of delta functions centered at each of the points x; (j = 1,2,3,...).
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