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Preface

Over the past 45 years we have seen a growing interest in integrable lin-
ear systems and their applications. These equations include the Korteweg-
de Vries (KdV), nonlinear Schrédinger (NLS), sine-Gordon (SG), modi-
fied Korteweg-de Vries (mKdV), Toda lattice, integrable discrete nonlinear
Schrodinger (IDNLS), Camassa-Holm (CH), and Degasperis-Procesi (DP)
equations. They have important applications to surface wave dynamics, fi-
bre optics, Josephson junction transmission lines, Alfvén waves in collision-
less plasmas, charge density waves, surfaces of constant Gaussian curvature,
traffic congestion, nonlinearly coupled oscillators, and breaking wave dy-
namics. The mathematics used involves techniques from fields as diverse as
functional analysis, Lie groups, differential geometry, numerical linear alge-
bra, and linear control theory. The mathematical problems studied range
from unique solvability issues in Sobolev spaces to analytical and numerical
solution algorithms to the derivation of conservation laws from hamiltonian
principles. The net result of this disparity in applications and mathematical
techniques has been the creation of an immense research area where math-
ematicians, physicists, and engineers, in other words scientists of various
pedigrees, can fruitfully work together towards a variety of common goals.

This book is based on a 20 hour minicourse given to graduate students
at the University of Cagliari in the early Summer of 2012. The philosophy
of this course was to discuss techniques to solve various integrable linear
systems by means of the inverse scattering transform (IST) method, where
the solution of the integrable nonlinear system is associated with the “poten-
tial” in a linear eigenvalue problem. Using the direct and inverse scattering
theory of the linear eigenvalue problem the time evolution according to the
integrable nonlinear system is converted into the time evolution of the scat-
tering data. The crux of the IST is that the time evolution of the scattering
data is so elementary that the IST method in principle yields an explicit
method of solving the integrable linear system. In certain cases the exact
solvability of the direct and inverse scattering problems allows one to derive
extensive families of exact solutions. Discretization of the direct and inverse
scattering problems leads to a numerical method to solve the integrable non-
linear system. It is the inverse scattering transform method that we wish
to highlight in this monograph. Although the analytical and numerical as-
pects of the IST are an important part of the research conducted by the
Numerical Analysis and Mathematical Modelling Group of the Department
of Mathematics and Computer Science of the University of Cagliari, in this
monograph we focus on its analytical aspects.

Over the years I have had the pleasure to collaborate with a variety of
capable scientists, many of which I have grown to value as friends. In the
first place I would like to mention Tuncay Aktosun (University of Texas at
Arlington) and Martin Klaus (Virginia Polytechnic Institute and State Uni-



versity) with whom I have worked on inverse scattering problems and later
on nonlinear evolution equations. Especially the collaboration with Tuncay
Aktosun has continued until the present day. More recently, I have collab-
orated with Francesco Demontis, Sebastiano Seatzu, Giuseppe Rodriguez,
and Luisa Fermo (University of Cagliari), and Antonio Arico (Second Uni-
versity of Napels) on the analytical (FD) and numerical (SbS, GR, AA, LF)
aspects. A still more recent collaboration regards Barbara Prinari (Uni-
versity of Colorado at Colorado Springs, University of Lecce) and Federica
Vitale (University of Lecce). In one way or the other these people, plus
countless others I have not mentioned, have contributed to this monograph.
The research itself has been financed over the years by various funding agen-
cies such as the Italian Ministery of Universities and Research (MIUR), the
Autonomous Region of Sardinia (RAS), the University of Cagliari (UNICA),
and the University of Texas at Arlington (UTA). Without the assistance of
these entities, it would undoubtedly have been much harder to maintain the
scientific contacts that have stimulated the research in such a major fash-
ion. I would also like to express my appreciation to the Italian Society of
Applied and Industrial Mathematics (SIMAI) for allowing the publication
of this monograph in their book series.

The monograph itself contains many well-known results, written up in a
different context, as well as new results. The philosophy has been to max-
imize the use of linear algebra in order to arrive at more concise equations
and proofs and to facilitate the development of numerical methods. On the
other hand, in spite of my background in functional analysis, the philosophy
has also been to minimize the use of functional analysis and to arrive at a
treatment that is mathematically as elementary as possible.

Cornelis van der Mee
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Chapter 1

Introduction to Integrable
Equations

In this chapter we introduce the principal examples of integrable evolution
equations. In particular, we discuss their Lax pairs, AKNS pairs, hybrid
Lax-AKNS pairs, and hamiltonian formulations.

1.1 A brief history of integrable equations

The documented sighting, in 1834 by the Scottish engineer John Scott Rus-
sell [1808-1882], of the solitary lump-shaped wave travelling along the Union
Canal between Edinburgh and Glasgow is generally considered to be the
starting point of the study of integrable nonlinear equations. Among Scott
Russell’s observations was the proportionality of wavespeed and height. The
observations were confirmed by conducting water tank experiments [87]. The
lack of a theory to explain these phenomena led the scientific community to
largely disbelieve Scott Russell’s idea of water waves propagating without
changing their shape.

A theory to explain Scott Russell’s observations was supplied by Joseph
Valentin Boussinesq [1842-1929], author of a well-known monograph on fluid
dynamics [25]. Describing water waves on an incompressible fluid sustaining
irrotational flow in the xzz-plane, in 1871-1872 he derived the shallow water
equation [23] 24, 25]

PhPh P {3;12 1 HQa%]

gz ~ 92 TG |9 T3 ap2

where the height of the water is written as y = H + h(x,t). Assuming

propagation in only one direction and writing w(x,t) for the wave velocity

and using conservation of mass h: + (wh), = 0, he derived the equation
owh 0 3 h?

——+gH-— |h+3 +1H2@ =0
ot I o 2 T3 g2 T
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Substituting into this equation the expression for w(z,t) [39], Boussinesq
should have arrived at the PDH

Oh 5 g 0 |4 121332h_
ot T2\ H ox [3Hh+2h ol G| =0

and derived travelling wave solutions of the type h(z,t) = f(x — ct), but in
fact he did not. In a more circuitous way, Boussinesq derived such travelling
wave solutions, which he coined “ondes solitaires,” and thus explained Scott
Russell’s observations theoretically.

A substantially more transparent derivation of shallow water equations
was given by Diederik Johannes Korteweg [1848-1941] and Gustav de Vries
[1866-1934] in 1895 [72]. Their equation is the Korteweg-de Vries (KdV)
equation

Ut + Uppr — OuU; = 0.

Their substitution u(z,t) = f(z — ct) led to the ODE
—cf'(z) + f"(x) = 6f () f'(x) = 0.
Integrating this equation once, they got
—cf(z) + f'(x) = 3f(2)* = A,

where A is a constant of integration. Multiplying by 2f/(x) and integrating
again, they got for a second integration constant B

—cf(2)* + f'(2)* = 2f(x)* = 2Af (x) + B,

which led to a separable first order equation. One family of solutions (for
A= B =0) is given by

u(x,t) =

where ¢ > 0 and a € R are suitable constants. This travelling wave function
satisfies the Scott Russell observation that the speed c¢ is proportional to
the height %C. Korteweg and De Vries also derived travelling wave solutions
expressed in elliptic functions (by taking A # 0).

The KdV equation is not the first integrable equation to appear in the
literature. In 1862 the French engineer Edmond Bour [1832-1866] derived
the sine-Gordon (SG) equation

Uyt = — sin(u)
T pz

'Boussinesq’s 1877 monograph [25] contains the KdV equation without the simplifica-
tions induced by proper rescaling. See Eq. (283bis) on p. 360.
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in the study of surfaces of constant negative Gaussian curvature K = —1/p?
[22]. This equation was derived by Bour from the Gauss-Mainardi-Codazzi
system for pseudospherical surfaces. In 1882 Béacklund [1845-1922] [15] dis-
covered a transformation that allows one to construct pseudospherical sur-
faces from other pseudospherical surfaces. In modern terms, these Backlund
transformations generate solutions of integrable equations from other solu-
tions of integrable equations, allowing one to find a hierarchy of solutions
by starting from v = 0. These Béacklund transformations were studied in
detail by Luigi Bianchi [1856-1928] [19, 20, 21].

On the KdV front there were few developments in the period 1900-1954.
In 1954, at Los Alamos, Fermi, Pasta, and Ulam [56] conducted numeri-
cal simulationsﬂ on coupled oscillations described by the coupled difference
equations

mm] = k(mj+1 +l’j*1 - 2$])[1 + a(l‘jJrl - $j71)]7 ] = 07 17' . 'aN - 1a

leading to numerical results which with hindsight can only be interpreted
as soliton interactions. The authors did not understand the lack of energy
equipartition inherent in the numerical results and therefore left the so-called
Fermi-Pasta-Ulam puzzle to a later generation.

In 1960 Gardner and Morikawa [61] rediscovered the KdV equation in an
analysis of the transmission of hydromagnetic waves. Another rediscovery
involved the pioneering work of Zabusky and Kruskal (1965) [I00] on the
Fermi-Pasta-Ulam puzzle, where the KdV equation was obtained as the
continuum limit of an anharmonic lattice model with cubic nonlinearity.
Zabusky and Kruskal supplied numerical evidence of the existence of solitary
waves and introduced the term “soliton.” To describe soliton interactions,
it appeared necessary to study the superposition of two or more travelling
wave solutions of the KdV equation. However, the nonlinearity of the KdV
equation did not allow one to just add the solitons.

In 1967, Gardner, Greene, Kruskal, and Miura [59] found the inverse
scattering transform as an elegant and really spectacular way to solve the
Cauchy problem of the KdV equation. Starting from an initial condition
u(x,0), they considered the Schrédinger equation

gz + u(ac, O)w = ka: z € R,
and evaluated the so-called Jost solution f,.(k,x) satisfying

e, BB
fr(kvaj) = T(k) T(k)

e[ + o(1)], T — —00.

e 4 o(1), = — +oo,

Here T'(k) is the transmission coefficient (meromorphic in the upper half-
plane, with only finitely many, N say, simple poles ix; which are positive

2The actual programming was done by Mary Tsingou Menzel [born 1928] [35].
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imaginary) and R(k) the reflection coefficient (continuous in k € R), where
|T(k)|? + |R(k)|?> = 1 for k € R. Fortunately, at this point Faddeev (1964)
[53] had already developed the direct and inverse scattering theory of the
Schrodinger equation on the line. Thus, given the reflection coefficient and
N positive so-called norming constants N;, they wrote down the so-called
Marchenko integral equation

K(z,y)+Q(x+y)+/oode(x,z)Q(z+y) =0,

where the Marchenko integral kernel

21 J_

N
1 ©° .
Q)= Nje ™" 4 — / dk ¢ R (k)
j=1

was constructed from the scattering data { R(k), {x;, IV; };V:1} The potential
u(z,0) then followed from the identity

d
u(z,0) = 2%.7((30,3:).

The crux of the inverse scattering transform (IST) turned out to be that
the propagation of the KdV solution u(x,0) + u(z,t) corresponded exactly
with the elementary propagation of the scattering data

{R(k)’ {’QJ'7 Nj}évzl} — {R(k)e&'k%) {”jv Nj68n?t}§\le}'

Summarizing, the inverse scattering transform developed by Gardner,
Greene, Kruskal and Miura consists of the following three steps:

1. Direct scattering: Find the scattering data {R(k), {/ﬁj,Nj}é\le} of
the Schrédinger equation with potential u(x,0).

2. Propagation of scattering data: Propagate the scattering data as
follows:

{R(R), {5, N0} o {RODES, (g, Nje™ 0} ).
3. Inverse scattering: Solve the Marchenko integral equation for the
time evolved scattering data and obtain the potential u(x,t).

This sequence of three steps can be depicted by the following commutative
diagram:

direct scattering

u(z,0) {R(k), {rj, Nj} Lo}
KdVl ltime evolution
u(a?,t) inverse scattering {R(k)egikst, {Féj, Njeg,.@?t §V:1}

4



The Gardner-Greene-Kruskal-Miura papers (at least six in all [59} 77, [78],
89, 68, [60]) caught a lot of attention and sparked a search of other nonlinear
equations allowing an inverse scattering transform. In 1972, Zakharov and
Shabat [101] showed that the Cauchy problem for the nonlinear Schrédinger
(NLS) equation
ity + Uy + 2JuPu =0

can be solved by an inverse scattering transform, irrespective of the choice
of the &£ sign. The accompanying linear eigenvalue problem is the so-called

Zakharov-Shabat system
—ik u

where 9 (x,t) is a column vector of length 2 and k is a spectral parameter.
The result of the Zakharov-Shabat paper has been an avalanche of papers
on examples of inverse scattering transforms for various nonlinear evolution
equations. We mention the Manakov system [75] (a 3 x 3 adaptation of the
NLS) and the AKNS system [2] (an (m+n) x (m+n) matrix generalization
of the NLS), where AKNS stands for Mark Ablowitz, Alan Newell, David
Kaup, and Harvey Segur. These days there exists a bewildering jungle
of very diverse integrable equations. Some of them are discrete in position
(such as the Toda lattice, the Kac-Van Moerbeke system, and the integrable
discrete nonlinear Schrodinger (IDNLS) equation). Others are bidimensional
in position (such as the Kadomtsev-Petviashvili (KPI and KPII) equations).
The nonlinear equations discussed above are called “integrable” for a
variety of reasons, even though a precise definition of integrability does not
exist. The structure of these equations involves all (or most) of the following
features, each of which is considered to be an indication of integrability:

1. There are travelling wave solutions;
2. There are infinitely many conservation laws;
3. The equation can be derived from two independent hamiltonians;

4. There is a Lax pair {L, A} of linear operators such that nonlinear
equation has the form

L+ LA—-AL=0.

5. There is an AKNS pair {X,T} of matrices depending on position,
time, and a spectral parameter such that nonlinear equation has the
form

X —T,+XT-TX =0

independent of the spectral parameter.

)



6. There is an inverse scattering transform to solve the initial-value prob-
lem.

In this monograph our ultimate goal is to produce item 6: the inverse scat-
tering transform, and in its wake an analytical method to derive closed form
solutions and a numerical method for solving the initial-value problem in
general. However, many researchers in the field concentrate on the first
three items and/or one of the items 4-5.

The field of integrable equations is very attractive to work in. In the
author’s opinion, this has the following reasons:

1. There are truckloads of applications in many different fields, often even
truckloads of applications of the same equation. Thus researchers from
many disciplines can work in it.

2. Integrable equations can be studied with techniques from many fields
of mathematics: differential geometry, Lie groups, PDE’s, linear alge-
bra, numerical analysis, and functional analysis. Thus mathematicians
with very different backgrounds can work in it.

3. There is no exhaustion of the field anywhere in sight. Thus it is possible
to remain in this field for one’s entire scientific career.

4. The field is nearly uniformly distributed over the important scientific
result producing countries. Within each such country, various universi-
ties and research institutes are involved, requiring the participation of
people from different disciplines. Thus anyone sufficiently competent
working in this field will always have co-authors and jobs available.

1.2 Lax pairs

1. General principle. In 1968 Peter Lax [74] has given a general ab-
stract mechanism to explain to some extent why certain nonlinear evolution
equations are integrable in the sense that their initial-value problem can be
solved by means of an inverse scattering transform. The idea is to depart
from a so-called Lax pair {L, A} of (possibly unbounded) linear operators
L and A which are to satisfy the linear equations

LV = \V¥, spatial evolution of W,

¥, = AV, time evolution of ¥,
where the “wave function” ¥ depends on position z, time ¢, and spectral

parameter A\. The Lax method amounts to finding the linear operator A
from the given linear operator L such that the Lax evolution equations are

6



satisfied. Either operator may depend on ¢, but the spectral parameter A
does not. By formally writing

(LW); = (D), = AU, = NAT = A(\D) = AL,
(LW); = L4V + LU, = L,V + LAY = (L; + LA)Y,

the linear operators L and A are to be related by
L+ LA—- AL =0. (1.1)

Equation is the integrable nonlinear evolution equation whose Lax pair
we are seeking.

Suppose that we can construct the evolution system of linear operators
U(t, s) such that

0
;U (65) = ADU(,5), Uls,s)=1, (1.2)

where I stands for the identity operator on a suitable complex Hilbert space
of (vector) functions. Then U (¢, s) can formally be constructed as the unique
solution of the integral equatio

Ult,s) =1+ /t dr A(T)U(T,s).

Thus for a fixed vector ¢, U(t,s)¢ is the solution of ¥y = AW under the
initial condition ¥(s) = ¢. Unique solvability of the usual initial value
problem implies the product rule

U(t,r)U(r,s) =U(t,s),

where t,7,s € R. Thus U(t, s) is invertible with inverse U (s, t). Therefore

By computing

%[U(S,t)L(t)U(t s)] = U(s, t)[=A(t)L(t) + Ly + L(t) A()]U (¢, s) = 0,

we see that U(s,t)L(t)U(t, s) does not depend on ¢ and hence must coincide
with its value at ¢t = s, namely with L(s). As a result,

Us, ) L(t)U(L, s) = L(s). (1.3)

#We shall not discuss the functional analysis of evolution systems [cf. [30]] in detail.
Here we shall only assume that everything works out.

7



Since U (t, s) and U(s,t) are each other’s inverses, we see that the operators
L(t) and L(s) are similar and hence have the same spectrum. In other words,
the abstract Lax equation implies isospectrality: The spectrum of the
linear operator L appearing in the eigenvalue problem associated with the
nonlinear evolution equation by means of the inverse scattering transform
is time independent.

Let us now discuss in detail a few Lax pairs relevant to well-known
integrable evolution systems.

Example 1.1 (KdV) Let us find the Lax pair for the KdV equation. Of
course, we take
LY = L0 4 (e, 1)V,

the Schrédinger operator on the line. The problem is to find A. So let us
try
A = 302 + 202 + 10, + ay,

where the coefficients a; (j = 0,1,2,3) may depend on z and ¢ but not on
. Therf]

0=L;+LA—- AL
= uy + u(a30> + a03 + 010, + ag) — (302 + 203 + 19, + ag)u
— 02(302 + 202 + 10y + ) + (303 + 2203 + 10, + )02
= + u(agﬁgz’ + 202 + 10, + ag) — ag(uﬁi + 3ux8£ + Uy Oy + Uggs)
- ozg(u@i + 2uy 0y + Ugy) — a1 (U0 + uy) — au
—(303 + 2[3] 0% + [03] 2205 + 202 + 2[2] 202 + [v9] 220>
+ 105 + 2[0n]402 + [1]ea0r + 2002 + 2[00]20z + [00]2z)
+ (302 + 005 + 10, + )02
+ (uas — azu)d> + (uag — 3azu, — aou)d?
+ (uay — 3asuyy — 200Uy — a1u)0y
+ (u + vy — A3UgLr — QULE — QUL — QQU)
= —(2[a3]0% + [a3]2ed? + 2[02] 203 + [02] 220>
+ 2[01]20% + [01] 2202 + 2[0]20z + [0)2z)
— 3a3uz02 + (—33Usy — 20421%)8 + (up — Q3Ugrr — QULE — Q1 UL)
= —2[3].02 — ([a3]ee + 2[02]2)02 — ([a2]ee + 2[0n]s + 3azug)0>
— ([1]zx + 2[c0]e + 3a3tgy + 202U )y

+ (_[aO]zm + U — A3ULpr — AUy — alum)-

“In the calculation below, functions “are” premultiplication operators by functions. As
aresult, O,u = w0y +uz, Eﬁu = u8§+2uz8z+um, and Bgu = u8$+3u18§+3umaz+umz.



Thus the coefficients of the various powers of 9, should vanish. This leads
to the coupled system of differential equations

[as]z = 0,

[]zx + 2[az]: = 0,

[a2)zr + 2[a1]y + 3asu, =0,

[a1]za + 2[a0]z + sz, + 200u, = 0,

_[QO]J::B + Ut — Q3Uzze — OQUzy — A Uy = 0.

The first two equations imply that a3 and as do not depend on x and hence
that [a3]ze = [@2)ze = 0. Thus there remain the three equations

2[an]s + 3asuy, = 0,
[1]zz + 2[a0]z + 303Uy + 2a0u, = 0,

_[050]3::1: + Uy — O3ULpr — XQULE — Q1Ug = 0.

Now the first equation implies that v; = 2a1 + 3asu does not depend on z,
leading to oy = %'yl — %agu. Now the last two equations become

—%agum + 2[a)e + 3asugz, + 2a0u, = 0,

—[0]ze + Ut — A3UGzr — MUze — FV1UL + So3UUL = 0.

Now the first equation can be integrated to yield

%063% + 2ap + 2a0u = 72,
where 72 does not depend on x. Thus

o = %’yg — %agum — Qou.
Now substitution in the final equation yields

%O‘i’)uxmx + QoUgy + Ut — Q3Ugge — OQUzy — %'71“30 + %awuz =0.
Finally, we have obtained the PDE
Up — %vlux — %Oz?,uxm + %aguum =0.
A direct comparison with the KdV equation
Ut + Upzr — OUUL = 0
yields 71 = 0 and a3 = —4. In other words,
A= —402 4+ 20? + 6ud, + [%72 + 3u, — asul,

where g and o are parameters which we can choose to vanish.



Example 1.2 (NLS) Let us now try to find a Lax pair for the following
nonsymmetric generalization of the nonlinear Schrédinger equation:

iqe + oo + 2¢°r = 0,
—irt + Tye + 2q7’2 = 0.

Putting ¢ = v and r = +u*, we get the NLS equation
U+ Ugg £ 2|u|2u = 0.

The equation with the plus sign is called the focusing NLS, whereas the
equation with the minus sign is called the defocusing NLS.

By means of the inverse scattering transform, the nonsymmetric NLS
system is associated with the nonsymmetric Zakharov-Shabat system

§o = —IAE +qn,
Ny = 1€ + 1An.

This system can also be written as

(o Za) () =2():

We therefore define L as follows:

(10 —ig
L= (ir —i@m) ’

so that the nonsymmetric Zakharov-Shabat system has the form LW = \W¥
for ¥ = (%) For A we choose

. agag + alc‘?x + an bga% + blax + bQ
T\ @2+ 10y ded:+di0, +do)”

where aj, b, ¢j, and d; (j = 0,1,2) depend on z and ¢ but not on A\. We get
for the entries of the 2 X 2 matrix representing the left-hand side of (|1.1])

0= Ltll + L11A11 _ AllLll —|—L12A21 o A12L21
= 10, (a20? + a1y + ag) — i(a202 + a10; + ag)dy
—iq(ca0? + 10, + o) + (202 + 10, + o)q
= iag]o 02 + i[a1]2 0 + i[ao)e + ic2(2420z + Gue) + iC1Ge
= i[ag) 02 + i([a1]z + 2¢2q2) 0z + i([ao)s + c14x);

0= L?Z + L22A22 _ A22L22 + L21A12 _ A21L12
= —i0,(d20? + d10, + do) + i(d20? + a10, + ag)0y
+ i?’(bgaﬂ% +b10; + bo) — i(bgag + b10; + bo)r
= —i[d2]0? — i[d1]0p — i[do)x — ibo(2r40p + Tuz) — ibiTs
= —z[dg]x&% — Z([dl]m + 2b2rx)6x — Z([do]w + blrx);

10



0= Lt12 + L11A12 o A11L12 + L12A22 _ A12L22
= —iqy + 10, (0202 + b10, + bo) +i(a20? + a10; + ag)q
— iq(ded? 4+ d10, + do) + (0202 + b10, + bo) Dy
= —iqy + 2i(be0% + 10, + bo) O
+iq(agd? + a10, + ao) + ia2(2¢:0x + quz) + 101Gy
—iq(d20? + d18y + do) + i([b2]:02 + [01]20x + [bole)
= 2ibyd> + i(2b1 + qas — qdo + [b2]4)0>
+4(2bp + qa1 + 2a2q; — qdi + [b1]2)0s
+ i(—qt + qao + a2qzx + a1qz — qdo + [bol);

0= L2 4 L2242 _ A22[20 4 [21 410 _ g2 1
= iry — 10y (202 + 10 + co) — i(d202 + d1 0y + do)r
+ ir(aﬁg + a10, + ag) — i(@@% + ¢10; + ¢0)0x
= qr; — 22’(0285 + 10z + ¢0)0x
— ir(dy0? + d10, + dg) — ido (27304 + T4z) — idy 7y
+ ir(ag0? + a10, + ag) — i([c2] 02 + [c1]:02 + [coe)
= —2ic202 — i(2¢1 + rda — ras + [ca];) 02
—i(2co + rdy + 2dory — ray + [c1]4)0%

—i(—=ry +rdo + doryy + di7y — Tag + [co]z)-

Equating coefficients of the same powers of J,, we get the 14 equations

[a2]x =0,
[a1]s + 2c2g: = 0,
[ao]z +c1q9; = 0,

[d2]x =0,

[d1]s + 2bor, =0,
[do]x + byry =0,
by =0,

2b1 + qag — qdz + [bo] = 0,

20 + qa1 + 2a2q, — qdi + [b1]; = 0,

—qt + qap + a2Gzz + a1qz — qdo + [bolz = 0,
c2 =0,

2¢1 + rdy —rag + [c2], =0,

2¢o + rdy + 2dory — ray + [c1]. =0,

—ry + rdy + dorgy + diry — Tag + [cole = 0.
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Equations (|1.4g) and (1.4kl) yield bs = ¢ = 0, while (1.4a)) and (1.4d]) imply
that as and dy do not depend on z. We now get the following 10 equations

[a1]z =0, (1.5a)
[GO]CE +c1qe =0, (1'5b)
[di]z =0, (1.5¢)
[do)z + bire = 0, (1.5d)
2b1 + (ag — d2)q =0, (1.5e)
2bg + qa1 + 2a2qz — qd1 + [b1]. = 0, (1.5f)
—qt + qag + a2qzz + a1qz — qdo + [bolz = 0, (1.5g)
2¢1 + (dg —ag)r =0, (1.5h)
2c0 + rdy + 2dary — ray + [c1]. =0, (1.51)
—ry + rdy + daras + diry — rag + [cole = 0. (1.5)

Thus a1 and dy do not depend on x, while

b1 = %(dg — ag)q, Cc1 = %(ag — dg)T.
Thus we now get the six equations

[aole + %(62 —dg)rg; =0, (1.6a)
[do] + 3(da — a2)qr. =0, (1.6b)
2bg + (a1 — dl)q + §(d2 + 3ag)qx =0, (1.6C)
—qt + q(ap — do) + a2qzz + a1qz + [bole =0, (1.6d)
2co + (dl — CL1)7’ + %(CLQ + 3d2)7’$ =0, (1.66)
—rt + dorgg + dirg — (a0 — do) + [co]z = 0. (1.6f)

Thus and (|1.6€) imply
b() = §<d1 —a ) %(dQ + 3a2)q$,
co = l(a —di)r — Y(az + 3do)r,
Further, subtracting (1.6a)) and - we see that
ag — d() =7 + 5(@2 — dg)qr,
where v does not depend on x. Substituting the last three identities into
(1.6d) and (|1.6f) we obtain
iqr — ii(CLZ - d2)qgm: - %Z
1
2

—iry — yi(as — do)rgg —

as — da)g*r — %i(ar + d1)ge — iv1q =0,

i(ag — dg)qr? + %i(al + dy)ry —iyir = 0.

Finally, choosing —3i(as —d2) = 1, 2i(a1 +d1) = 0, and iy, = 0, we get the
unsymmetric NLS system

1qt + Qoo + 2(]2"” =0,
—iT + e + 2(]7"2 =0.

12



Example 1.3 (sine-Gordon) Let us derive the following Lax pair for the
sine-Gordon equation uy; = sin(u):

0y iug
L - 1- 8 9
51Uy  —10z

4 _1(Co7'C—So7ls —s59;1C—Co;ls
—A\solc+coots cotc—-So;ts )

where

Cf = cos(zu)f, Sf =sin(zu)f,
and

05 f)(x) = & ( |-/ ) s f(s).

— 0 x

Using that

0,C = CO, — tu,S,
0,5 = S0, + Lu,C,

and hence that

9,100, = 0,[0,C + $u,S) = C + 9, ' Lu, S,
9,180, = 9, 10,8 — 3u, 0] = S — 9, ', C,

T

we get for the entries of the matrix representing the left-hand side of ([1.1)

L%l + L11A11 _ AllLll + L12A21 _ A12L21
= 1i{0,[C9;'C — 59, '8] — [Co;'C — 58,190,
+ 1uy[S9,1C + Co S| + [S9, 1 C + O, S) )
= 1i{00,0;'C — $u;89;'C — 80,0, 'S — u,CI,; 'S
— 00, JuyS — S0, Su, 0 — O? + S2
+ 3uy S0, C + Ju,CO 'S + SO, ' Chuy + CO; ' SSug } = 0;

L%Q + L22A22 _ A22L22 + L21A12 _ A21L12
= 1i{-0,[C9,'C — S9; 18] + [C9, ' C — S9; 9]0,
— L, [S9;1C + €18 — [S9,1C + COL S)ug b
= 1i {~00,0;'C + $u,80;'C + 50,0, S + $u,Co; 'S
+ 00, "tu, S + S0, fu, C + C? — §2
— L, 50,1 C — tu, 00,1 S — S0, Cru, — CO 1 Stu, ) = 0;
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L%Q + L11A12 _ A11L12 + L12A22 _ A12L22
= 1 {2uy — 0,[S0;'C + CO;'S] — [CO, ' C — S9; ' S]uy
+ tu [Co;C - SO, S] - [S9, 1 C + €O, 1810, )
= 31 {2uy — 80,0, 'C — Ju,CO,'C — C0,0; 'S + tu, 50, 'S
— CO, ' CFug + 50, ' Stug + 3u,CO; ' C — Lu, 89, S
— S0, u, S + CO; u,C — 25C — 2C S}

= Li[2uy — 4CS] = Li[ug — 2 cos(Fu) sin(3u)] = Li[uge — sin(w)];

L%l + L22A21 o A22L21 + L21A11 o A21L11

= 1i {2uy — 0,[80,'C + Co;'S] — [CO, ' C — S9; ' S) 3y
Sug[CO;TC — S0, 8] — [So,'C + €O, S0, }
Yi{2ug — 80,0,1C — tu,CO, 1 C — 8,0, 'S + tu, 50,18
Co, ' Cluy — S0, Sy + Su,CO;MC — $u, S, S
S0, S — COy u, O — 25C — 2C S}

= Li[2ug — 4CS] = Lilug — 2 cos(3u) sin(Fu)] = Fi[uge — sin(u)).

+

+ o+

implying u,¢ = sin(u) in order for the Lax equation (1.1)) to be true.

Example 1.4 (Toda lattice) Let us derive a Lax pair for the Toda lattice
equations. These equations were first formulated in 1967 by Morikazu Toda
[1917-2010] [91, 92] to model an infinite sequence of nonlinearly coupled
oscillators converging to the KdV equation as the distance between consec-
utive oscillators vanishes. In this model the position variable is an integer
n. Thus instead of functions u(z,t) we now study sequences {u,(t)}5° _ .
The linear eigenvalue problem associated with the Toda lattice equations is
the biinfinite Jacobi system

Gnt1Unt1 + Qplin—1 + bptn = Ay, (1.7)

where {a, }32 _ is a sequence of positive numbers tending to 3, {b, }5_

is a sequence of real numbers tending to zero as n — 400, and A is a spectral
parameter. Defining the forward shift operator ST and the backward shift
operator S~ by

(S+m)n = Tnp+1, (Sia:)n = Tnp—1, T = {xn}zozfoo’
we define the Lax pair {L, A} as follows [57]:

(Lm)n = Un41Tnt1 + anTp—1 + bpp, (1.8&)

(Am)n = Qp+4+1Tn+1 — Ap—-1Tn-—1, (18b)

14



where © = {z,}22_ . Thus

L =0a,415" +a,5 + by, A=a, 15T —a,5,
where a, etc. are premultipliers. Thus S*d, = d,.1S™ and S~d, =
dn—1S~. Writing St = [ST]? and S~~ = [S7]?, we now compute
Ly + LA — AL = [ay11]¢S™T 4 [an]eS™ + [bn]s
+ (ans1ST + anS™ +by)(ans1ST —a,S7)
— (415" — anS7)(an1 15T + anS™ + by)
= lant1]eS™ + [an]eS™ + [bals
+ an+1an+25++ - aiH + ai —anlpn-1S~"" + bnan+1S+ — bpanS™
— Qpy1Gn2STT — a?LH — App1bp1 ST+ a% 4+ nap—1S~ " + apb,—15~
= ([an+1]e + ant1(bn = bps1))ST + ([an)e + an(bno1 — bn))S™
+ [bnle + 2(ap — a7 y1).

Consequently,
[an-I—l]t = an—l—l(bn—‘rl - bn)a
[an]t = an(bn - bn—l)a
b = 2(a7 1 — aih).
Putting

1
ap = e_Z(q"_q"”), bp, = —=DPn, (1.9)

D[
[\

we obtain the Toda lattice equations
[pn]t — 6_(Qn_‘1n71) _ e_(qn+1_lIn)’

[Qn]t = Pn-

1.3 AKNS pairs

1. General principle. An alternative to Lax pairs has been developed by
Mark Ablowitz, David Kaup, Alan Newell, and Harvey Segur [2]. Instead of
constructing a pair of linear operators {L, A} on a suitable complex Hilbert
space of vector functions, they constructed two matrix functions X and T
which depend on position, time, and the spectral variable A. This is in
contrast to the Lax method, where the operators L and A do not depend
on the spectral variable. This time the treatment of the continuous and
discrete cases is different.

In the continuous case, the nonlinear evolution equation is derived from
the pair of evolution equations

U, =XV, U, =TV, (1.10)
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where W is a column vector and X and 7T are square matrices, all of them
depending on (z,¢,\). Then the obvious identity

(\I’x)t — (\I’t)x
implies that (X¥); = (T'¥),, or that
X, — T, +XT —TX =0. (1.11)

In a geometrical context, the identities are sometimes called the
Gauss-Mainardi-Codazzi equations, while the compatibility condition
is called the zero curvature condition.

In the discrete case, the nonlinear evolution equation is derived from the
pair of difference-differential equations

\I/nJrl = Xn‘IJna [\Iln]t = Tn\pn
Differentiating the first equation with respect to t, we get

[\I/n—i-l]t = [Xn]tq}n + XnTn“Ilna
[\I/n—l—l]t = Tn—l—l‘lln—l-l = Tn—i—an\Iln-

As a result, we get
[Xn)t + X0 T — Tng1 X = 0. (1.12)

Let us now discuss in detail AKNS pairs for a few important nonlinear
evolution equations [2, [0}, [I]. In most cases we present matrix generalizations
of these nonlinear evolution equations (NLS, mKdV, KdV) and derive a Lax
pair from each AKNS pair, thus generalizing some of the Lax pairs derived
before.

Example 1.5 (matrix KdV) Consider the AKNS pair

¥ - Opxn uw— A, T_ Ugs —AN2T,, + 20 u + 2u? — ugy
I, Onxn /) AN, + 2u — Uy ’

where ¥ = (f;) Substitution into the contingency equation X; — T +
XT —TX = 02,x2n yields zero, as far as the (1,1)-, (2,1)-, and (2, 2)-blocks

are concerned. Also, ¥, = XW¥. The remaining block can be computed as
follows:

[th B [T12]$ LoxUpI2 oo x2lg22 | pllyl2 | 22y
= U — 2 \Uy — 2(u2)$ + Ugze — (U — Mp)ugp — ug(u — \I,)

= u; — 3(u2)x + Ugg-
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Thus {X, T} is an AKNS pair for the matrix KdV equation
Uy — 3(u2)x + Ugzer = Onxn-

def

Moreover, the equation 9, = (u — A) implies that Ly = [-021,, + u]y is
the first operator in a Lax pair. Since

¢t = 4[_1/]9090 + uw]x + 2@“/]90 - U:cd} - _4¢xxoc + 67“%: + 3Ux¢a
we see that Ay = [—4021,, + 6ud, + 3u;]t is the second operator.
Example 1.6 (matrix NLS) Consider the matrix NLS system

iQt + Qrz — 2617“(1 = Omxna

—iry 4+ T — 2rqr = Opxom,

where ¢ is m X n and r is n X m. Introducing the megamatrix

~ {Omxm q
Q= < r 0n><n> 7

we can write the matrix NLS system in the concise form
iJQ; + Qup — 2Q° = 0(nn)x (metn)> QJ=-JQ,
where J = I,,, ® (—1,,). Following [5], we now define
X=—iN+Q, T=-2iN2J-iJQ*+2)Q+iJQ,.
Here I,,, denotes the m x m identity matrix. Then

iJ[Xp — Tp + XT = TX] =iJQ, — 2iAJQ, — (Q%)a + Q.

—2iIN3T —iAJQ? +2X2Q +iNJQ, — 20°Q — Q® +2iAJ Q% + QQ,
+ 2N +idJQ% 4 2)\2Q +iNJQ, — 2X°Q — Q% — 2iAJ Q% + Q,Q
=iJQ; + Q,, — 2Q°.

Thus {X, T} is an AKNS pair if and only the matrix NLS system
iJQ+ Quy — 2Q3 = 0(m+n)><(m+n)

is satisfied.
Let us now derive a Lax pair {L, A} from the AKNS pair {X,T'}. The
identity ¥, = XU = —iAJV 4+ QV can be written in the form

LU < (iJ9, —iJQ)¥ = A\,
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We can then write Uy = —2iJ(A\2W¥) +2Q(\V) + [-iJQ? +iJQ,]V in the
form ¥; = AV, where

AV E 2 J1% +2QL —iJQ* +iJQ,.

Thus we have derived a Lax pair {L, A} for the matrix NLS system from an
AKNS pair. To simplify A, we write

L=iJ(0, - Q), L*=(i))*0;+Q)0: —Q)=-3>+Q*+Q,.

A= -2J(-2+Q*+Q,) —2iJQ(0: — Q) —iJQ* +iJQ,

=207 {-0;+ Q"+ Q, + Q(0: — Q) +3Q° — 3Q,}

=2iJ {0; — Q. — 3Q, — 3Q°}

(202 —iqr  —2iq0, —iqy

~ \2ird, +ir, —2i02+irq )
Example 1.7 (matrix mKdV) Let us consider the AKNS pair
X =—iMJ+JQ, T =—-4iX3J+2INJQ*+4\2JQ+2i0Q,—JQ,,—2]Q>,
where J = I, ® (—1,) and JQ = —QJ. Then

JX,—T,+ XT-TX] = Q,
— 2IMQ%)s — AN’Q, — 2N Q,y + Q oy +2(Q%).
— AN +2020Q% — 4iN3TQ +202Q, + iNQ,, + 2iNJ QP
+4iN3JQ — 2iINJQ? — 4N TQ* + 2iAQQ, + JQQ,, +2]Q*
+4XLT = 202TQ% — 4iN3TQ +20°Q, + iNQ,, + 2iAT QP
+4iX3JQ — 2iAJ Q% + 402 JQ% + 2i0Q,Q — Q.. Q — 2JQ*
= Q, — 2INQ%) — 4NQ, — 2INJQ,y + Quyy +2(Q%)
— AN 4 2)020Q% — 4iN3TQ +20%Q, +iMJQ,, + 2iNTQ?
+4iX3JQ — 2iAJ Q3 — 4AN2JQ* + 2i\QQ, + JQQ,, +2JQ"
+4XLT = 202TQ% — 4iX3JQ +202Q, + iNQ,, + 2iAT Q3
+4iX3JQ — 2iAJ Q3 + 4N2JQ% + 2i1)0Q,.Q — JQ,,Q — 2JQ*
=Q;+ Z(Qg)x + Qs

Thus the contingency condition (1.11) leads to the nonsymmetric matrix
mKdV equation

Q: +2(Q)s + Quow = Omtnyx(min),  JQ=-QJ.
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Assuming m = n = 1 and Q = (0 ¥) with u real-valued, we obtain the

modified Korteweg-de Vries equation
g + 6uUy + Ugzr = 0. (1.13)

Let us now derive a Lax pair {L, A} from the AKNS pair {X,7T'}. The
eigenvalue equation ¥, = XW¥ can be written in the form LW = AW, where

L=1iJ8, —iQ.
We then write
Uy = TU=—4iJ(\30) + 4JQ(NT) + 2i(JQ* + Q,)\V — J(Q,, +2Q*)¥
= [~4JLP +4JQL* + 2i(JQ* + Q,)L — J(Q,, +2Q%)] ¥ = AV,

Thus {L, A} is a Lax pair for the nonsymmetric matrix mKdV equation.

Example 1.8 (sine-Gordon) Let us define the AKNS pair as follows:

(—iN =i, _ & (cos(u) sin(u)
X = <§u$ i > ’ = 7P\ <sin(u) —cos(u))
It is easily verified that

X, - T+ XT -TX = 0 — gy + 4 sin(u)
’ %uxt - %Sln(u) 0 )

so that {X,T'} is indeed an AKNS for the sine-Gordon equation
Uyt = sin(u). (1.14)

Let us now derive a Lax pair for the sine-Gordon equation from an AKNS
pair. Starting from ¥, = XU = [—i\J — %JQx]\If, where Q = (04), we
obtain

LY = (iJ9, + LiQ,)¥ = M.

Solving LY = &, we get
U =Wl lwie,
where W, = %WJQ:C. We may thus choose

Wo— co§(%3 sin(%) '
—sin(g) cos(g)
Consequently,
_ i feos(u) sin(u) \ o\ o1a-1
Vi=1g (sin u —cos(u)>( W0, WY

Jor (S Tt
;5)) sin(gé)> o1 (cos(y)  —sin( )>:A\I',

— cos(

— cos(u)

)
(u)
_ 1 (cos(u) sin(u) cos(%) —sin(%)
=4 (G ) (i
(
(



where A is defined as in Example As a result, {L, A} is the Lax pair of
the sine-Gordon equation (|1.14]).

Example 1.9 (matrix IDNLS) Let us consider the matrix IDNLS sys-
tem

l[Qn]t = Qn—i—l - 2Qn + Qn—l - Qn+1RnQn - QanQn—lu
_i[Rn]t = Rn+1 - 2Rn + Rn—l - Rn—i—lQan - RnQan—h

where @, is an N x M matrix and R, is an M x N matrix. Writing
0
R, Omxm

we can write the matrix IDNLS system in a concise way as follows:
iJ[Qu) = Qui1 —2Q, + Q1 — Q1@ —Q1Q, 1, Q,J=-JQ,.
Now put ([5, Eq. (5.1.2)];[93, Egs. (2.3)-(2.4)])
Xn=2+4Q,, T,=-3J(Z-Z")+i]Q,Q,_1—iJZQ,+iJZ'Q,_,,

where Z = zIy @ 2~ ') for some spectral variable 0 # z € C. Then Z and
J commute, while

ZQ,=Q,z7', 27'Q,=Q,Z, (Z-2'YQ,=Q,(Z-2Z").

We now compute

—iJ([Xn]e + X0 T — Thv1Xn)

= —iJ[Q.)i+(Z-Q,)-3(Z-Z2")+Q,Q,_1 - ZQ,+Z7'Q,_4]
~[-3Z2-Z2)+Q,1Q,-2Q, . +Z27'Q,)(Z+Q,)

= —iJ[Q, )i + Z[Q,Q, 1 — ZQ,+ Z7'Q,_]

~[Qu1Q, — 2Q, 1 +Z27'Q,)Z

- Q,[-3(Z2-Z2")+Q,Q,.,-2Q,+27'Q, |
~[-3(Z-Z""+Q,1Q, - Z2Q,,, + Z27'Q,)Q,

= —iJ[Q.)i +2Q, 11 Z+Q, 1 +(-2°Q, - Z27'Q,Z+ 3(Z - Z7')*Q,
+Q,3(Z-727")-Q,1.Q; - Q5Q, 4

+1Z2Q,Q, 1 — QnZ_lQn—l] +[-Q,11Q,.Z+ ZQ, 1Q,]

+Q.2Q, - Z27'Q})

= —iJ[Qu)i + Qui1 +Qn 1 —2Q, — Q,1Q2 — Q2Q, .

Thus {X,,,T,} is an AKNS pair for the matrix IDNLS system.

Since the spectral variable z does not appear in X in a linear way, there
is no straightforward method to convert the AKNS pair into a Lax pair (as
we did for the matrix NLS).
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1.4 Hybrid Lax-AKNS pairs

When using this method, the nonlinear evolution equation follows by apply-
ing the contingency condition that higher order partial derivatives do not
depend on the order of partial differentiation for sufficiently smooth func-
tions [Schwarz’s theorem], where the differential expressions may depend on
A. For instance, from the hybrid Lax-AKNS pair equations

wacac = (u - )\)1/}7
Ve = (4X + 2u) Y — ugt),

we obtain from the contingency condition (1y): = (Vt)za

0= (Yaz)t — (Vt)az = [(u — N)Y] — [(4X + 20)Y2 — uglaa
= (u—= NP+ uh — (AN + 2u) (Vaz) e — 4uztps
— 2UggVz + UgWzz + 2UpzVy + Uzza?)
= (u = MN{(4A + 2u)py — ugh} + upth — (AN + 2u){(u — Nz + ugth}
— 3ug(u — N + Ugza®)
= N {—4¢, + 49}
+ M —2uthy + ugth + durhy — duhy — dugh + 2uth, + 3ugth}
+ 200 — wugt) + uth — 201y — 2utath — Bty + Uggat)

= [ug + Ugps — Buuglr,

which implies the KdV equation. Since the first hybrid pair equation can
be written as Ly = (=02 + u)1 = A\ and the second as

UV = A 4 2uthy — ugt) = 4= + urh)y + 2uthy — Uyt
= [~402 + 6ud, + 3u,]y = Av,

we obtain the Lax pair {L, A} given by Example
We illustrate the hybrid Lax-AKNS pairs by means of the Camassa-Holm
(CH) and Degasperis-Procesi (DP) equations.

Example 1.10 (Camassa-Holm) Consider the Camassa-Holm equation
Up — Uggt + 20Uz + Ul — 2UpUpy — Ulgpy = 0, (1.15)

where w is a nonnegative constant. This equation was formulated by Ca-
massa and Holm [27] in 1993 to take into account the phenomenon of break-
ing waves not incorporated in the KdV model. The CH equation describes
the unidirectional propagation of shallow water waves over a flat bottom
[27. [66], [67] as well as that of axially symmetric waves in a hyperelastic rod
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[32, B4]. The inverse scattering transform (IST) relates the CH equation for

w > 0 to the Schrodinger equation on the line
B 1 m+w o (mtw, s m
_wm__<4_ 2\ >¢—< w k+4w>¢’

We have the following hybrid

where m = u — Uz, and A(k) = §——
k2+1
Lax-AKNS equations [27, 28], 31]:
1 m(x,t) +w
e — \ 7 — 3 1.1
v = (3 - ) (1.160)
(1.16b)

Py = (_u - )\)wm + %U:ﬂw

The contingency condition (¢,): = (¥t)ze leads to the CH equation. In-
deed, substitution into the contingency condition implies that

1_m+w
4 2\
+ (—U — )\)wmmr + %umrm¢ + um% + %Um@/)zz
1 m+w 1 m+w
= —Ugy :c_2x - —u— A - - T
UsaYo — 2u (4 2\ )1“(“ )<4 2N >¢
—My 1 1 1 m+tw

> [(—’LL - )‘)wx + %U;)ﬂ/)] - ;%fﬂ} = —UgzVy — 2UgWry

+(—u—N)
Observing that the 1, terms in the first and third members cancel out, we

1—m+w>w+vu—mj?w

1 m+tw), my
- Loy — —20p = —2u, | =
<4 2\ >2“¢ oy = (4 2\

1 m+w

get

The terms not containing 2\ in the denominator cancel out, because m =
U — Uyz. When multiplying by 2\, the other terms yield the equation

This equation can also be written in the form
[my + 2ug(m + w) + umg)y = 0,
which is equivalent to the Camassa-Holm equation (1.15)) applied to ).

Writing ((1.16a)) in the form
1 1
Ly = o2+ Ly = —
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we obtain ¢y = Ay, where
A = (—u+ gue)p = 5(=0; + 1) (m W)y,
As a result, {L, A} is a Lax pair for the CH equation.

Example 1.11 (Degasperis-Procesi) A similar, integrable, equation is
the Degasperis-Procesi equation [37]

U — Uggt + 2wy + 4ty — 3Uplpr — Ulger = 0.

We have the following hybrid Lax-AKNS equations [37]:

wxx:v = wx + )\(’U, — Ugx + %W)w, (117&)
e = %ﬂm — uthy + ugth. (1.17Db)

The contingency condition (¢zzz)t = (¥t)zze leads to the DP equation.
Indeed,

0= (wa:xw)t - (wt)zzax - (wt>z + A[ut - Uzzt]w + )\[u — Uy + %w]wt

- uzwxmm — ez — SUzgzVr — Uzgza)

= %Q)Z)xx —uy +u| + A[Ut - u:r:xt]d}

xT

Trx

+ AMu — ugy + %W)(ilbm — Uty + ugth) — % [z 4+ AU — ugy + %w)w]
U [t + AU — g + 20)0]_ + 2ug [1he + A(u — Ugz + 2w)]

— 2UpprVr — U:cxwz¢

=A {Ut — Uggpt + 4Uly — 3UzUzy — Ulgzy + 2‘*)“:1:} 1,

which implies the DP equation.

Writing ([1.17a)) in the form
Lip = (m+ Jw) (8} — Oa)vp = N,
we obtain ¢y = Ay, where
Ap = [02(92 — 0p) M (m + 2w) — udy + ug) .
As a result, {L, A} is a Lax pair for the DP equation.
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1.5 Hamiltonian formulation

In this section we derive the nonlinear evolution equations in one of the
following two ways: 1) as the Hamilton equations from a hamiltonian, or
2) as the Euler-Lagrange equations from a lagrangian. In the case of a dis-
crete system, the worst that can happen is to have infinitely many variables.
In the case of a continuous system, we deal with hamiltonian or lagrangian
densities and the corresponding Hamilton equations or Euler-Lagrange equa-
tions. Our approach is quite distinct from that in the standard source on
the hamiltonian formulation of integrable nonlinear evolution equations, the
Faddeev-Takhtajan book [54].

In a discrete integrable system the hamiltonian H depends on often
infinitely many independent variables:

H = H ({pa}7 oo {0n}72 oo t) -
Then Hamilton equations have the following form:

o0H oH

aTJn = [Qn]t, % = _[pn]t-

Furthermore, if the hamiltonian H does not depend on t explicitly, then H
is a conserved quantity [64]. Indeed,

ﬁ_i OH 1+ OH ) + 92
dt = Ap; Pjlt 94, 4l o
3 O0H OH
= j;oo (lgs]elpsle — [pjlelasle) + = o

which vanishes identically if and only H does not depend explicitly on ¢.

Example 1.12 (Toda lattice) As an example, we consider the Toda lat-
tice hamiltonian [91]

H = (307 + V(@n+1 —an)) (1.18a)

n=—oo

where the potential is given by

Viry=e"4+r—1= %r2—|—0(r3), r— 0. (1.18b)
Then the Hamilton equations of the Toda lattice system are as follows:
[ } — 8£ —
dnlt = apn = Dn,
o0H
[pn}t = _W = V/(Qn—H - Qn) - V/(Qn - Qn—l)

— e~ (@n=an-1) _ ;—(gn+1—an)

24



Here we have used that V'(r) =1 — e ". We thus get the nonlinear Toda
lattice equation
[gn]e = e~ (@n—an-1) _ o=(gnt1—qn) (1.19)

which concludes the example.

Let us recall the definition of the Poisson bracket [64]
o~ (0f 99 Of 9g
=3 (pro-gi2n).

We therefore get

N~ (9P Opm Opn Opm ) _ o N

J=—00 jzfoo

_ = 0qn Oqm Oqn Oqm o s ‘ ' .
{an g} = 'Z < T > (0 bmy—0ny-0) =0,

j=—00 j=—0c0

o0

> Opn 0 Opy, Ogm
n, Gm b = — | = On.i0m.i —0-0) = dpm.

j==o0 j=—o0

As a result,

[Qn}t = {anH}a [pn}t = {pnaH}-

Since the hamiltonian H does not depend explicitly on time ¢, it is a con-
served quantity:

dH

— =0.

dt
Introducing the lagrangian L by

o

00
L= Z pn[‘]n]t_H: Z p%_Ha

n=—oo n=-—00

we obtain for the Toda lattice example

o0

L= %" (3lan); = Vgnt1— )

n=-—00
The Euler-Lagrange equations

oL _d o
Oqn,  dt Jqn]:

then lead to the equations of motion ((1.19)) derived before from the hamil-
tonian.
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In a continuous system, where the position variable 2z € R (KdV, NLS,
SG, etc.) or (z,y) € R? (KPI, KPII), the lagrangian and hamiltonian are to
be replaced by a lagrangian density or a hamiltonian density, respectively
(cf. [64, Ch. 13], [55, Ch. 20]). Restricting ourselves to just one position
variable z, the Euler-Lagrange equation for the lagrangian density

L= L(q,qlz, [, 1)

reads

0 " dtol)  dwolge

as a result of the variational principle
/ / t2 &t oL 3q oL dqy L 9L oL Jq,
t 3(] 8(1 aqt da 0qz Oa
b2 0oL 0 0L\ 9q
/ e /t1 & ( dq a Oqy 8x aQJ:> 804

The hamiltonian density H can be expressed in the lagrangian density as
follows:

Introducing p = 8{(}} , H is a function of ¢, p, ¢z, pz, and t. We then obtain
the Hamilton equations

gl = 2t _ 4 9K
W= 5y ~ dzoply’
oH  d OH

=y T

The Euler-Lagrange and Hamilton equations extend in a natural way to
more than one spatial variable and to several generalized coordinates.

As an example, we consider the (scalar) nonsymmetric NLS system.
Starting from the hamiltonian density

H = *i[qgcrcc + (q7“)2},

where ¢ is the generalized coordinate and r is the corresponding momentum,
we get the Hamilton equations

19t + Qua — 2(]2"” =0,
—ir + Tox — 2q7"2 =0.

It is easily verified that {q,q} = {r,7} =0 and {r,q} = 1.
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Let us extend this example to q as a row vector and r as a column vector

of the same length. Let us define the hamiltonian density

2

H=—i(qors = (@)°) = =i 3 [aglalrsle =i | 3 aimy |

J

which is a scalar. Then the Hamilton equations are as follows:

. OH .0 OH .
0= Z[Qn]t - Zairn + 1871‘ a[rn]x = Z[Qn]t -2 zj: q;75 | Gn + [QH]Z’Z‘)

. OH 0 OH
0= —ilrn)s — za—qn + Z%@[qn] i[rnle — 2, Z qirj | + [n)ze-

It is easily seen that

{Qm qm} = {rnarm} =0, {TQO} = 5n,m-

Let us consider two examples involving the lagrangian formalism.

Example 1.13 In the KdV case, we deal with a lagrangian density £ of
the type

L= E(q, qts 49z, 9zx t)'

The variational principle

/ / t2 gt oL aq oL Oqy L 9L oL 9q, n 0L 0¢zz
” aq 804 Oq o ' gy O | Oquy O

[ [a(E 00 poz #orym
4 dq Otdgy 0rdq, 012 0qu. ) Oa

leads to the Euler-Lagrange equation

oL d oL 0 oL 0* oL

5. " 5 - 5 ——— = 0. 1.20

dq ~ dtdlg 0w olgl | 9a® Olglus (1.20)
Taking [58]

_ 1 3,1 2 _

L= —592qt + (qgc) + §(q:m:) ) U = (q,

we obtain
0=3(qe) — (30 + 3(Qz)2)m + (Goz) 2z

and hence

Ut + Uppr — Ouu, = 0.

The modified KdV equation (|1.13]) follows from the lagrangian density
L=-3¢a—3(@)"+3(0)?, uv=q.
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In this case, ((1.20]) implies that
0= %(Qm)t - (_%Qt - 2((];3)3);3 + (Q:ms);m;

and therefore
U + 6u2ux + Ugee = 0.

28



Chapter 2

Study of the NLS through
the Zakharov-Shabat system

In this chapter we write up the direct and inverse scattering theory of the
matrix Zakharov-Shabat system
0X

iJ%()\, z) = V() X(\,x) = AX(\, ), (2.1)

J:(OIm O_m;n">, V(x):(o.mm iQ(”’)), (2.2)

nxm ZT(x) Onxn

where

the potentials g(x) and r(x) have their entries in L!'(R), and ) is a spec-
tral parameter. In the defocusing case we hav r(x) = —q(x)" and hence
V(z)l = V(2); in the focusing case r(x) = ¢(z)" and hence V(z)t = —V ().

We mention various textbooks in which Zakharov-Shabat systems are
discussed [2], [76, [79, B4, [I 5], although in not all of them the matrix
Zakharov-Shabat system is treated our way. With respect to [10, 94} [41], [44],
in the matrix Zakharov-Shabat system —iJ gets replaced by i.J. The result-
ing replacement of e*/? by e~/ implies an interchange of the roles of the
upper and lower half-planes when analyticity properties come up. Apart
from that, we shall adopt the same definitions of Jost solutions, transition
coefficients, and reflection coefficients. The custom of having the transmis-
sion coefficients analytic in the upper half-plane forces us to define them in
a different way.

Many of the techniques of proving the basic results have been developed
in various publications [2, 10, 04, 5 54]. For this reason we omit most of
the proofs. We shall make extensive use of matrix notations.

1'We write daggers to denote the complex conjugate transpose of a matrix or, less often,
the adjoint operator on a complex Hilbert space. We denote complex conjugates of scalars
by the asterisk.
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2.1 Jost solutions and transition matrices

In this section we define the Jost solutions and transition coefficients and
derive their analyticity properties. We conclude with their Wronskian rela-
tions.

1. Jost functions and transition coefficients. Let us define the
(m +n) x m and (m + n) x n Jost functions from the right 1)(\,x) and
P(A, x), the (m+mn) xm and (m+n) xn Jost functions from the left p(X, x)
and ¢(\, ), and the (m +n) x (m + n) Jost matrices ¥(\,z) and ®(\, )
from the right and the left as those solutions to the matrix Zakharov-Shabat
system satisfying the asymptotic conditions

(7 _ e L +o(D)], @ = 400,
U\ z) = (YA z) v\ o)) = { MG +o(l), T —o, (2.3a)
B — B e~ ML +0(1)], z— —o0,
20 2) = (6002) (A 2) = {e‘i)‘h r(A) +o(1), x— +o0. (2.3b)
Then the system of equations being first order implies
CD(Aa IE) = \IJ(Aa IL‘)(M()\), \Ij(/\al') = @()\’ ZL‘)(I[()\) (24)

We shall call a;(\) and a, () transition matrices from the left and the right,
respectively.

2. Volterra integral equations and analyticity. Writing the matrix
Zakharov-Shabat system (2.1)) in the form

T (DX () = —ide NIV )X ()

Oy
we get
U\ z) =e Mo i / dy MDYV ()T (N, y), (2.5a)
D\, x) =e M i / dy e= M TV () B (N, ). (2.5b)

The Volterra integral equations (2.5) can be used to prove the existence
and uniqueness of the solutions W(A, z) and ®(A, z) to (2.1) that satisfy the
asymptotic conditions

U\ z) =e M [Lnin+0(1)], = +oo,
(N, 7) = e M [Lyin +o(1)],  z— —o0.
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In the proofs it is used in an essential way that the spectral parameter X is
real and the entries of the potential V(z) belong to L*(R). The existence
of and the expressions for the transition coefficients as well as all continuity
and analyticity properties then follow as corollaries. These proofs have been
detailed in many places (e.g., [10} 5] 41]).

Rewriting we get
\I/()\,:U)ei)“]x = Iman+iJ /00 dy eMJ(y_x)V(y)[\I!()\,y)ei’\Jy] M (@=y)
' (2.6a)
B, 2)eMT = m+n_Z-J/I dy e—iAJ(a;—y)V(y)[q)()Hy)em.fy] M (z—y)
- (2.6b)
For any (m + n) x p matrix G we now define the m x p and n x p matrices
G = (Im  Omxn) G, G" = (Omxn In)G,

respectively. Splitting up (2.5 according to its four blocks we get

o0

PG a) = 1= [ dyaty) [ Op)e™). (272)
e == [y ePoog) [pmoue ] @)
NP (N ) = /x " dye () 27 me] (2.7¢)
ey a) =L+ [ dyr(o) [prOnpe ), (2.70)
as well as z
P Ona) = Lt [ dyaty) [5"()e™]. (2.80)
NG (N x) = / ; dy e N g(y) [67 (e ™|, (2.80)
N g () = — / ; dy 22D r(y) 67 (A, y)e] (2.8¢)
e MG (N a) = I — /_ ; dyr(y) |87 (A y)e™™] . (2.8d)

Therefore, e 7 (X, 2), e~ A%qpd(\, 1), €A p (N, x), and ¢ (X, 2) are
continuous in A € C*, are analytic in A € C', and approach 0,,xn, In,
I, and Opxpm as |A| — +oo from within C*. Analogously, %" (), z),
ei)‘x@dn()\,x), e MR (N, x), and e‘”‘widn(k,:n) are continuous in A € C—,
are analytic in A € C~, and approach I, Opxm, Omxn, and I, as |A| = 400
from within C—.

31



Let us take the appropriate limits of the expressions in (2.7) and (2.8))
as x — £oo. We get

_ (an(A)  a(N) _(arn(A) ar2(N)
ald) = (az3()\) az4()\)> ’ ar(A) = <ar3(>\) ar4()\)> '

where the various blocks are called transition coefficients and

() =In = [ dyats) [P 0] (2.92)
o) =Lt [ dyr) [ On)] (2.9b)
a,1(A) = I + /_ o; dya(y) [¢Mo™ (\y)| (2.9¢)
ara(\) = I,, - / Z dyr(y) 78" ()] (2.94)

Thus, a,1()\) and ay()\) are continuous in A € CT, are analytic in A € C,
and tend to the identity matrix as |A\| — +oo from within CT. Analogously,
a;1(N\) and a,4()\) are continuous in A € C—, are analytic in A € C~, and
tend to the identity matrix as |A\| — +oo from within C—. Similarly, we get

an(N) = - /oo "y () [pm (A, y)e ] (2.10a)
o) = [~ dye ) [FU e (2.10)
arz(\) = / Z dy 2 q(y) [6™ (A y)e] (2.10¢)
ars(A) = — /_ Z dy e (y) |6 (A y)e™| (2.10d)

As a result, aja(N), a;3(A), ar2(A), and ar3(A\) are continuous in A € R and
vanish as A — $oo.

3. Wronskian relations. We conclude this section with the so-called
Wronskian relations. Let X (A, x) be an (m + n) x ¢ matrix solution of the
matrix Zakharov-Shabat system and Y (A, x) a p x (m+n) solution of
the dual matrix Zakharov-Shabat system

— ig};()\, z)J +Y (N x)V(z) =AY (A ). (2.11)
Then
881: YN z) X\ x) =Y (N, 2)[Mpgn — V()| JX (A, x)
— Y (N, 2)J [ Mpyn + V()] X (A, 2)
=iANY(\2)JX(\,z) =Y\ z)JX(\, 2)]
— YA 0)[V(2)J + JV(2)] X (A, 2) = Opxg,
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because V(z) and J anticommute. For A € C+ we then get four Wronskian
relations for X € {¢,¢} and Y € {1, ¢} and for A € C~ four Wronskian

relations for X € {1, ¢} and Y € {@Zv), QE} Other Wronskian relations are only
valid for A € R, because they involve solutions X and Y that are analytic
in different half-planes.

Using that Tr[Alpn+n + V(z)] = A(m — n), for A € R the functions
det (A, z) and det ®(\, x) satisfy the ordinary differential equationﬂ

¥(z) = —iA(m — n)y(z).
As a result of (12.3)), for A € R we have
det U(\, z) = det ®(\, z) = e~ A=), (2.12)

In the defocusing case we have V(z)' = V(x). Thus if X(\, x) satisfies
the matrix Zakharov-Shabat system, Y (A, z) = JX(\*, 2)1J satisfies the
dual system . As a result, in the defocusing case the Jost matrices
V(A z) and (A, x) and the transition matrices a;(\) and a,(\) are J-unitary

in the sense that

T\, z) L =JU(\ x), d(\z) "t =Jo(\ 2)1, (2.13a)
ar(\) = ay(N) 7t = Jay(\)TJ, a(\) = a,(V\) 7t = Ja,(\)1J, (2.13b)

where A € R.
In the focusing case we have V(x)T = —V(x). Thus if X(\, x) satisfies

def

the matrix Zakharov-Shabat system, Y (\,z) = X (\*, z)' satisfies the dual
system . As a result, in the focusing case the Jost matrices ¥(\, )
and ®(\, z) and the transition matrices a;(A) and a,(\) are unitary in the
sense that

T\ z) L =00\ ), o\ z) P =d\ ), (2.14a)
ar(\) = aj(\) 7t = (V)T a(N) =a,(VN) P =a, V)T, (2.14Db)
where A\ € R.

2.2 Jost Solutions as Fourier Transforms

In this section we write the Jost solutions as Fourier transforms of so-called
kernel functions K(z,y), K(x,y), M(z,y), and M(x,y) which in turn will
turn out to be integrable with respect to y for fixed x.

?We easily prove that the matrix differential equation ¥’'(z) = A(x)¥(z) implies the
scalar differential equation (det ¥)'(x) = [TrA(z)] det ¥(z).
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Write

P\, x) = e (07{7:7%) + /xoo dye MK (2,y), (2.15a)
V(N ) = e (07;;«1) + /00 dy MK (z,y), (2.15b)
p(\, ) = e (057:7%) + /_&; dy e MM (z,y), (2.15¢)
o\, x) = (0?:71) + /90 dy e M (z,7). (2.15d)

Inverting the Fourier transforms we get for the kernel functions

K(z,y) = % /_OO d\ eV {T/J()\,SL‘) — e (07{::71) } , (2.16a)
K(z,y) = % / T e {1/1()\,1') — AT (0”}:"> } , (2.16b)

—00

M(z,y) = % /_00 Y {¢(A,m) _ixe (07{3@) } ’ (2.16¢)
M(x,y) = % /oo d\ e W {d)()\, z) — e (07—7;:71) } . (2.16d)

The half-line ¥ > 2 on which K(z,y) and K(z,y) are supported, and the
half-line y < z on which M (z,y) and M(z,y) are supported, are intimately
related to the analyticity properties of the Jost functions.

Equations (2.5a), (2.15al), and (2.15b]) imply that

K" (x,y) = —/ dzq(2) K™ (2,2 +y — 2), (2.17a)
’ 1

—n L 5 (z+y) —

K@) =)+ [ dr@R oty -2, (217)
o %(Hy) :

Ko@) =G+ - [1 dra@ K aty -2, (2170)

K(z,y) = / dor(2) K™ (2, 2+ y — 7). (2.17d)
xr

As a result, we can express the potentials and their (partial) energy integrals
in terms of the kernel functions from the right as follows:

q(x) = —2K"°(x, ), (2.18a)
r(z) = 2K (x, 2), (2.18D)
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/ dzr(z)q(z) = 2K (z, z), (2.18c¢)
/ dzq(2)r(z) = —2K " (z, ). (2.18d)
On the other hand, Eqs. (2.5D), (2.15¢), and (2.15d)) imply that

M (z,y) = /x dz q(2)M™ (2,2 +y — ), (2.19a)

—00
x

M“@wz—%®@+w—/&+gwwa4ww—@,@um
3(aty

<Mwuw>=§«ax+m»+ﬁ(+)wq@mf%ax+y—@, (2.190)
2\TTY

M (z,y) = — /I dzr(2)M™ (2,2 4+ y — ). (2.19d)

—0o0

As a result, we can express the potentials and their (partial) energy integrals
in terms of the kernel functions from the left as follows:

q(z) =2M " (z,z), (2.20a)
r(z) = —2M*(z,x), (2.20b)
/ ’ dzr(2)q(z) = —2M™ (z,z), (2.20c)
/_x dzq(z)r(z) = —2M" (z, x). (2.20d)

Using Gronwall’s inequalityﬂ we easily prove the following estimates:

Theorem 2.1 For potentials q(x) and r(x) with entries in L'(R) we have

| R @l < Gre@P [ aylF @l < Ovila), (2210

| vkl < Gu? [yl @] < Cr), (2210

| vl < Soer, [T ayirte ) < 0vte), 2210)
c

[ @yl < So-@P [Tyl < o), 2210)

xT

*Suppose h(z) is a nonnegative function such that |F(z)| < 1+ [ dy h(y)|F(y)|. Then

r< Y 5 ([T wnw) e ([ wnw),

The proof proceeds by iteration.
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where vy (x) are given by

u+u»=nnm<<éwdyn«ymzé“lwnmym>, (2.222)
v_(z) = max (J(inca/nq<y>n,J(j;)dy|v«y>r) , (2.220)

and C = exp(z[max{|lq|1, [7]:}]?).

At this point we introduce the so-called Wiener algebra. Let Wy, de-
note the complex Banach space of all p x ¢ matrix-valued functions F'(\) of
the form

F(\) =Fx —I—/ dy F(y)e™, A €eR,

where the entries of F(y) belong to L*(R). Similarly, let W;Xq denote the
complex Banach space of all p x ¢ matrix-valued functions F'(\) of the form

F(\) =F.+ / dy F(y)ei)‘y, A €R,
0

where the entries of F'(y) belong to L'(R"). Finally, let W,x, denote the
complex Banach space of all p X ¢ matrix-valued functions F'(\) of the form

0
FO) =Pt [ dyF)e™,  AeR,

—0o0

where the entries of F'(y) belong to L'(R™). Then the estimates
imply that for each € R the matrix functions ¥(\, z)e**/® and W(\, z)e/*
belong t0 Wi, 1n)x (m+n)-

According to Wiener’s theorem [cf. [97] in the scalar case|, the matrix
function F' € Wy, has its inverse F(-)~! in W),x, whenever Fy, and, for
each A\ € R, F'(\) are nonsingular matrices. By the same token, the matrix
function F' € W;—pr has its inverse F(-)~! in W;txp whenever F, and, for
each A € CE, F()) are nonsingular matrices. In fact, the matrix case follows
from the scalar case by using the algebra property on the determinant and
the entries of the cofactor matrix.

Using ([2.17b)) we estimate for § > 0

/ dxHKd“(x,Ha)yg;/ dz |r(z + 16)]
0 0
0o :c—l—%(s .
e [T d @ R G+ - )
0 x

1
o0 oo 55 —
3 [ el @l [ el [ dw RG],
55 0 0
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We derive similar estimates K", M, and M. Now (2.9) and (2.15]) imply
that

an(N\) =1, — /Oo dy q(y) /Ooo dz e K™ (y,y + 2), (2.23a)

aiy(A) = I, + /OO dyr(y) /000 dz e K™ (y,y + z), (2.23b)

ar1(A) = I, + /_OO dy q(y) /000 dz ei’\ZMd“(y,y + 2), (2.23¢)

ara(N) = I, — /OO dyr(y) /Ooo dz e M (y,y + 2), (2.23d)
The above estimates imply that a;1 (M), aja(N), ar1(A), and ar4(X) belong to
Wi soms Wikiens Wit ., and W, tespectively.

Equations (2.10) and (2.15)) imply that
[o.¢] . oo .
app(\) = —/ dy e2Mq(y) (In +/ dz e K (y,y + z)>
—00

0

_ / dy Mq(y) — / dy q(y) /2 dz MKy, 2 —y), (2.24a)

—0o0 —o0 Y

aiz(A) = / dy e_Qi)‘yr(y) (Im +/ dz e_i)‘zfup(y,y + z)>

0
:/ dye_%’\yr(y)+/ dyr(y)/ dze_i’\zfup(y,z—y), (2.24Db)
oo 2

e y
ara(\) = / dy e**¥q(y) (In+ / dze_“ZMd"(y,y—Z))
—00 0
= / dy e*q(y)+ / dy q(y) / ) dz e MM (y, —y — 2), (2.24c)
—o0 —o0 —2y
o)== [ dye iy (fm+ / dze“ZMuwy,y—z))
—00 0

= —/ dy e‘myr(y)—/ dy T(y)/ dz €M™ (y, —y — z), (2.24d)

—00 —2y
respectively. Now observe that [ dy f;yo dz and [~ _dy ff;y dz can be

1
. 52 .
transformed into [*_dz [2 dy and [*_dz ffo%z dy, respectively. So let us

rearrange the following double integral:

1
oo 5% w B B oo ooz v
/_mdz/_mdynq(y)n 1K™ (y, 2 y)H—/_mdynq(y)n/de 1K (g, =)
- / dy lla@y)| / dw || Ky, w) | = / dy la@)l 1K™ ),

—00 —00
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which is finite. As a result, aj;2(\) belongs to Wi, xn. In the same way we
prove that a;3(\), ay2(N), and a,3(A) belong to Wy xm, Wimxn, and Wy xm,
respectively. Thus a;(\) and a,(A) belong to Wi 11)x (m-n)-

2.3 Scattering coefficients

The scattering data used as input to the inverse scattering problem for the
matrix NLS equation do not involve the transition coefficients but rather the
scattering coefficients. These can be derived from the transition coefficients
by writing the Jost solutions as the columns of modified Jost matrices which
are analytic in either the upper or the lower half-plane.

1. Scattering coefficients. Let us reshuffle the columns of the Jost
matrices in such a way that the resulting modified Jost matrices are analytic
in either the upper or the lower complex half-plane. In other words, put

Fr(\z) = (d(X\z) ¥\ ), (2.25a)
F_-(\z)= (W) ¢(\2)). (2.25Db)

~—

Then F (A, x) is continuous in A € @ is analytic in A € C*, and tends
t0 Imin as [A[ — +oo from within C*. Also, F_(\,r) is continuous in
A € C—, is analytic in A € C~, and tends to Iy, as |A\| — 400 from

within C—. Moreover, F; (), z) belongs to W(J;H_n)x(ern) and F_(\, z) to
W(:n )% (mn)” The modified Jost matrices satisfy
' () 0
e [ 911 ) £o(1), x — oo,
Fo(\z) = ars(A) 1o (2.26a)
i\ Im al2(>\)
e T +o(1), x— —o0,
0n><m al4(/\)
p
; Im  ar2(A
671)\Jx a 2( ) _'_0(1)’ T — +OO,
Fo(\z) = Onxm ara(3) (2.26b)
—i)J a;1(A)  Omxn
eI +o(l), z— —oc.
az(A)  In

As a result, we obtain

Fy(\z) =T\ ) <Z;8§ OT;:">_<I>(A,x) (05;71 ZZE;;) (2.27a)

F o\ z) = U0\, 2) (Oizlm Zzg%):w,x) (2283 O”}:”). (2.27h)
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Lemma 2.2 For \ € C+, au(N) is invertible iff a,1(\) is invertible, while,
for X € C=, apa(A) is invertible iff aj1(N\) is invertible. Moreover,

det aja(A) = det ap1(N), A e CT, (2.284a)
det a,4(N\) = det aji (N, AeC. (2.28Db)

Moreover, in the defocusing case the matrices ap (), au(N), ar1(N), and
ar4(X) are nonsingular for A € R.

Proof. Taking determinants of (2.27a)) and by analytic continuation
we get

det Fy (A, ) = e 7M7) det 4,y (A) = e det azq(N), e CT,
det F_(\,z) = e " det apg(N) = e ™ detan (X)), MeC-.

Thus, for A\ € C*, a,1(\) is invertible iff a;4(\) is invertible. On the other
hand, for A € C—, a;;(A) is invertible iff a,4()\) is invertible.

Next, in the defocusing case the transition matrices a;(A\) and a, () are
J-unitary. Then for A € R the identities

a(N)Tai(N)J = a, (N Tar (V)T = Lnin
imply that for A € R

ann(N)an(N) = I + az(\) aiz(N),
al4()\)Tal4(/\) = In + alz()\)Talg()\),

so that ||aj (A)x|| > ||| for each & € C™ and ||aj4(N)y|| > |ly|| for each y €
C™. Hence, a;1(\) and a;4(X) are nonsingular for A € R. The nonsingularity
of the other two diagonal transition coefficients follows from the first part
of this lemma. ]

By a spectral singularity we mean a value of A € R for which at least one
of the numbers det aj4(\) = det a,1(\) and det ar4(\) = det a;3(\) vanishes.
If there are no spectral singularities, the number of zeros of det a;(\) =
deta,1(\) in C* and the number of zeros of det a,4(\) = deta;;(A\) in C
are finite. In the defocusing case there are no spectral singularities, because
of the second part of Lemma [2.2] Spectral singularities are often considered
unwarranted complications to scattering theory and are therefore usually
assumed away.

Let us now seek a scattering matriz S(\) such that

F_o(\z)=F,(\2)JSO\)J, (2.29)

where z, A € R (except in points A € R where S(\) is discontinuous). Writ-
ing



we get the pair of matrix equations

Iy, = ari(N)T-(N), ara(N) = —ap1(N)L(N),
ara(A) = Ti(A) — ar3(A)L(N), Onxm = arg(A)Tr(A) — R(A),
Iy = aus(N)Ti(N), ai3(\) = —ai(A)R(N),
air(A) =T, () — apg(MN)R(N), Omxn = aip(AN)T3(N) — L(N).

Equation is the Riemann-Hilbert problem used by most researchers to
solve the inverse scattering problem [I1 5] [0, [54]. Observe that the existence
of S(A) satisfying implies (and is in fact equivalent to) the invertibility
of a,1(\) and aj4(A). In this case we define the transmission coefficients by

TT()\) = arl()‘)_lv T’l()‘) = (1[4()\)_1- (230&)

Thus in the scalar case (m = n = 1) the two transmission coefficients
coincide [cf. (2.28)]. We now easily find the reflection coefficients to be
given by

LX) = —a,1 (M) ar2(A) = an(Nau(A) 7, (2.30b)
R\ = —au(N)tai(\) = as(Na (V)7L (2.30¢)

We easﬂy check that
<ar1 m><n )( lm ar2(>\)>
n><m a4 >\) ! al3(/\) In
(ar?)

R ) e

Since a;(A\) and a, () are each other’s inverses, we have
Ti(A\) = ais(N) ™ = ara(N) — arz(MNarr(N) " Laga(N), (2.32a)
T ( = arl()\) = a“()\) - alg()\)al4()\)_1a13(/\), (2.32b)

provided one (and hence both of) a,1(\) and aj()) is invertible. We now
easily verify that

T-(A)  Omxn\
( ) X )el/\Jx+0(1)’ €T — +OO,

- _R()‘) In
Fr(\z) = (2.33)
L —L(A)\ e .
S le)ew foll), = —oc,
Therefore,
Fr(h2)™h = <—TR((/\)?) On;:n> Y a) = (07{?7,1 _TZIE()\)S)> 2a)
(2.34)
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It is now clear from that S()) belongs to Wy, 4n)x(m+n) Whenever
ar1(A) and aq(\) are nonsingular for A € R.

In the defocusing case it follows directly from that S()) is contin-
uous in A € R and unitary. By the same token, in the focusing case it follows
from that S(\) is J-unitary, but it need not be continuous in A € R.
These discontinuities in the reflection and transmission matrices can only
occur if there exist diagonal transition coefficients that are not invertible,
i.e., if there exist spectral singularities.

2. Dual scattering coefficients. If there are no adjoint symmetries on
the potential [i.e., if we are not in the focusing or the defocusing case], then
we need to introduce the duals of the matrix functions introduced so far. In
the focusing and the defocusing cases, a simple adjoint (plus an occasional
+ sign) would suffice.

The invertibility of the Jost matrices ¥(A,z) and ®(\,z) for A € R
implies

-1 _ é( ,$) _ [Im+n+0(1)}€i)“]x7 T — 400,
U (A, x) 1_ < a:)) = {GT(A)eiAJx+O(1), (2.35a)

T — —00,

. 2.35b
ai(N)eMT £o(1),  x — +oo, ( )

A

A

)\, .%‘) _ [Im—i-n + 0(1)]€i/\Jx7 T — —00,
Nz)) o

where we have employed and a,(\) = ¢;(\)~!. Rewriting the matrix
Zakharov-Shabat system and using that V' (z) and J anticommute, we
see that W(\,z)~! and ®(\,z)~! satisfy the dual matrix Zakharov-Shabat
system

oy
oz

We can thus define the dual Jost matrices W(\, z) and ®(), z) as the inverses
of the Jost matrices ¥(\,z) and ®(\, z), respectively. In principle, the
direct and inverse scattering theory for the matrix Zakharov-Shabat system
could just as easily be developed for the dual matrix Zakharov-Shabat
system , where we rely on the Volterra integral equations

N z)J+Y (N z)V(x) =AY (\ x). (2.36)

—1

YA 2) " = Dy +i / dy U(A,y) 'V (y) JeN ), (2.37a)

S\ a) " = Lypn — i / dy B\, y) "WV () JeMED. (2.37D)

—00

However, in the defocusing and focusing cases the symmetries present make
it unnecessary to do so.
Let us now define the dual scattering matriz S(\) as follows:

Fr(\x)=F_(A\z)JS\)J = F_(\z)JS(\) 1, (2.38)
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where A,z € R (except in points A € R where S()) is not continuous in
A € R) and the rightmost part of (2.38]) follows straight from (2.29). Put

sn-sori= (1) 24)

Then the dual transmission coefficients Tj(\) and 7T}.(\) are meromorphic in
A€ C™. From JS(\)J = F_(\,2) "1 F, (), z) we easily obtain

TiN) = an(AN) 7 = a1 (A) — ara(N)ara(N) Lars(N), (2.39a)
[-(A) = ara(N) 7 = ap(N) — ais(Nagg () " Lagg (V). (2.39b)
R(\) = ara(Nars(N) " = —an(\) ta(N), (2.39¢)
L) = aig(Nain(N) ! = —aa(N) Lars (V). (2.39d)
As a result, we get
In —Fw)) s
9 e o(l), x= — 400,
F (\z)™t= O:IZX(’;) ?(A) (2.40)
l mxn ixJz
BN I ) eMT 1 o(1), x— —oc.
Therefore,
FoOa) ! = (Oj’:m _TR((;))> WA, 2) ! = <_TIL((AA)) 0”}:”) B\, z) L.

(2.41)
It is now clear that S(\) and, for each z € R, W(\,z)~! and ®(\, z)~! belong
t0 Wimn)x (m+n) Whenever a;;(\) and a,4(A) are nonsingular for A € R.

2.4 Marchenko equations

In this section we introduce the right and left Marchenko equations. In the
absence of bound states, we give a full derivation. Even though we present
their explicit forms in general, a full derivation of the exact form of the
Marchenko integral kernels is complicated if the transmission matrices have
multiple poles [41 [44]. Thus, in most of the literature one deals only with
situations, where the poles of the transmission matrices are simple.

1. Formulation of the Marchenko equations. Starting from ([2.29))
and (2.38)) we get for A € R

D\ x) = ¢\, )T (N) — p(A\ 2)R(N), (2.42a)
(A 2) = =P\, 2)R(A) + (N, )T (M), (2.42b)
o\ x) = D\, 2)Ti(N) — S\, 2) L(N), (2.42¢)
(N ) = —p(\2)L(N) + (A, 2)Ti(N). (2.42d)
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Let us now write for A € R

L(\) = /_OO dy €i)‘y€(y)a R(A) = /_00 dy ei/\yﬁ(y), (2.43a)
R(A) = /_ Ty e Mp(y), L\ = /_ h dy e=i(y), (2.43D)

where L()A) and R()) belong t0 Wy, xr, and R(\) and L()) belong to Whxm.
In other words, the entries of £(y), p(y), p(y), and £(y) belong to L'(R).

In the defocusing case we have by the unitarity of the scattering matrix

R(N) =R\, L)) =L, (2.44a)

where A € R. In this case £(y) = £(y)T and p(y) = p(y)' for a.e. y € R. In

the focusing case we have instead by the J-unitarity of the scattering matrix

RO\ =—-RNY, L) =—-LW, (2.44D)

where A € R. In this case £(y) = —£(y)T and p(y) = —p(y)! for a.e. y € R.
If there are no bound states and hence T).(\) and T;(\) are analytic in

A € C*, we obtain from (2.42)) and (2.15))

T Om n
Koo+ (7)ot i)+ [ de K@ 20+ 9) = Oy

xT

(2.45a)
In \ . S y
K(z,y) + (OnXm> ple+y) + / dz K(z,2)p(2 + ¥) = 0(min)xcns
(2.45D)
M) + (") i)+ [ T+ ) = Oy
(2.45¢)
_ I, z
M(z,y) + (0 § > Uz +y) +/ dz M (2, 2)0(y + 2) = O(m4n)xn-
(2.45d)

In this case Egs. can be summarized as
a(z,y) +w(z,y) + /xoo dz oq(, 2)wi(2,Y) = O(msm)x(min)s  (2-46a)
ar(z,y) + we(x,y) + /_xoo dz ar(, 2)wr(2,Y) = Oman)x(mn)s  (2.46D)
where

atea) = (on P e = (Boa) KGa).

o) = (g CCEI) (e = (Ge) THw)).
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In the defocusing case there are no bound states and we get (2.46)), where

wilz,y) =wly, ), wz,y) = wly,2), (2.47a)

which means that j(z) = p(z)" and (z) = £(2)!. In the focusing case without
bound states we get (2.46)), where

wile,y) = Ja(y, o)1, we(@,y) = Jwr(y, )1, (2.47b)

which means that 3(z) = —p(2)! and f(z) = —¢(z)".
If the transmission coefficients 7.(A) and Tj(\) are continuous in A € R
and hence the number of bound states is finite, then the Marchenko equa-

tions are given by (2.46)), where

Omxm pla+1y)+ Tz + y)>
wi(z,y) = , 2.48a
) (P(ﬂery) +Ti(z+y) Onxn ( )
wr(x,y) =1+ o , 2.48b
o) (ax +9) + Doz +) O (2.48b)
where
N Nj—l s
Di(z+y) =) e @Hu wrws, (2.49a)
j=1 5=0 5
N N;j-1 s
Di(z+y) =) e i Mijs, (2.49Db)
j=1 5=0 5
N Nj—l s
To(c+y)=Y o(@+y)a MFMS, (2.49¢)
j=1 5=0 5
N Nj—1 s
Po(oty) =Y eron 3 EED g (2.49d)
j=1 5=0 5
Here iai,...,iay are the poles of the transmission coefficients T;(\) and
T m and —ia1, ..., —1Gy are the poles of the transmission coeflicients
T, (M) in C* and —ia 1 h les of th issi flici

Tl()\) and ’./v’r()\) in C™. The matrices I'jj,, I'yjs, fljs, and Iv)js are called
norming constantsﬁ In other words,

7d Omxn >
K($,y)+< IX )Ql(x+y)+/ dZK(va)Ql(Z+y) :O(m+n)><m7

(2.50a)
I, )\ = o 5
K(z,y)+ <0 5 ) Yz +y) +/ dz K(z,2)0%(2 +y) = O(min)xn>
(2.50D)

4 Almost everyone assumes the poles to be simple. Then the expressions for I'i(z+y)
etc. simplify to I'j(z + y) = Zj.vzl e~ @YD o etc. The derivation of these kernels for

multiple poles can be found in [45] [26].
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MG+ (7 ot o)+ [T 90 ) = O

. (2.50¢)
I Im z
W)+ (o7 Yoot i)+ [ deb@ 90 +9) = i
nxm — oo
(2.50d)

where

_ Onxn Ql(l' + y) o Onxn Qr(x + y)
CU[(CU,Z/) - <Ql($ +y) Oumxm s wr(xvy) - Qr(w +y) Onxn .

In the focusing case with transmission coefficients continuous in A € R

we get instead of (2.47Db|) [cf. [44]]
wiw,y) = Joly, o)1, wez,y) = Jw(y,2)1. (2.51)

2. Unique solvability. The Marchenko equations ([2.46a}) and ([2.46D))
are systems of integral equations having a structured integral kernel. The

structure consists of having the integral kernel depend on the sum of its
arguments rather than on the separate arguments themselves. Another fea-
ture is that there is a Marchenko equation, either (2.46a)) or (2.46b)), for each
x € R, where the kernel does not really depend on = € R. In fact, when
replacing x in by a larger &, we actually “compress” the integral
kernel into a right lower corner. If the system were to be discrete, it is as if
the system matrix were to be replaced by a right lower square corner. By
the same token, when replacing x in by a smaller &, we “compress”
the integral kernel into a left upper corner.

Theorem 2.3 Assume that
o0

/ dz ||lwi(2)|| < +o0.
2

Z0o

Suppose that, for every x > xo, (2.46a) has at least solution oy(x,y) satis-
fying

o0
sup / dy llau(z, )| < +oo.
€T

x>0

Then for each x > xo and for an arbitrary inhomogeneous term g;(y) belong-
ing to a suitable vector function space E(x,+00)™", the integral equation

fily) + / T dz fi(2enzy) = ai(y)

has a unique solution in E(x,+o00)™t™,

45



A proof of Theorem (though under a superfluous symmetry condition
on the Marchenko kernel) can be found in [I2]. The allowed function spaces
E include L? (1 < p < 4+00) and BC. There is an analogous result for
E51).

In the defocusing case the Marchenko equations (2.46al) and (2.46b)) are
uniquely solvable and the integral operator is selfadjoint with norm strictly
less than one [10, 4I]. This is a direct consequence of the fact that in the
defocusing case the reflection coefficients are all matrices of norm strictly
less than one. In fact, in the defocusing case the norm of the Marchenko
operator on L?(x,4+00)" ! is bounded above by supycg ||[R(\)|. Thus, in
principle, these Marchenko equations can be solved by iteration.

In the focusing case either Marchenko equation can be split in
an upper and a lower portion which are coupled [cf. ] Formally,

(e 7) (o) =~ (&)

The adjoint symmetry of this system is a result of the symmetry relation
[2.51). Since I + KKT and I + KTK are invertible linear operators, we get
as a unique solution

awy) (I+KKH' —KI+KK)™Y [we
<ad“> - <KT([+KKT)1 (I+KTK)™! > <wd“> '

Thus the Marchenko integral equations are uniquely solvable [94), 41]E|

It has been shown [70} [69] that the scalar (1 + 1) focusing Zakharov-
Shabat system does not have isolated nonreal eigenvalues if [~ dz |q(z)| <
5, where the bound is optimal. For single-lobe potentials, where g(z) has
a single maximum, the eigenvalues were shown to be imaginary and their
exact number was determined. These results were extended in various steps.

In [71] it was proven that there do not exist isolated nonreal eigenvalues nor
spectral singularities of the matrix Zakharov-Shabat system ({3.1]) whenever

[ o max(late)l )] < 5.

—0o0

Thus under this condition the Marchenko theory is particularly simple.

3. Retrieving the potential from the Marchenko solution. To
compute the potentlals q(x) and 7"( from the solution of the Marchenko

equation , we need to use m Analogously, (2.20a))-

(2.20b)) are requlred to derive the poten‘mals from the solution of the Mar-
chenko equation ([2.46h)).

5Tn principle, the unique solvability has only been established for E = L%. A compact-
ness argument [4I] is required to extend the result to the other allowed vector function
spaces.
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Finding a 1, 1-correspondence between potentials (without spectral sin-
gularities) and Marchenko kernels is known as the characterization problem.
It has recently been solved completely [49]: Assuming that

a. the Marchenko equations ([2.46a)) whose kernels are given by ([2.48a)),
(2.49a)), and (2.49b) and where p(z) and p(x) have their entries in

L*(R), are uniquely solvable for z > xg, and

b. the Marchenko equations (2.46b]) whose kernels are given by ([2.48b)),
(2.49¢), and(2.49d) and where ¢(z) and ¢(z) have their entries in
L'(R), aree uniquely solvable for z < x,

we get unique potentials ¢(x) and 7(x) with entries belonging to L!(R).
In the focusing case the assumptions on the unique solvability of the Mar-
chenko equations are superfluous. In the defocusing case there is a 1, 1-
correspondence between potentials ¢(z) and reflection coefficients from the
right R(\) satisfying

o0
swp RO <1, RO = [ dye (),
AER —00
where p(z) has its entries in L'(R). In the defocusing case there is also a
1, 1-correspondence between potentials ¢(x) and reflection coefficients from
the left L(\) satisfying

swp [LN| <1, L) = / dy eMa(y),
AER

—00

where /() has its entries in L!(R).

2.5 Propagation of scattering data

1. What are the scattering data? The Marchenko kernel contains all
of the information comprising the usual scattering data in a faithful way. In
particular, it is the sum of two contributions: 1) the Fourier transform of a
reflection coefficient, and 2) a bound state contribution encoding the discrete
Zakharov-Shabat eigenvalues and the norming constants. More precisely,

Al (@)
Y(w,y) = ple+y)+ Y e @ Y~ 22Ty
j=1 5=0 5
N Nj—1 s
v . _ o T + v
le,y) = ol +y) + Y e 3o EEp
j=1 5=0 ’
N Nj,]_ s
) T +
Q'r‘(xv y) = E(x + y) + Z €(x+y)ag Z (S'y)Frj$7
j=1 5=0 ’
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- y - b (@)
Oag) = o +y)+ Y et 3 D
j=1 s=0
where iaq,...,iay are the discrete eigenvalues of the matrix Zakharov-
Shabat system in C* and —idq,..., —iay are the discrete eigenvalues of

the matrix Zakharov-Shabat system in C~. The coefficients I'; and fj are
called norming constants. In the focusing case, symmetry relations imply
that

Nz +y) = -y + ), Qo(z+y) = -Q(y+ )
In the defocusing case, there are no eigenvalue terms and the symmetry
relations are given by

Ql(x+y) :Ql(y+x)T, Qr(az—ky) :QT(y—i—x)T.

Since the Marchenko kernels encode the usual scattering data

. N,—1N R T
{R(N), {iay, DigshoZo oy BN, {—1a, Ly bZo 5oy}

faithfully, the Marchenko kernels Q;(x +y) and ;(z +y) themselves can be
used as the scattering data. In the focusing case it is sufficient to use either
the “classical” scattering data

. N;—1N
{R(A)a {ZCL]', Fljs}s:JO j:l}

or the Marchenko kernel Q;(z+y) as scattering data. In the defocusing case,
where there are no bound states, we can either take the reflection coefficient
R(\) or the Marchenko kernel p(x + y) as scattering data.

2. Propagation of scattering data. It is important to understand
how the Marchenko kernels propagate in time if the potentials evolve ac-
cording to the matrix NLS system. We have previously derived the Lax
pair

L=iJ(00; - Q), A=2iJ{9?- Qi +iQ,—3Q"},
of the matrix NLS system

ZJQt + Qa;:c - 2Q3 = 0(m+n)><(m+n)‘

Translating this information into our treatment of the matrix Zakharov-

Shabat system ([2.1]), we get

— {Omxm q
Q= ( -r 0n><n> .
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Thus we have the Lax pair equations
LY = )\V, v, = AV.

where

[ (10Im  —iq Ao 20021, +iqr —2iq0, + iy
—ir  —i0.1,) "’ —2ir0y +iry —2i02I, —irq) "

Letting ¥ stand for a Jost solution [which obviously solves LU = A\¥], the
second equation ¥; = AV tells us how this Jost solution evolves in time.

We now consider the abstract scattering problem (using a fictitious time
7, while t is viewed as a parameter) for the matrix Zakharov-Shabat sys-
tem. A “particle” subject to the matrix Zakharov-Shabat hamiltonian
L is supposed to be asymptotically subject to the free matrix Zakharov-
Shabat hamiltonian L in the remote past (7 — —oo) and in the far future
(T — +00). This means that, as 7 — 400, L and Ly have the same fictitious
time evolution. For any vector ¢, there are supposed to exist vectors Zi¢
and Wi¢ such that

e*""L(ﬁ ~ eiiTLOZiQ T — Fo00,
e*”LD(ﬁ ~ e*”LWiqS, T = F00.

The linear operators Z1+ and W4 are called wave operators or Mgller oper-
ators. They are defined as the strong limits

Zip= lim eloe=lg, Wigp= lim eFe oy, (2.52)

T—+00 —+o0o

The following result is known [71] [cf. [45] in the defocusing case]:

Theorem 2.4 Suppose there are no spectral singularities. Then Wi¢ is
defined for any vector ¢ € L?(R)™*", is one-to-one, and has a closed com-
plement M(L) of the finite dimensional subspace spanned by all eigenvectors
and generalized eigenvectors of L as its image. On the other hand, ZiL¢ is
only defined for ¢ € M(L) and

ZsWid =9, ¢ L*R)™™,

WiZi¢:¢> ¢EM(L)

We also have the intertwining relations
LoZy =274 L, LWy = WyLyg.

The trick now is to map the remote past asymptotics (described by
Z_¢) into the far future asymptotics (described by Z,¢) by applying the
scattering operator S defined by

S - ZJer,
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as clarified by the diagram

2Ry = pmr) —Zs 2mymie,

Then S is a boundedly invertible operator on L?(R)™*". Obviously,

LoS = Lo(ZyW_) = (Lo Z{)W_ = (ZyL)W_
= Z, (LW_) = Zy(W_Lo) = (Z,W_)Lo = SLo,

so that the scattering operator S and the free hamiltonian Ly commute. In
the defocusing case, the wave operators Z+ and Wy are isometries and the
scattering operator S is unitary. In the focusing case, Z1J and JW. are
isometries and S~ = JSTJ.

Time dependent scattering theory has been developed from the 1950’s
to describe the past and future asymptotics of quantum mechanical states
where particles are moving under the effect of a hamiltonian H and behave
as if they were moving under the effect of a free hamiltonian in the remote
past and the far future. This is the typical situation of scattering under the
influence of a localized interaction. We refer the reader to the textbooks
[68, 99, 96).

Introducing the Fourier transform operator F by

NS 27 J_

Fo = [ T dr g, FR)) = / T ane (),
it is clear that

(FLog)(N) = AFe)(A), ¢ € L*(R)™™.

Exploiting that S and Ly commute [and hence that FSF~! and the op-
erator of multiplication by the independent variable commute], it is eas-
ily understood [88] that FSF~! is the operator of premultiplication by an
(m +n) x (m + n) matrix function S(A). In [45], it has been shown that
S(A) coincides with the scattering matrix introduced before. Using a diag-
onalization G of L which turns the absolutely continuous part of L into the
multiplication by the independent variable on L?(R)™"" we arrive at the
commutative diagram

L2 (R)m+n L M(L) L L2 (R)m+n
‘| : E
1 -1
LQ (R)m—&-n % L2 (R)m-i-n % LQ(R)m+n

Let us now consider time dependence (using ¢, not 7). As discussed
before [cf. (1.2)], the Lax pair equation (1.1)) for {L, A} can be written as

U(t,s)L(s) = LU (t, 5),
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where (0/0t)U(t,s) = A(t)U(t,s), U(s,s) = I, and the t-dependence of L
and A has been written explicitly. Then

Ult, )Wi(s) = We®)Uo(t,s),  Uolt,s)Zs(s) = Zo(t)U(t, s),

where (0/0t)Uy(t,s) = AoUo(t,s) and Uy(s,s) = I [Lax pair equations for
{Lo, Ao}] Thus

Uo(t,s)S(s) = Up(t,s)Z+(s)W_(s) = Zy()U(t,s)W_(s)
= ZL()W_(t)Up(t,s) = S(t)Up(t, s).

Since

FUO(t, S)}Fil — Fe(tfs)AoFfl _ 6721'(t75)/\2(]7
we obtain the time evolution
e_Qi(t_S)AQJS(A; s) = S(\; t)e_%(t_s)’\z‘]. (2.53)

Using reflection and transmission matrices, we obtain

e~2t=sN o T,(A;s)  L(N\;s)
p2i(t—s)\? R(A;s) Ti(\;s)

(TNt L) (e 2N 0
N R(); t) Ti(\; t) eQi(t—s))\2 :

0n><m

0n><m

Thus
Ti(At) =Ti(A; 8), T, (A t) =Tr (N s), (2.54a)
N RO ) = eV R\ s), e NV L(At) = e MV L(\;s).  (2.54b)

In other words, the transmission coefficients do not depend on time, but the
reflection coefficients do, though in an elementary way. Finally, since the
time evolution (2.53)) also holds for the dual scattering matrix

N )
we obtain in a similar way
Ty(At) = Ti(\s 9), T,(\st) = To(X; 9), (2.55a)
674”)\2?5()\; t) = 674i3/\2.é()\; s), e4it)‘21u/()\; t) = e4i8)‘21ul()\; s).  (2.55Db)

Using (2.43) and the time evolution of the reflection coefficients, we
obtain

L[ ) L[> o AitA2
plx;t) = 277/ dAe P R(\;t) = 277/ dX e e R(X;0),
1 &0 ~ 1 & . -
Uait) = o / dre LA t) = o / A\ e~ M4 [ (). ).
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Thus

Pt + 4Zpa:x = Onxm,
gt - 4/L£x1; = Oan.

It can be proved that the corresponding Marchenko kernels satisfy the same
time evolution PDE’s:

[Ql]t + 4i[Ql]mx = Onxm, (2.56&)
[QT]t - 4i[Qr]mm = Omxn' (2.56b)

In a similar way we obtain

[Ql]t - 4Z[Ql]xx = Omxn, (256C)
(0] + 4i[2)ee = Opscrm- (2.56d)

The inverse scattering transform for the matrix NLS system can now
be expressed in various ways. In the classical way, written in the focusing
case, assuming that the transmission coefficients have only simple poles, and
using reflection coefficients, we have

direct scattering .
q(z,0) ——— {R(N), {ia;, T}, }
matrix NLSl J{time evolution
(](l’, t) inverse scattering {R()\)€4i)‘2t, {iaj, Fje_4l'a?t ;\7:1}

In the focusing way, using Marchenko integral kernels, we have

direct scattering

q(z,0)

matrix NLSJ l[ﬂl]t+4i[ﬂl]zzzo

Yz +y;0)

inverse scattering 0 (
< l

q(z,1) z+y;t)

Without symmetries, the latter diagram has to be modified as follows:

direct scatterin <
{g(x,0),r(2,0)} T {0 (24 4;0), U + y;0)}

l [u]e+43[U )20 =0
(2] —4i[S2])22=0

{q(, 1), r(w, 1)} LECSAUIE o) (04 ys ), (2 + y3 )}

matrix NLSl

The quantities €; and Q) can be viewed as position and momentum of a
hamiltonian system with hamiltonian density

H = 4i[ ][]
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The Hamilton equations reduce to (2.56al) and (2.56b)). The two variables
€); and €; are canonical, because

{Q, ) = {9, ) =0, {2, ) =1

Finally, the horizontal arrows in the last diagram are canonical transforma-
tions which are each other’s inverses. The focusing case can be obtained
by imposing the constraint r(x) = ¢(z) (before transformation) or the con-
straint (z) = —(2)! after transformation. The defocusing case can be
obtained by imposing the constraint r(z) = —q(z)! (before transformation)
or the constraint ((z) = Q(z)! after transformation.

The IST can be formulated with minimal changes for the matrix mKdV
equation and the sine-Gordon equation. In these cases the time evolution
of the scattering dataisentirely determined by the “free” Lax pair {Lg, Ao}
given by

Lo = iJ 0y,
) {—465’; = —4iJL3, matrix mKdV,
0 p—

%6;1 = %iJLal, sine-Gordon,

which is obtained from the actual Lax pair by allowing the potential Q to
vanish. Following the above arguments for the matrix NLS equation, we see
that

e_4ij)‘3(t_s), matrix mKdV,
FU(t — s)F " = Fel= )R~ =&
et sine-Gordon,

intended as a premultiplication by a matrix function depending on A. Thus

R\ 1) = e¥VIR(A;0), L(Ast) = e 3" L(X\;0), matrix mKdV, (2.57a)
R(\;t) = e A R(X; 0), L(\;t) = /2 L(); 0), sine-Gordon. (2.57b)

Thus, instead of (2.56)), we get the PDE

(] + 8[Ulzze = Onxm, matrix mKdV, (2.58a)
(]t + 8[]s2z = Opxcn,  matrix mKdV, (2.58b)
[]ar — 3% =0, sine-Gordon, (2.58¢)
[ ]zt — %QT =0, sine-Gordon. (2.58d)

2.6 Summarizing the IST

Let us summarizing the IST method in two different ways, either involving
five steps. Here we subdivide the first and the last of the three steps in the
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classical description of the IST in two each. This will facilitate describing a
numerical method for solving the matrix NLS equation based on the IST.

Using scattering data on right half-lines, the inverse scattering transform
for solving the matrix NLS consists of the following five steps:

1. From initial data to initial Marchenko solution: Solve the Vol-
terra integral equations ([2.17)).

2. From initial Marchenko solution to initial Marchenko kernel:
Compute the Marchenko kernels Q;(x + y) and €(z + y) from the

solution of the Marchenko equations ([2.50a))-(2.50Db]).

3. Propagating the Marchenko kernel: Propagate the Marchenko
kernels by solving

[Ql]t + 4i[Ql]xx = On><7m
[Ql]t - 4i[§2l]zm = Omxn-
4. From final Marchenko kernel to final Marchenko solution:

Solve the Marchenko equations (2.50a]) and (2.50D) for K (z,y;t) and
K(z,y;1).

5. From final Marchenko solution to matrix NLS solution: Com-
pute g(z;t) and r(x;t) from

glait) = —2K"(x,25t),  r(z5t) = 2K (2, 23).

Schematically,
J matrix NLS (2] e+4i[Q] e =0 J
system )¢ —44[Q]z2=0

{a(@,t), (2, 1)} —— {K(z,y;), K(z,y;t)} «—— {Q(w;t), Y(w;t)}

Using scattering data on left half-lines, the inverse scattering transform
for solving the matrix NLS consists of the following five steps:

1. From initial data to initial Marchenko solution: Solve the Vol-
terra integral equations ([2.19).

2. From initial Marchenko solution to initial Marchenko kernel:
Compute the Marchenko kernels Q,(z + y) and Q,(z + y) from the

solution of the Marchenko equations ([2.50¢)-(2.50d)).

3. Propagating the Marchenko kernel: Propagate the Marchenko
kernels by solving

[QT]t - 47:[QT]$$ = Omxm
[Qr]t + 4i[§2r]zx = 0n><m-
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4. From final Marchenko kernel to final Marchenko solution:
Solve the Marchenko equations (2.50c)) and (2.50d)) for M (z,y;t) and

M (x,y;t).

5. From final Marchenko solution to matrix NLS solution: Com-
pute ¢(z;t) and r(x;t) from

q(z;t) = 2M " (z,25t),  r(z;t) = —2M™ (2, 25t).

Schematically,

{a(x,0),7(z,0)} —— {M(z,y:0), M(z,y;0)} —— {Q(2;0), 2 (2;0)}

matrix NLS [?T}t*‘li[{b]zr:o
system [Qr]t+4i[9r]ac:c:0

{q(:r,t),r(:v,t)} D— {M(:E,y;t),M(l’,y;t)} D— {Qr(x;t)aQr(x;t)}

The two five-step procedures to implement the IST for the matrix NLS
equation are the basis of a numerical method to solve the matrix NLS equa-
tion, developed at the University of Cagliari. Discretization of the integral
equations involved using the trapezoid integration rule leads to a Volterra
system (step 1), a Toeplitz-plus-diagonal system (step 2), in principle a
fast Fourier transform (step 3), a Hankel-plus-diagonal system (step 4), and
writing down the diagonal elements of a square matrix (step 5). The fourth
step has been well developed [95, [36]. Intermediate results on the numerical
method appeared in [I4] [I3]. At present, the five steps are being integrated
into one single program.

95



56



Chapter 3

Study of discrete models
through linear difference
systems

The two discrete integrable models studied most are the Toda lattice and the
IDNLS system. The Toda lattice was first formulated in 1967 by Morikazu
Toda [1917-2010] [91] to model an infinite sequence of nonlinearly coupled
oscillators converging to a physical system described by the KdV equation
as the distance between two consecutive oscillators vanishes. The IDNLS
system was first formulated by Ablowitz and Ladik [3 [4] in 1975-1976 as
a discretization of the NLS equation. In either case the nonlinear discrete
equation is integrable. In Chapter [I| we have constructed a Lax pair for
the Toda lattice equation and an AKNS pair for the matrix IDNLS system.
Here we explain the IST for either model.

The Toda lattice equation was first proven to be integrable, by formula-
tion of the inverse scattering transform, by Flaschka [57]. It has a Lax pair
{L, A} given by

(Lx)n = Ap4+1Tp+1 + anTp—1 + bnwny

(Am)n = 0p+4+1Tn+1 — Ap—1Tn—1,

where © = {x,}32_ . The inverse scattering transform for the matrix
IDNLS system can be found in the book by Ablowitz et al. [5, Ch. 5] and
in the article by Tsuchida et al. [93]. As shown by Example[1.9] the matrix
IDNLS system has an AKNS pair (X,,, 7)) given by

Xn=2+Q,, T,=-3%iJ(Z-Z"")+i)Q,Q,_,—iJZQ,+iJZ™'Q,,

Z=zIve: Iy, Q,= (0]]{2” 05”M> :
n X
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Recently [47, [48], a different inverse scattering transform for the matrix
IDNLS system has been found which avoids many of the mathematical dif-
ficulties inherent in the Ablowitz-Ladik approach but for which, at present,
no Lax pair or AKNS pair is known. The difference regards the choice of
the operator L appearing in the linear eigenvalue problem. When replacing
the differentiation in the matrix Zakharov-Shabat system

z'ng()\,a:) —V(x)v(\ z) = A\ x),
x
where J = I, & (—1,) and JV (z) = —V(z)J, by a finite difference scheme
(with step h), we have the following two options:
1. Forward differencing (Ablowitz-Ladik [3], 4]):
. Un4+1 — Up
iJ N
This leads to the one-step forward difference equation system
o1 — (1 —dAh)In han, v
e hirpn (L4 iXh) Iy ) ™

— Vv, = Av,.

Ablowitz and Ladik then make the approximation [of order O(h?) as
h — 07] 1 —iMh ~ z and 1 + iM\h ~ z~! and write Q, = hg, and
R,, = hr,. Their final equation is as follows:

_ ZIN Qn
Unt+1 = (Rn 2_1]M> Uy
To be able to go backward in n, their system matrix must be invertible
for each n € Z and every 0 # z € C. This requires assuming that

det aIn g" = det(Iy — QnRy) = det(Iy — RnQn) # 0,
R, =z Iy

where n € Z[1
2. Central differencing (Demontis-Van der Mee [48]):

Un+1 — Un—1

% — ann = )\’Un.

This is a two-step difference equation which can be uniquely extended
in the forward as well as the backward direction, because it can also
be written as

iJ

VUnt1 — Un—1 = —2thJ ANty + Vip|vg.

'Here we have used the following easily verified facts: (a) if I — TS is invertible, then
I— ST is invertible with inverse I +S(I —TS)™'T. (b) If [ — ST is invertible, then I —T'S
is invertible with inverse I + 7'(I — ST)™'S. (c) Either matrix is invertible iff (£ 7) is,
and in that case its inverse is ( (I-rs)~! ~TU-ST) ) = ( (1-T8)"" 7(17TS>71T)

—-S(I-TS)"Y (I-sT)~! —(I-ST)"'s (I-sT)~!
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3.1 Jost Solutions as Fourier Series

To define the Jost solutions, we first consider the free hamiltonian Lg, be-
cause the solutions of Logv = Avg are the asymptotic expressions for the Jost
solutions of Lv = Av as n — +o0o. We have the following:

1. Flaschka-Toda: For @ = {z,,}>2 ___ we define Ly by
(Lox), = %$n+1 + %xn_l.
Then the (absolutely continuous) spectrum o(Lg) = [—1,1]. Further,
(L — Lo)x]n = ant1Znt1 + anTp_1 + bpzp,
where o, = a,, — % and for some s = 0,1, 2 the following condition is

assumed:

oo
Y (+nl) @lan] +|ba]) < +oo,  s=0,1,2  Hyp,

n=—oo

2. Ablowitz-Ladik: It is not clear how to define Ly. Instead the n —
400 asymptotic solutions of the Jost solutions follow from the equation
Vpt1 = Zvy, where Z = zIny @ 2~ ;. We assume that for some
s=20,1,2

{fo_oo (1 + [n])* {1Qull + |Rnll} < o0,

s=20,1,2. Hyp,
det(Iy — QnRy) # 0 for each n € Z.

One could argue for {z € C : z € T}, T standing for the unit circle
in the complex plane, as the “spectrum” of the free Ablowitz-Ladik
system v,+1 = Zv,, by using Z as the “spectral parameter.”

3. Central differencing: For @ = {z,,}>2___ we define Ly by

Tp4+1 — Tp—1

Lox)n = i
(Lo®)n = 1] ——

Then the (absolutely continuous) spectrum o(Lg) = [—+, +]. Also,

_ _ _ (Onxn  Qn
[(L LO)w]n - ann - < Rn 0M><M> Un,

where for some s = 0, 1,2 the following condition is assumed:

o0

ST @+ ) {IQull + 1Rall} < +00,  5=0,1,2.  Hyp,

n=—oo
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In the Flaschka-Toda case we define the Jost solutions as follows:

On(2) ~ 2", O (2) ~ 27", n — —oo, (3.1a)
Up(2) ~ 27", Y, (z2) ~ 2", n — +00, (3.1b)

where A = 2(z + z71). Thus ¢,(z) = ¢n(27!) and ¥, (z) = ¢u(z71). For
this reason, Flaschka [57] has only defined two different Jost solutions.
In the second and the third cases we define the Jost solutions as follows:

Omn Iy

n(z) ~ 2" < In )  F()~ (ONM> om0, (320)

nl(z) ~ 2 <0NM> L D(z) ~ " ( In ) . neortoo,  (3.2)
In Omn
where A = 1(2 4 27!) [second case] and A = [z7! — z]/(2ih) [third case].
The next thing to do is to prove the existence of the Jost solutions for
z € T by deriving Volterra summation equations and proving their unique
solvability. The potential difficulties are the cases z = +1 [Ablowitz-Ladik
and Flaschka-Toda] where 2z = 27" = (£1)" may (but does not always) lead
to linearly dependent Jost solutions. A similar problem exists for z = +i
in the central differencing case. The existence of the Jost solutions for
£1 # z € T requires the hypothesis Hypg; their existence at z = +1 requires
assuming Hyplﬂ
Next, we write the Jost solutions as the sums of absolutely convergent
Fourier series as follows:

Yn(z) = i 2K (n,j), (3.3a)
Po(z) = i 2K (n,j), (3.3b)
bn(z) = ji:oo 2 L(n, 7), (3.3¢)
b (2) = _Zn: 2z L(n,j), (3.3d)
where o
i (1K (n, )| + 1K (m, 5)11) + i: (1L DI+ 1Z(n, 4)I) < +o0.

2Similar assumptions have to be made regarding the Schrodinger on the line 63,138 29].
Here the Jost solutions f;(k,z) and f,(k, x) exist for 0 # k € R if the real potential belongs
to L' (R; (1+4|z|)dx). They exist for k = 0 if the real potential belongs to L* (R; (1+|z|)?dz).
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In the Flaschka-Toda case, the functions K, K, L, and L are scalar, while

K(n,j) = K(n,j) and L(n, j) = L(n, j).
The Ablowitz-Ladik and central differencing systems display the follow-
ing parity symmetry:

If v, (2) is a solution, then also
On(2) = (=1)"Jo,(—2)J

1 a solution. Here we note that z — —z implies A — —\ as far
as the central differencing system is concerned. The uniqueness
of the Jost solutions then lead to the parity symmetry relations

(@n(2) du(2)) = (=1)"T (dn(=2) &u(=2)) J, (3.4a)
(Vn(2) ¥n(2)) = (=1)"T (¥n(=2) ¥n(=2))J.  (3.4b)

These two systems also display the following inversion symmetry:

If v, (2) is a solution, then also
Un(z) = (=1)"Jo,(2)J

s a solution of the corresponding system with \ replaced by —\
(or, in the case of the Ablowitz-Ladik system, with z replaced by
—z). Thus the spectrum of either system is inversion symmetric.

The Flaschka-Toda system does not display either symmetry.

3.2 Transition and scattering coefficients

In this section we define the transition and scattering coefficients, derive
their continuity and analyticity properties, and discuss their symmetries.
This will be done for the Flaschka-Toda and Ablowitz-Ladik systems, where
z = =1 play a special role. A few words will be devoted to the central
differencing system, where z = +i play a special role.

Under the hypothesis Hyp, and for 1 # z € T, there exist so-called
transition matrices

b(z) al(z) (z) c(?)
such that
(Pn(2) 9u(2) = (Vn(2) ¥u(2)) T(2), 6a)
(Vn(2) ¥n(2)) = (¢n(2) 0n(2) T(2) 3.6b)



The matrices in are each other’s inverses. The reason for the excep-
tional position of the points z = +1 is that the sequences {z"}5° __ and
{z7"}52 _ . appearing in the asymptotics of the Jost functions are linearly
independent if and only if z = 1. Thus for +1 # z € T the Jost functions
¢n(z) and ,,(z) are linearly independent, as are the Jost functions 1, ()
and ¥, (z). Also, the asymptotic form

Z" =2"In® 2z "Iy
of the square matrices in (3.6)) composed of Jost functions implies that, for

+1 # z € T, the transition matrices are nonsingular.

Proposition 3.1 Under the above hypotheses, for +1 # z € T we have the
identities
deta(z) = det ¢(z2), deta(z) = det¢(z). (3.7)
Points +1 # z € T for which at least one of the determinants in (3.7))
vanishes, will be called spectral singularities.

Proof. From T(2)T(2) = Inia = T(2)T(z) we get

If det a(z) # 0, then

and hence
(@(z) — b(2)a(z)"'b(2))e(z) = In = e(2)(@(z) — b(z)a(z)~'b(2)),

which implies the invertibility of ¢(z). On the other hand, if det ¢(z) # 0,
then
b(z) = —c(z)7'd(2)a(z),  b(z) = —a(2)d(2)e(z) ",

and hence
(@(2) — d(z)e(z)""d(2))a(z) = Iy = a(2)(E(z) — d(z)e(z)""d(=)),

which proves the invertibility of a(z). Taking determinants on either side,
we obtain

_ i det a(z)
det T'(z) = [det a(z)][det(a(z) — b(2)a(z) " b(2))] = dete(s)’
et T(z) = [det((2) — d(z)e(=)~1d(2))][det e(2)] = L)
det a(z)
Since the square matrices containing Jost functions behave as Z" (which
satisfies det(Z") = 1) as n — o0, we have det T'(z) = det T'(z) = 1. ]
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Proposition constitutes a general linear algebra result: If T = (g )
and det a # 0, then det T = [det a][det(@ — ba~'b)]. The matrix @ — ba~'b
is called the Schur complement of a in T'. In fact,

r_( 1 0\(e 0 I a'b
“\ba"! I)\O @a—ba"'b)\0 I )

The results of Section so far are also true for the central differencing
system, provided we replace +1 # z € T by +i # z € T.

As to the Ablowitz-Ladik and central differencing systems, we now ob-
serve that the parity symmetry relations imply

T(z)=JT(—=2)J, T(z) = JT(—2)J. (3.8)

Thus a(z), ¢(z), a(z), and €(z) are even functions of z and b(z), d(z), b(z),
and d(z) are odd functions of z. The Flaschka-Toda system does not have
any parity symmetry.

Swapping the Jost solutions in to create square matrices containing
only Jost solutions that are analytic in either the unit disk or in the unit
exterior disk, we obtain the Riemann-Hilbert problems

(Vn(2) dn(2)) = (9n(2) ¥n(2)) JS(2)J, (3.92)
(0n(2) ¥n(2)) = (Pu(2) @n(2)) JS(2)J, (3.9b)
where J = Iy & (—Iy) and

tr(2) E(Z)) g (tz(Z) p(Z))
S z) = T s S zZ) = — — s
=) <p<z> t(2) B =k #0)
are called scattering matrices. Their diagonal and off-diagonal blocks are
called transmission coefficients and reflection coefficients, respectively. The
two scattering matrices are each other’s inverses. Their existence is only

guaranteed if ¢,,(2) and ¢,,(z) are linearly independent and ¢,,(z) and v, (2)
are linearly independent. Assuming a(z) and ¢(z) to be invertible, we get

(e d@ex M\ ([ a()' —a(z)"'B()
S<Z>‘<b<z>a<z>1 )‘(—c<z>1d<z> o(z)"! )
(3.10a)

Assuming a(z) and €(z) to be invertible, we get instead

S(z):(d(c(z)l B(2) (z)1>_< ezt —e(2)7ld(2)

8

a(z)"!

(3.10Db)
As a result, for £1 # z € T, the scattering matrices S(z) and S(z) are
defined and are each other’s inverses if and only if z is not a spectral singu-
larity. The results of this paragraph are also true for the central differencing
system, provided we replace +1 # z € T by +i # z € T.

2)e(z)™ a(z)”t ) \—alz)7tb(2)
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We now observe that the Ablowitz-Ladik and the central differencing
system display the parity symmetry

S(z) = JS(—2)J, S(z) = JS(—2)J. (3.11)

Thus for these two systems the transmission coefficients are even functions of
z and the reflection coefficients are odd functions of z. As to the Flaschka-
Toda system, the scattering matrices do not have parity symmetry, but
either matrix has two identical diagonal elements. A similar situation occurs
for the Schrodinger equation on the line [53) 38].

In the literature it has not been worked out how the Jost solutions,
transition coefficients, and reflection and transmission coefficients for the
Flaschka-Toda (FT), Ablowitz-Ladik (AL), and central differencing (CD)
systems behave as z — +1 (FT, AL) or z — £i (CD). Well-known properties
of the Schodinger equation on the line [38] 29] suggest the following:

1. Under the hypothesis Hyp,, the so-called Faddeev functions 2" ¢, (z)
and 2", (z) are analytic in z in the exterior unit disk (oo included)
and have continuous limits as z approaches the circle, except possibly
at z = £1 (FT, AL) or z = 4 (CD). The Faddeev functions z"¢,, ()
and 27", (z) are analytic in the disk and have continuous limits as z
approaches the circle, except possibly at z = +1 (FT, AL) or z = +i
(CD). To also have continuous limits at z = £1 (FT, AL) or z = +i
(CD), the hypothesis Hyp, is needed.

2. Under the hypothesis Hyp;, we have to distinguish between the generic
case where ¢, (1) and 1, (£1) are linearly independent (and there-
fore also v,,(+1) and ¢, (41) are linearly independent), and various
exceptional cases, where at z = £1 (FT, AL) or z = £i (CD), the two
square matrices composed of the Jost functions do not have full rank.
Because of parity symmetry, the same case must occur at either point
z==1 (AL) or z = £i (CD).

3. Under the hypothesis Hyp; and in the generic case, the scattering
matrices are continuous at z = £1 (FT, AL) or z = i (CD).

4. Under the hypothesis Hyp, and in an exceptional case, the scattering
matrices are continuous at z = £1 (FT, AL) or z = i (CD).
3.3 Wronskian relations

In this section we derive the Wronskian relations for the three discrete mod-
els and explain their impact on the cojugation symmetry relations of the
transition matrices and scattering matrices in the focusing and defocusing
cases. The three models require different proofs.
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1. Flaschka-Toda system. Given two solutions 1 = {1, }>2
= {n}52 _ of the difference equation
An+1¥n+1 + anPn—1 + bpthn = An,

where a,, are positive constants and b,, are real constants such that a,, — %
and b, — 0 as n — +oo, we define their Wronskian as follows:

W(’I,b, {p) = an(q/}nqzn+1 - wn+1qzn)- (3.12)

and

—0o0

Then

W (1, {b) = an(d’n&n—kl - wn—&-ld;n)
= wnp\d‘;n - an—lqun—l - bnd;n] - [)‘wn - an—ﬂpn—l - bnwn]djn
= an—1<wn—11/~}n - 1/’717[]71—1)'

Hence, the Wronskian does not depend on n € Z. Moreover, since a,, does
not vanish, the Wronskian W (v, {p) vanishes if and only if the two solutions
P = {Y,}52 _ and P = {1;”}302_00 are linearly dependent. In particular,
the Wronskians of the Jost solutions are as follows:

W(p,¢) = 5(z~" - 2), (3.13a)
W, ¢) =3(z"" —2), (3.13b)
W(¢,9) = 5(z~" = 2)a(z), (3.13¢)
W (i, ¢) = 5(z" — 2)a(z), (3.13d)

which turns z = 41 into special points where the Jost matrices are singular.
Since it is immediate from the definitions that 1,,(2) = ¥, (271) and ¢,,(z) =
¢n(271), we have @(z) = a(z)*. Similar conjugation symmetry properties of
the remaining transition coefficients imply that the transition matrices are
J-unitary and the scattering matrices are unitary.

2. Central differencing system. Let v, (z) and v,(z) be two solutions
of the central differencing system

vra®) = ona(e) =2 (G 2 0,2

in the focusing case, where R,, = —QL. Then for z # +1 on the unit circle
we have

T
Toni1(2)1T = Jo,1(2)1 T = =2ih[Jon(2)1 )] (giv /\}ZL)

— 9ih[ T ()] <”N _RL> 7

—Qh Ay
iR T (2) ] (A}gj 37%) J.
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Therefore,
[JOnt1(2)VT = J0n_1(2) T Jon(2) = —J0n(2) 05 41(2) — vao1(2)].
Reordering this identity, we see that the Wronskian expression

Unt1 (z)Tvn(z) + f)n(z)f(z)'vm_l(z) = ﬁn(Z)T”n—l(Z) + f’n—l(Z)T(Z)Un(Z)
(3.14)
does not depend on n € Z. Applying (3.14)) for all four combinations of v,,(2)
and 0, (2) taken from (v,(2), 1, (2)) and (¢, (2), ¢, (2)) while equating the
asymptotic expressions as n — 00, we get
()NZ+Z HT(z
(z)T(Z + Z HT(z
T(:)(Z+ 271
T()(Z+ 2z

=Z+2zZ,
=Z+Z,
=(Z2+27)T(2),
=(Z+Z "T(2).

T
T

~— ~— — —

Using that Z + Z~! is a multiple of the identity matrix which can only be
zero if z = +i, we obtain for z # 4+ belonging to the unit circle

T(z) =T(2)', T)T()=Iyiu =T()T(2). (3.15)

Thus in the focusing case the transition matrices are unitary and therefore
the scattering matrices are J-unitary in the sense that

S(z)"t=JS(2)1, S(z)"t = JS(2)J. (3.16)

In the same way we prove that in the defocusing case the transition matrices
are J-unitary and the scattering matrices are unitary.

3. Ablowitz-Ladik system. In the focusing case where R,, = —QL,
we have for each z # £1 belonging to the unit circle and each solution v, (z)
of the Ablowitz-Ladik system

ve(@onn) =0 (Y TP (G )

zIy Z_lfM

In—QuR, 0
_ t N niln NxM
vn(2) < Onrxn Iy — RnQn> vn():

In [5, Ch. 5] and [93] it is assumed that
VneZ 30 # a, € R: IN—QnR, = anly and Iy — R,Qn = apnlpyr. (3.17)

Observe that (3.17)) implies that N = M whenever there exists some n for
which 1 — a;, # 0. Indeed, Q, R, = (1 — an)Iy and R,Qn = (1 — an) Iy
would make R, /(1 — ;) into the two-sided inverse of @,, and this is only
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possible if @, is a square matrix. Under the hypothesis (3.17)), we can
continue the above calculations and perform the analogous calculation in
the defocusing case where R, = QIL, to arrive at the following identities:

{vnH(Z)T’UnH(Z) = anvn(2)wn(2), focusing case, (3.18)

Vn1(2) Jvn41(2) = anv,(2)Jv,(2), defocusing case,

where the infinite products converge absolutely if Hyp, is true. Iterating
these identities forward for v, (z) = (¢, (2) ¥n(z)), we get

() 002)' () 0a(2) = (T2 03) " Iwear,  focusing,
() 002) 7 (Ful2) vul2)) = (20 05) " Inear, defocusing

Iterating these identities backward for vy, (z) = (¢n(z) ¢,(2)), we get

(6(5) 30(9) (60(2) B0(2)) = (I1= e @) Ivsas,  focusing,
((Z)"(Z) 5'ﬂ(z))T‘]<¢n(z) $n(2)) = (H?:_ioo aj) Inip, defocusing.

Taking n — —oo in the former cases and n — +oo in the latter cases, we
arrive at the following conjugation symmetry properties: In the focusing
case,

-1

T(Z)TT(Z): H Oéj IN-‘,—M, T(Z)TT(Z): H Oéj IN+M7

and in the defocusing case

-1
oo e

T()IT¢) = [[ o | Iviw, TEUT() = [] o] Inear

j:—oo _]2700

These (weighted) unitarity and J-unitarity properties for the transition ma-
trices can be converted into (weighted) J-unitarity and unitarity properties
for the scattering matrices. Here the sign of the (real and nonzero) infinite
product H;’ifoo a; determines the exact nature of these (weighted) conju-

gation symmetries as well. Without the hypothesis (3.17)) it is not clear how
conjugation symmetry properties are to be derived.

3.4 Marchenko equations

In this section we derive the Marchenko equations for the three linear dif-
ference systems.
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3.4.1 Flaschka-Toda system

The derivation of the Marchenko equations from the Riemann-Hilbert prob-
lem ({3.9a)) is very simple, because the poles z of the transmission coefficients
are always simple, real, and different from z = 0, and often finite in number.

Assuming Hyp; and writing (3.9a)) in the form

Ba(2) Bu(2) = (on(2) () (jf)a) _tf,gj)>’

where t(z) & t;(z) = t,(z) and the transmission coefficient £(z) is given by

Ts

N
8z) = to() + 3

zZ—Z
s=1 $

for finitely many distinct z1,...,2y € R\ [—1,1] and #y(z) that is analytic
in the exterior unit disk, we arrive at the following Marchenko equations:

N

7,C N> 7,C

S S S S .

K(n’ m) = — Z gLerJrl K(n, n) - Z Z LJtm+l K(n’J)
s=1j=n+1 ~$

Jj=n+1
N -1 i —
TSZ? m—1 n Tszg—km 1
L(n>m)_ Z C _Z C L(nvj)
s=1 s s=1 j=—o0 s

Here C1,...,Cy are the proportionality constants defined by
(Z)n(zs) :Cswn(zs)a s=1,...,N, neZ.

It can now be shown that K(n,n) and L(n,n) are real nonzero scalars.

Putting
K(n,m) L(n,m)

K(n,n)’ L(n,n)’

the two Marchenko equations can be written in their final form

l(n,m) =

k(n,m) =

o0

k(n,m) + Fp(n+m)+ Z F,.(m+j)k(n,j) =0, m>n+1, (3.19a)
j=n+1
n—1
{(n,m)+ Fi(n+m)+ Z Fi(im+j)l(n,j) =0, m<n-—1, (3.19b)
j=—00
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where the Marchenko kernels are given by

N
7:Cs
F.(n+m)=pn+m)+ —_—, 3.20a
(nbm) = plntm) + 3, e (3.200)
R N Tszn—‘rm—l
Fi(n+m)=~£(n+m) +Z ST (3.20b)
s=1 s

Let us discuss how to compute a, and b, from the solutions of either
Marchenko equation (3.19). First we compute one of K(n,n) or L(n,n)
from the identities

K(;nﬂ =1+F:(2n)+ Y Fr(n+j)s(n,j), (3.21a)
’ j=n+1
n—1
L(nln)2 =1+Fi@2n)+ Y Filn+i)l(n.j), (3.21b)
) oo

where K (n,n) and L(n,n) are to be positive. Next we compute the coeffi-
cients a,, and b,, from

_ Kn+1,n+1) B L(n,n)
fn = 2K (n,n) ’ in = 2L(n+1,n+1)’ (3:22)
and
by = 5 {k(n,n+1)—K(n—1,n)}, (3.23a)
by = 5 {t(n,n—1) —{(n+1,n)}. (3.23b)

3.4.2 Ablowitz-Ladik and central differencing systems

The derivation of the Marchenko equations for these two difference systems
is greatly affected by their parity symmetry. The parity symmetry relations
imply that, on writing (¢n(2) ¢,(2)) and (¥,(2) ¥n(z)) as 2 x 2 block
matrices in the usual way, the diagonal blocks are even functions of z and the
off-diagonal blocks are odd functions of z if n is even, whereas the diagonal
blocks are odd functions of z and the off-diagonal blocks are even functions
of z if n is odd. If we now turn to the Fourier series , we obtain the
following results:

a. K™ (n,m), K*(n,m), L**(n,m), and L™ (n,m) are zero matrices if
m —n is odd;

b. K" (n,m), K" (n,m), L™ (n,m), and L""(n,m) are zero matrices if
m —n is even.
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The parity symmetry relations and imply that the diagonal
transition coefficients a(z), @(z), ¢(z), and €(z) and the transmission co-
efficients are even functions of z and the off-diagonal transition coefficients
b(z), b(z), d(z), and d(z) and the reflection coefficients are odd functions
of z. Writing the absolutely convergent Fourier series

o0 o0

p)= 3 Zpls),  Bl)= . =UBs)  (3.24n)
Uz)= > 28s), k)= Y k), (3.24b)

we see that p(s), p(s), €(s), and £(s) are zero matrices if s is even. The
absolute convergence of these Fourier series has only been established under
rather restrictive assumptions.

We now arrive at the Marchenko equationd’]

K (n,m) + Z K(n, j)F,(j +m) = (OA?ZN> S (3.250)
Z K, j)F.(j +m) = (0]}[;4]\4) Snms (3.25Db)

for m > n, and

L(n,m)+ Y IL(n,j)Fi(j+m)= <O$N> Sy (3.25¢)
j=—00
L(n,m)+ 42 L(n,j))F,(j +m) = <OJ}MM) S (3.25d)

for m < n. Here 6§, , is the Kronecker delta. In the case where the trans-
mission coefficients have only simple poles, the Marchenko kernels are given
by

F.(

||
ﬁ)

+ Z 2 S+1 rka F?"(S) = ﬁ(s) + Z Eiilérky
k

F Z +Z Zk Cllm FZ<S) :Z(S)-FZ z,i_lClk,
k

where Cy; etc. are the norming constants. Even though we do not discuss
the parity symmetry properties of the norming constants, we wish to point
out that F',.(s), F,(s), Fi(s), and F(s) are zero matrices if s is even.

30nly (3.25a) and (3.25b) appear in [5], Ch. 5] and [93] for the Ablowitz-Ladik system.
For the Ablowitz-Ladik system, the right-hand sides of (3.25¢) and (3.25d)) are to be
modified.
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At this point, the derivations of the Marchenko equations are different.
In the case of the central differencing system, the asymptotic properties of
the Faddeev functions z7"¢,(z) and 2", (z) as z — oo and the Faddeev
functions 2=, (z) and 2"¢, (z) as z — 0 imply that

K" (n,n) =1y, K™ (n,n) =0pxn, (3.26a)
K" (n,n) = O0nxu, K" (n,n) = I, (3.26Db)
L™ (n,n) = Iy, Ld“(n n) = Opxn, (3.26¢)
L™ (n,n) =0y, L"(n,n) = Iy. (3.26d)

We may therefore write the Marchenko equations in the customary form

K(n,m) + <0]};[M> r(n+m) Z K(n,j)F,(j+m) =0, (3.27a)
j=n+1

In \ = S
K(n,m) + <0MIZN> F.(n+m) +jzn;1 K(n,j)F.(j+m)=0, (3.27b)

for m > n+ 1, and

L(n,m) + (01} )Fl(n—i—m + Z L(n,j)F;(j+m)=0, (3.27¢c)

]7—00

L(n,m)+ <O]\{[]IN) Fi(n+m)+ jz_:oo L(n,j)F;(j +m) =0, (3.27d)

for m < n — 1. The zero matrices on the right-hand sides have N + M rows
and either IV or M columns. The potentials follow from the solutions as
follows:

Qn = ﬁKup(n —1,n), R,= ——th"( —1,n), (3.28a)

Qn = %Lup(n +1,n), R, = —ﬁLd“(n +1,n). (3.28Db)
Using that the Marchenko kernels F'(s) are zero matrices for s even and
certain up and down blocks of K(n,m) etc. are zero matrices depending
on whether m — n is even or odd, we arrive at the final Marchenko integral
equations. We refer to [48, App. B] for details.
Let us now consider the Ablowitz-Ladik system. We should now replace
(13.26]) by

K"m,n)=[..(IN — Qni1Rn+1)(In — QuRy)] Y, (3.29a)
K"(n,n) = Oaxn, (3.29b)
K™ (n,n) = Onxm, (3.29¢)
K*(n,n) = [... (In = Rat1Qus1) (I — RuQ)] ™, (3.29d)
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L*(n,n) = Iy, (3.29)
L™ (n,n) = 0prxn,s (3.291)
L"(n,n) =0nxum, (3.29¢)
L (n,n) = Iy (3.29h)

Instead of , we get
Qn=—-K"n,n+1)K"(n,n)"' =L"(n+1,n), (3.30a)
R,=-K"(n,n+ 1)K (n,n)"" = L"(n+ 1,n), (3.30D)

because L""(n,n) = Ip; and fdn(n,n) =In.

Equations (3.25a) and ([3.25b)) remain the same, but (3.25¢c|) and (3.25d

are to be replaced by

L(n,m)+ Y L(n,j)Fi(j+m)= (0;NN> (IN — QnRp) "0 m, (3.31a)

X

j=—00
L(n,m)+ Y L(n,j)Fi(j+m)= <°J}MM> (Ing — RuQn) " 00m, (3.31D)
j=—00

where m < n. Thus we apparently have to choose between two bad alter-
natives:

a. Being able to formulate and solve the Marchenko equations (3.25a)
and ([3.25bf), but not being able to get @,, and R,, from its solution [cf.
(3-30]), middle members].

b. Not being able to formulate the Marchenko equations and
(3.31b)) [because the inhomogeneous terms require us to know the po-
tentials in advance], but being able to compute @, and R,, once the
solution is known.

The apparent disparity is due to the lack of forward-backward symmetry of
the Ablowitz-Ladik system.

To remedy the situation, in [5, Ch. 5] and [93] a new function k(n,m) is
introduced by multiplying K (n,m) and K (n,m) on the left by the direct
sum of the right-hand sides of and . By assuming , these
right-hand sides become scalar multiples of the identity matrix, leading to
Marchenko equations whose solutions lead to @, and R,,.

Instead, (3.31a)) and (3.31b|) can always be written in the familiar form
- and then the feared inhomogeneous terms drop out. Then @,
and R,, can be computed exactly as in the finite differencing case. Even more
so: When properly choosing h = %, exactly the same Marchenko equations
and exactly the same formulas to pass from its solutions to the potentials are
valid in the central differencing and Ablowitz-Ladik cases. As a bonus, in
the central differencing case we also have the additional Marchenko equation

pair (3.25a)-(3.25b)).
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3.5 Propagation of scattering data

In this section we discuss the propagation of the scattering data and the
Marchenko kernels of the Flaschka-Toda, Ablowitz-Ladik, and finite differ-
encing systems.

1. Flaschka-Toda system. The Toda lattice equation has a Lax pair
{L,A} given by (L.8). If a, = 5 and b, = 0, this Lax pair reduces to
{Lo, Ao}, where for & = {z,}72_

(LOm)n = %(xn+l =+ xnfl)a (AOm)n = %(xTH»l - xnfl)-
The Marchenko kernels have the following time evolution
[Fr(n;t)]y = —Fr(n+ 1;t) + Fr(n — 1;t), (3.32a)
[Fi(n;t)]y = Fi(n+ 1;t) — Fi(n — 1;t). (3.32Db)

These are the Hamilton equations corresponding to the hamiltonian

H= > {(F.(n+1)—F.(n—1)}Fyn)

- Z F.(n){Fi(n+1)-Fi(n-1)},

where F.(n) is “position” and F(n) is “momentum.” Thus the inverse
scattering transform is a canonical transformation from the original vari-
ables {qn, pn}S> _ . to the variables {F.(n), F;(n)}S>_ ., which linearizes
the Hamilton equations of motion.

Schematically, using x and F', we have the inverse scattering transform

{Qn(o)’pn(o)} B {an(O),bn(O)} B IQ(’I’L,m; O) — Fr(n; O)
lToda lattice Toda latticel [Frlt=—F,(n+1)+F, (nfl)J/

{gn(t),pn(t)} —— {an(t),bn(t)} +—— k(n,m;t) «—— F.(n;t)

Using ¢ and F'; we have the inverse scattering transform

{42(0),pn(0)} —— {an(0),6,(0)} —— £(n, m;0) —— Fy(n;0)
lToda lattice Toda latticel [Fl]tZFl(n‘H)—Fl(n—l)l

{qn(t),pn(t)} +—— {an(t),bn(t)} +—— L(n,m;t) +—— Fi(n;t)

2. Ablowitz-Ladik and central differencing systems. The time

evolution of the reflection coefficients is as follows (as far as the Ablowitz-
Ladik system is concerned, see [5, Ch. 5] and [93]):

'p(z0),  plat)=e T p(z0),
ei(’z_zil)QtZ(z; 0), L(z;t) = ei(z_zil)QtE(z; 0).

2

plait) = )

L(z;t)
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Thus using (3.24]) we find the difference equations

[ple(n;t) = +i(p(n +2;t) — 2p(n;t) + p(n — 2t
[]t t) = —i (p(n + 2;t) — 2p(n; t) + p(n — 25t
]

(n; )
[0 (n: 1) = ( (n+2:t) — 26(n; t) + £(n — 2:1)
( ) — 26(

[0, (n: 1) = — ((n+2t 20 n,t)+2(n—2;t)).

I

)
)

Using the time evolution of the norming constants, we arrive at the time
evolution of the Marchenko kernels

[Fyli(n;t) = +i (Fr(n+2;t) — 2F,(n;t) + Fr(n — 2;t)), (3.33a)
[Fyle(n;t) = —i (Fr(n+2;t) — 2F,(n;t) + Fr(n — 2;t)), (3.33b)
[Fili(n;t) = +i (Fy(n + 2;t) — 2Fy(n; 1) + Fi(n — 2;1)) (3.33¢)
[Fi)i(n;t) = —i (Fi(n+ 2;t) — 2F;(n;t) + Fi(n — 2;t)) . (3.33d)

In other words,

Irrespective of which linear difference system is used, we have
found the same inverse scattering transform to solve the matrix
IDNLS system.

Equations (3.33a)) and (3.33b)) are the Hamilton equations corresponding

to the hamiltonian
o0

H=i Y (F.(n+2)—F(n)(Fr(n+2)—Fp(n)),

n=—oo

provides F.(n) is “position” and F,(n) is “momentum.” Equations (3.33¢))
and (|3.33d)) follow from the hamiltonian

o0
H=-i Y (Fi(n+2)-Fi(n)(Fi(n+2)—Fyn))
n=—oo
instead. We have not been able to find the hamiltonian leading to the

original (matrix) IDNLS system.
Schematically, using K and F',. we have the inverse scattering transform

{@n(0), Bn(0)} —— {K(n,m;0), K(n,m;0)} ——{F(n;0), Fr(n;0)}

lmatrix IDNLS [Frli=i(Fr(n+2)— 2F7«( )+Fr(n—2)) J{
system [Fi]i=—i(Fr(n+2)—2F(n)+Fr(n—2))

{Qn(t)v Rn(t)} — {F(n, m; t), K(TL, m; t)} — {FT(T“ t)a Fr(”? t)}
Using L and F'; we have the inverse scattering transform
{Qn(0), Ry (0)} —— {L(n,m;0),L(n,m;0)} —— {F:(n;0),Fr(n;0)}

matrix IDNLS [Fi]e=—i(F(n+2)—2F(n)+ F1(n—2)) l
system [Fi]t=i(F(n+2)—2F;(n)+F;(n—2))

{@n(), Ba(t)} +—— {L(n,m;t), L(n,m;t)} «—— {Fy(n;t), Fy(n;t)}
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Chapter 4

Closed form solutions

In this chapter we derive closed form solutions of various integrable equations
by restricting ourselves to those cases in which the Marchenko equation is
separable in the sense that for each t € R its kernel satisfies

Az +y;t) = U (x;t)Qa2(y;t),  continuous case,
Qn+m;t) = Q1 (n;t)Qa(m;t), discrete case.

These separable Marchenko kernels are in turn written in terms of a matrix
triplet (A, B,C) in the form

Qx+y;t) = Ce— (@t Agitd(A) Bp— Cle=rAe—¥Acitd(A) B continuous case,
Q(n +m;t) = CAMTmetd( A B=C A" Am oA B, discrete case.

Since in this case the Marchenko equation is very easy to solve, the result is
a powerful method for deriving closed form solutions.

Matrix and operator triplets have been applied to derive solutions of non-
linear evolution equations by using a continuous multiplicative functional to
pass from a solution in a large algebra to the actual solution. In this way
solutions have been found of the KdV [7], NLS [I7], Toda lattice [84], and
SG [85] equations. This procedure has also been cast in the framework of
bidifferential calculus in [51], [50], leading to explicit solutions of the NLS
[51] and Ernst equations [50]. Matrix triplets have also been applied to ob-
tain matrix NLS and mKdV solution formulas that were verified by direct
substitution [63]. In all of these papers closed form solutions are obtained
without any recourse to the IST. On the other hand, representations of Mar-
chenko kernels in terms of matrix triplets have supplied an alternative route
to closed form solutions. This method has been applied to getting closed
form solutions of the KdV [1I], NLS with vanishing boundary conditions
[41, 8, 43], mKdV [40], SG [9], IDNLS [46, [47], and defocusing NLS with
nonvanishing boundary conditions [42].
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Solutions of integrable nonlinear evolution equations written in terms
of matrix triplets (A, B, C) contain virtually all of the known explicit solu-
tions to these equations, such as N-soliton and breather solutions. Their
amenability to computer algebra makes these expressions into excellent tools
to obtain solutions in unpacked analytical or graphical form. Also, these ex-
pressions can be used to check the accuracy and speed of numerical methods
to compute the solution of an integrable nonlinear evolution equation.

4.1 Some important matrix equations

In this section we derive some well-known results on solutions of certain
matrix equations [I8] 62} [52]. For observability and controllability of matrix
pairs we refer to [16, [52] and textbooks on mathematical control theory
[98, 133].

1. Sylvester equations. Consider the so-called Sylvester equation
AX - XB=C, (4.1)

where the known matrices A, B, and C have the sizes p X p, ¢ X ¢, and p X ¢q
and the unknown matrix X is p x ¢. Then for each A € C we have

XA=B)—-(A-A)X=C.
For those A which are not eigenvalues of A or B, we get
A=A X-X\A\-B)t'=0-A)"'ch-B)L

For any closed rectifiable contour I' in the complex plane which does not
contain any eigenvalues of A and B, we have

[Q;L_/Fd)\()\—A)_l} X
- X [;M/FdA(A—B)‘I] = ;Ti/FdA(A—A)_IC()\—B)_l.

If A and B do not have eigenvalues in common, we can choose the closed
rectifiable contour I' in such a way that I' has winding number +1 with
respect to each eigenvalue of A and winding number zero with respect to
each eigenvalue of B. In other words,

1 d\ |1, Ao is eigenvalue of A,
2mi Jr A—Xo |0, g is eigenvalue of B.
Using this fact, we get
1 1
— [ dAWN-A) =1, — [ d(\—=B) =0yx,
5 [ AO- AT =8 o [ BT =0,
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As a result,
1
X = ,/d)\ A=A ~cA-B)L. (4.2)
21 T
On the other hand, if I is a closed rectifiable contour in the complex plane
which has winding number zero with respect to each eigenvalue of A and

winding number +1 with respect to each eigenvalue of B, then

1 -1 1 Bl
3ri [ AC= AT =0 o [ OB =1,

As a result,

X:—;— d\(A—=A)tc(y-B)7h (4.3)

i S

The following result is due to Sylvester [90], though the solution formulas
and are due to Rosenblum [82]. Such results, though sometimes
without their original historical context, can be found in modern notations
in the paper by Rutherford [83] and in textbooks [I8, 62, 52]. If C is a
rank-one matrix, then explicit formulas for det X in terms of the eigenvalue
structure of A and B have been given by Schiebold [86], based in part on a
problem posed by Pélya and Szegé [80, Ex. 1Q.7.3].

Theorem 4.1 The Sylvester equation (4.1) has a unique solution X for
each right-hand side C if and only if A and B do not have eigenvalues in
common. The unique solution is given by either (4.2) or (4.3).

Proof. It remains to prove that AX = X B has at least one nontrivial
solution X if A and B have eigenvalues in common. Indeed, let Ag be a
common eigenvalue of A and B. Further, let & be a nontrivial column
vector (of length p) such that Ax = Agx; also, let ¢ be a nontrivial row
vector (of length ¢) such that ¢B = \g¢p. Put

X =z09,
which is a nontrivial p X ¢ matrix of rank one. Then
AX = A §) = (A)$ = (Aox) = 2(Mo@) = 2(¢B) = (& $)B = X B,
as claimed. n
The map @ defined by
(X)=AX - XB

is a linear transformation defined on the pg-dimensional vector space of p x ¢
matrices. Then Ag is an eigenvalue of ® if and only if there exists a nontrivial
p X q matrix such that

O(X) = ANX =(A— X)X — XB
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is the zero matrix. The latter implies that A — A9 and B have at least one
common eigenvalue, o say. Thus )¢ is the difference (Ao + po) — po of an
eigenvalue of A and an eigenvalue of B. Thus the spectrum o(®) of the
linear transformation ® is given by

o(@)={AN—pu:A€o(A)and p € o(B)}.

Now suppose that A has only eigenvalues of positive real part and B has
only eigenvalues of negative real part. Then A and B cannot have common
eigenvalues and hence the Sylvester equation has a unique solution X
for each p x ¢ matrix C. It is now easily seen that the matrix groups e~4
and e*B are exponentially decreasing as & — +o00. Further,

d

= [ef"”AXe‘”B] = —e P (AX — XB)e™P = —e774Ce™B,
T

Integrating this identity with respect to z € (0, +00) we get

z=0

X = [—eﬂ”AXexB]oo / dx e *ACe®B,
0
In other words, we have found the following result of Heinz [65]:

X:/ dz e "4 Ce™P. (4.4)
0

2. Stein equations. Consider the so-called Stein equation
X-AXB=C. (4.5)

where the known matrices A, B, and C are p X p, ¢ X ¢, and p X ¢ and
the unknown matrix C' is ¢ x ¢. Then (4.5)) can be rewritten in one of the
following two forms:

X(I,— AB)+ (A~ A)XB = C, (4.6a)
(I, = MA)X + AX(A - B) = C. (4.6b)

Now suppose that there do not exist nonzero eigenvalues of A and B which
have 41 as their product. In that case there exists a closed rectifiable
contour I' in the complex plane which has winding number 41 with respect
to the eigenvalues of A and with respect to zero and has winding number
zero with respect to the reciprocals of the nonzero eigenvalues of B. In that
case the matrix equation can be written in the form

XB(I,-AB) '+ (A-A) "X =(\-A)"tCU, - A\B),
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where A € I'. As a result,

x= L / A\ (A — A)"'C(I, - AB). (4.7)
I

2

On the other hand, there exists a closed rectifiable contour I in the complex
plane which has winding number +1 with respect to the eigenvalues of B
and with respect to zero and has winding number zero with respect to the

reciprocals of the nonzero eigenvalues of A. In that case the matrix equation
(4.6b)) can be written in the form

(I, ~AA)TAX + X(A—-B) ' = (I, - A) " 'Cc(A - B) 1,
where A € I'. As a result,

1
X=_— [ dI,- A 'ch-B)™ (4.8)
2mi Jp

Theorem 4.2 The matrix equation (4.5)) has a unique solution X for each
right-hand side C' if and only if there do not exist an eigenvalue of A and
an eigenvalue of B having +1 as their product. The unique solution is given

by either (4.7) or (4.8).

Proof. It remains to prove the existence of a nontrivial p X ¢ matrix
X such that X = AX B if A has a nonzero eigenvalue \g such that 1/)\g is
an eigenvalue of B. In that case there exists a nontrivial column vector (of
length p) @ such that Az = A\gx; also, there exists a nontrivial row vector
(of length ¢) ¢ such that A\g¢pB = ¢. Put

X =z ¢,
which is a nontrivial p X ¢ matrix. Then
AXB = (Az)(¢B) = (Aoz)(N; '¢) =z ¢ = X,
as claimed. ]
Consider the linear transformation

U(X)=X - AXB

defined on the pg-dimensional vector space of p x ¢ matrices. Then the
spectrum of ¥ is given by

o(U)={1-Ap:0#Xe€0(A) and 0 # p € o(B)}.
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Let us now suppose that at least one of the matrices A and B is nilpotent,
A say. Then A" = 0,4, for some nonnegative integer . Then it is easily
verified (by iteration) that

r—1
X = Z Alcp?

=0

is the unique solution to (4.5)). The same unique solution formula holds if
B" = 0gxq-

Now suppose that A and B both have a spectral radius of less than +1.
Then there do not exist eigenvalues of A and B having 1 as their product.
Thus the matrix equation has a unique solution X for each right-hand
side C. In fact, X is given by the absolutely convergent series

X =) A"CB", (4.9)
n=0
as is easily verified. In fact,
AXB =) A™CB"' =) A"CB"=X -C.
n=0 n=1

3. Lyapunov equations. Consider the Lyapunov equations

ATQ+ QA =ctic, (4.10a)
AN + NA'" = BBT. (4.10D)

Then either Lyapunov equation has a unique solution if and only if A and
— At do not have common eigenvalues, i.e., if and only A does not have imagi-
nary eigenvalues or eigenvalue pairs {\g, —Aj}. When A has only eigenvalues
with positive real part, we have
o t
Q= / dze A ctCe 4, (4.11a)
0 T
N = / dze A BBTe=%4", (4.11b)
0
As a result, for each x € CP we get
o0
(Qz,x) = / dz ||Ce™ |2, (4.12a)
0 T
(Nz,x) :/ dz|Bfe "4 x|%, (4.12b)
0
Hence Q and N are nonnegative hermitian matrices. Also,
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Proposition 4.3 The matrix Q is invertible if and only if the pair of ma-
trices (C, A) is observable in the sense that

m Ker(CA™) = {0}.

n=0

The matriz N is invertible if and only if the pair of matrices (A, B) is
controllable in the sense that

span U Im(A"B) = {0}.
n=0

Proof. Clearly, for x € C? we have Qx = 0 if and only if (Qz,x) = 0,
which is true if and only if CA"x =0 (n = 0,1,2,...), i.e., if and only if
the pair (C, A) is observable. On the other hand, N is invertible if and only
if the pair of matrices (BT, At) is observable. However, Ker (BtA™) and
Im (A"B) are each other’s orthogonal complement. Hence, N is invertible
if and only if the pair (A, B) is controllable. [

The matrix triplet (A, B,C) is called minimal if and only if the pair
(C, A) is observable and the pair (A, B) is controllable. Thus the triplet
(A, B,C) is minimal if and only if the Lyapunov solutions @) and N are
both invertible.

The following result has appeared in a different context in linear control
theory (cf. [98, 33| 52, [16] and references therein).

Theorem 4.4 Suppose (A1, B1,C1) and (Ca, A2, Ba) are two minimal ma-
triz triplets such that

Cre "M By = Che 2By, z €R. (4.13)

Ezxpanding either side of this equation in powers of x, we can write (4.13|)
in the form
ClAlnBl == CQAQ”BQ, n = 0, 1, 2, e (414)

Then there exists a unique invertible matrix S, called similarity, such that
C1 = CsS, SA; = AsS, SB1 = Bs. (4.15)

In fact, we can define S in the following way:

S <i A’fBlwn) = i ASBQLI},-L,
n=0 n=0

where all but finitely many @x,, are nontrivial vectors. Then, as will be proven
shortly, S is well-defined in the sense that it maps the zero vector to the
zero vector. Equation (4.15)) then is immediate.
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Proof. Indeed, suppose that
(o) [e¢]
z=Y AlBiz,=» AlBiZ,.
n=0 n=0
Then for each m = 0,1, 2,... we have

ClAlmZ = Z ClAgH_mBlwn = Z ClAgH—mBlJZNn.

Using (4.14)), we get

CQAQmSZ = Z CQA’SJ’_mBan = Z CQAg+mBzfn,

which can also be written as [cf. (4.15))]

CyA"Sz = C1A "z = CoAy™ Y A3 Bomy, = CoAs™ | AL Boiiy.

Because the pair (Co, Ag) is observable, we have

Sz = i AYBox,, = i Ay Box,,

n=0 n=0

which proves that S is well-defined. Using the controllability of the pair
(Co, Ag), we can write any y € CP in the form

Y= Z A" Boy, = S (Z AlnBlyn> ;

where all but finitely many y,, vanish. As a result, S has full rank. Finally,
the identities (4.18]) for any similarity S imply that S must have the above
form, thus proving the uniqueness of S. ]

4. Stein equations. Consider the hermitian Stein equations
Q- ATQA =1, (4.16a)
N — ANA" = BBT, (4.16D)

Then either hermitian Stein equation has a unique solution if and only if
A does not have eigenvalues of modulus 1 or eigenvalue pairs {Ag, 1/Aj}.
When A has a spectral radius of less than 1, we get

Q=) Atctcar, (4.17a)
n=0

N =) A"BBIAM" (4.17b)
n=0

82



As a result, for each & € CP we have
(Qx, x) Z |CA™z|?, (4.18a)
(Nz, x) Z | Bt AT 2. (4.18Db)

Hence (Q and N are nonnegative hermitian matrices.

The following result has appeared in a different context in linear control
theory (cf. [98, B3, 52, [16] and references therein). The proof is very similar
to that of Proposition [4.3]

Proposition 4.5 The matrix Q is invertible if and only if the pair of ma-
trices (C, A) is observable. The matriz N is invertible if and only if the pair
of matrices (A, B) is controllable.

In the same way as for Theorem [4.4] we can prove the following: Sup-
pose (A1, By, C1) and (Cq, Ag, Bs) are two minimal matrix triplets such that
(4.14]) is true. Then there exists a unique invertible matrix S, called simi-

larity, such that (4.15)) is true.
Let us now derive an important invertibility property involving Lyapunov
solutions.

Proposition 4.6 Suppose A has only eigenvalues with positive real part,
and let @ and N be given by (4.11)). Then the matrix

'=1I,+QN
1s tnvertible.

In the same way we prove the invertibility of I' if @) and N are given by
(4.17) of some matrix A with a spectral radius of less than 1.

Proof. There exist unique nonnegative hermitian matrices Q'/2 and
N'/2 such that [Q'/?]? = Q and [N'/?]2 = N. Putting W = QY/2N"'/2 we
see that I, + WTW is invertible. In fact,

([ + WiWlz, x) = ||z + |We|* = |||,
so that Ker [, + WTWW] = {0}. Solving 'z = y, we get
_ 1/2 a71/2
r=y— QN /“N'*x,

where

(I, + WIW)NV2g = N2y,
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As a result,
rT=1y— QNI/Q(Ip + Wiw)"IN2y.

Hence, T is invertible and
It =1,- QNY*(I, + Wiw) INYVZ
as claimed. m

Replacing the triplet (A, B, C) by (A, Ce™*4,e~*4B) and observing that
Q@ and N are to be replaced by e*””ATQe*””AT and e A Ne~ %4 respectively,
we obtain

Corollary 4.7 Suppose A has only eigenvalues with positive real part, and
let Q and N be given by (4.11)). Then for every x € R the matrix

L(z)=1,+ e A Qe A N AT

15 tnvertible.

4.2 Closed form solutions: Matrix NLS

In this section we derive the closed form matrix NLS solutions for which
the corresponding reflection coefficients vanish. This will be done without
assuming symmetries on the potentials. First we solve the inverse scattering
problem. We then go on inserting the time factors. At the end, we impose
symmetries on the potentials and derive the well-known solution formulas
in the focusing case.

Let us solve the Marchenko equations (2.50a) and (2.50b|) by writing

Qe +y) = Ce AR, (o +y) = Ce AR,

where (A, B,C) and (A4, B, C) are two matrix triplets and the p x p matrix A
and the p X p matrix A have only eigenvalues with positive real part. Then
the matrix groups e *4 and e %4 are exponentially decreasing as z — +o0.

We then write (2.50al) and (2.50b)) in the form

K(z,y) = — { (07;:”) Ce ™ 4 L(x)} e VB, (4.19a)
K(z,y) = — { (()ﬁm) Ce ™A 4+ L(x)} e VAR, (4.19D)

L(:c)—/ de(x,z)C’e*ZA, L(m)—/ dzf(x,z)é’efz‘g.
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Postmultiplying (#.19a) by Ce ¥4 and (#.19D) by Ce ¥4 and integrating
with respect to y € (z,+00), we obtain the linear systems of equations

T(z) = — (%:”) Ce A P(x) — L(z)P(x),

L) = — <0£Tm) CeAP(z) — T(x) P(x),

where
00 5 y y
P(z) = / dye ¥4 BCe ¥ = e7®4P(0)e %4
% xm X v X
P(z) = / dye " BCe ¥4 = =@ P(0)e 4.
x

These two equations can be written in the following form:

_ Iy  P@)\ _ [CeAp(x Omx
(L) L(@)) (ﬁ(x) I, >_< Onxﬁ() Ce—xAlg(w))

If I, — P(z)P(z) [or, alternatively, [; — P(x)P(z)] is invertible then

- Tt AP(p %

Ip—P$P$ -1 —P(2)(Iz — P(x)P(z))!
><<( (z)P(z)) (@)( ()(3) )

~—

As a result,
K™ (z,y) = —Ce (I — P(z)P(z))Le 4B,
Kz, y) = Ce ™ P(z)(Iy — P(x)P(x)) e ¥ B,
K(z,y) = e—“‘ﬁ(x)(fp — P(z)P(2)) e ¥AB
Fd“(:v, y) = ‘”‘(Ip — P(x)P(x))"'e B

Next, we derive matrix NLS solutions. To do so, we rely on the propa-
gation equations (2.56a)) and (2.56b|) for the Marchenko kernels

Q(x+y;t) = Ce_(z+y)Ae_4itA2B, Ql($ Fyit) = vae—($+y)ﬁe4it152é.

1See the first footnote in Chapter
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Then the preceding evaluation of the potentials can be repeated, provided
we modify the matrix triplets (A, B,C) and (4, B, C) as follows:
(A, B,C) — (A, B,Ce414%),

(A,B,0) — (4, B, ¢,
P

In that case we replace P(x) and P(x) as follows:

P(z) — P(x), p(m) — ]5(33, t) def €4itA215(x)e_4itA2.

Thus we obtain the explicit matrix NLS solutions

9

q(z,t) = 2Ce ™A (I; — P(x:t)Pa)) Le*Ahitd 3,
r(z,t) = —206_4”‘426_“‘4([1, — P(x)P(2:t)) e ™ B.
In the focusing case, we have the symmetry relation
Yz +y) = - +yl

We thus relate the two matrix triplets as follows:

A=A 3=—ct, C=p8
Then
o f i
P(x) :/ dye VABBlevA" = ¢m#ANe 74T
o ’ o0 o at2 a2
P(x;t) = —/ dy e yAT it Al CTCe4itA g —yA
x
— Al e4itAT2Q ¢ itA? = A
where

o oo
Q= / dy e_yATCTCe_yA, N = / dy e ¥ABBTe AT
0 0
Writing
v . 2 .
[(x;t) = I, — P(z)P(z;t) = p4—e_QCANe_Qg"AT(34”’4T Qe 4itA® g—ad, (4.20)
we obtain ) o
q(z,t) = —2BT6_mATF(a:;t)T_ e AT HitAT o (4.21)
where the inverse matrix exists for each (z,¢) € R? [cf. Proposition [4.6].
For A = (a) withp=Rea >0 and ¢ =Ima, B = (1), and C = (¢) with
0 # ¢ € C, we obtain in the focusing case the one-soliton solution
9+ hit(a*)? o+ 2p(z—20) o4it(p>—¢°)
|c[?e!OPat . cosh(2p[x — xo — 4qt])’
4p? c

Q(:E7t) = -
1+
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where zy = % In(|e|/2p). The so-called N-soliton solutions derived before
[101] arise if A is a diagonal matrix having distinct diagonal elements with
positive real parts.

In the case of the matrix mKdV equation, the same solution formulas
hold with the following two modifications: (a) the triplets (A, B, C') consist
of real matrices, and (b) the time factor e~4it4% s to be replaced by StA?

of. ([258a)].

4.3 Closed form solutions: Sine-Gordon

In this section we derive the closed form solutions of the sine-Gordon equa-
tion for which the corresponding reflection coefficients vanish. We first solve
the inverse scattering problem by the Marchenko method and then insert
the time factors.

The sine-Gordon equation is a focusing real-valued problem in the
sense that the solution wu(z,t) is real. Further, in the accompanying linear
eigenvalue problem the focusing Zakharov-Shabat solution ¢(z,t) is related
to the sine-Gordon solution u(z,t) as follows:

10u

q(x,t) = 5%(:& t).

In this case we solve the Marchenko equations with Marchenko kernel [cf.

£559)
o 1, ,_
(z) = =)t = Ce ™42 1B,
where (A, B,C) is a triplet of real matrices A, B, and C' with a matrix A

having only eigenvalues with positive real parts. Then in terms of the triplet
(A, B, C) the solution of the sine-Gordon equation (|1.14]) satisfies

%ux(x, t) = —2BT6_$AT1"(QC, t)T_le—xATe—%tAflcT’
where the matrix

[C(z;t) =1, + e_xANe_QxATe_%tAflQe—%tAfle—xA
4itAT?

is invertible for each (x,t) € R? and the time factor e

has been replaced by e_%tAil. Since the solution of the sine-Gordon
equation u(zx, t) satisfies u(+o00,t) —u(—o00,t) = 2N for some integer N [cf.
(1.14)], we can normalize our sine-Gordon solutions by the condition that
u(400,t) = 0. In that case we obtain

appearing in

00 _ 1,
u(z,t) —4/ dyBJre*y’LﬁF(y,t)Jr LevAle—3tA™ o,
x

87



Using that the scalar Marchenko kernel §;(z,t) is real, we have

1,
Q(z,t) = Yz, t)t = Cev4e 24 'B.

Using this fact in the up components of the coupled Marchenko equations
(2.50)), i.e., in the equations

o0
K“p(w,y;t)Jr/ dz K™ (z, z; ) (2 + y; t) = 0,

T

(0.9}
K (2,y;t) — u(x + ys;t) — / dz K™ (z, 2 ) (2 + y3t) = 0,
x
we obtain the integral equation
K™ (z,y;t) = Q(z + y;1)

—/ dv/ dw K™ (x,v; ) (v + w; t)Q(w + y; t) = 0.

Substituting the Marchenko kernel and solving this integral equation, we
obtain

1, 1,
K" (x,y;t) = |:06_ZA — L(z)e "e 2 peA| g 2tA 1e_yAB, (4.22)
where
o0
L(x) = / dv K*(z,v;t)Ce™ 4
xr
and
(o.)
P —/ dse *ABCe™*4
0
is the unique solution to the Sylvester equation AP + PA = BC. Here we
observe that this equation is uniquely solvable, because A and —A do not

have eigenvalues in common [cf. Theorem {4.1]. Postmultiplying (4.22)) by
Ce ¥4 and integrating with respect to y € (x, +00), we obtain

—1
_Llia1 S R S R
L({E) — Ce—QJ:Ae 2tA Pe—mA |:Ip+€_$A€ 2tA Pe 2:vAe 2tA Pe a:A:| ,

where the existence of the matrix inverse for each (z,t) € R? follows from
the unique solvability of the Marchenko equations (2.50]). As a result,

~1
1, 2 1,
K™ (z,y;t) = Ce ™ |I, + <eer_2tA 1Pe"’”“‘) ] e 2t ev4R

Lo, - Lia-
= Ce®Ae— 1t [, —{—M(:z:,t)2] LematA 1e_yAB,
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where ) .
g oA _Llig
M(z,t) = e a4 ¢ A petAe— a4

Consequently,

00 1, 1 L.
u(z,t) = —4/ dy Ce ¥Ae 1t ' (I, + M(y,t)*] Lemat4 vAp,
x

(4.23)

We now apply the scalarity of u(x,t) and identities involving traces and

determinants to simplify the solution formula . The invertibility of

I, + M(x,t)? implies the invertibility of I, & iM(z,t). It is then easy to
prove that

(4.24a)

u(z, t) = 2ilog <det(fp + iM(w,t)))

det(l, —iM(z,t))
det(I, + M (x,t)) — det(I, — iM(x,t))

= darctan <’det(1p + M (w, 1)) + det(I, — iM (x, t))) , (4.24D)

where the arctangent is defined as the inverse function of the tangent in such
a way that u(z,t) is continuous in (z,t) € R2. Moreover, the logarithm is
defined in such a way that log(1) = 0. Indeed, the equivalence of
and we employ the scalar identities

1 1+iz . i(1-2)
= 1 1 =2
arctan(z) 5 og <1 — zz> , og(z) 1 arctan ( s ) )

where the branch cut of the arctangent is (—oo, —i] U [¢, +ioc). Using that
matrix traces satisfy Tr(7'S) = Tr(ST), we obtain from (4.23))

o 1, _ 1,
u(z, t) = —4/ dyTr{CeyAe4tA V4 M(y,0)?]) et leyAB}
x

> LA g4 —yA —Lia 21—1
:—4/ dyTr<e 4 e Y'BCe Y% 4 [Ip_'_M(yat)]
xX

= 4Ty {/:o dy (aayM(y, t)) [1, + M(y,t)?] 1}

= —4Trarctan[M (z,t)].

Using that for any invertible matrix Z the identity Tr[log(Z)] = logdet(Z)
holds, we obtain (4.24]).

Choosing the real triplet (A, B,C) in a special way, the special sine-
Gordon solutions appearing in [73] can be reproduced. The kink and an-
tikink solutions arise for A = (a) with @ > 0, B = (1), and C = (¢) with
¢ >0 and ¢ < 0, respectively. In this case

p_ ( c > 7 M(z,t) = (;e—Zaxft/(Qa)) 7

2a a
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so that .
u(z,t) = —4arctan (2—6—2“1‘—'5/(2@)) )
a

When A = (%) witha >0and 0 £b € R, B=(}), and C = (2 1)
with ¢; € R and 0 # ¢o € R, we obtain the breather solution

8a2e+[(acy — beg) cos(bC_) — (bey + acy) sin(b¢_)]

1) = —darct :
u(x,t) arctan b2(c2 + 2) + 16a2(a2 + b2)e2alr

where (1 = 2x4[1/(2(a?+b?))]. These solutions have been derived before by
representing the solution as u(x,t) = 4arctan(U/V') for suitable functions
U(azx + a~1t) and V(ax + a~'t) [102} BT [85].

4.4 Closed form solutions: Toda lattice

In this section we derive the closed form solutions of the Toda lattice equa-
tion for which the corresponding reflection coefficients vanish. We first solve
the inverse scattering problem by the Marchenko method and then stick in
the time factors.

The discrete eigenvalues of the Flaschka-Toda system are those of the
linear operator L: They are real, belong to R\ [—1, 1], and are algebraically
and geometrically simple. In the reflectionless case [i.e., if p(n +m) = 0],
we can write

F,(n+m;t) = CAMmeA-A70ip

where C'is 1 x p and real, B = C, A is a real symmetric p x p matrix with
only simple eigenvalues and with a spectral radius of less than one. Then
the unique solution to the Marchenko equation (3.19al) is given by

_ -1 _
k(n,m;t) = —CA™ [Ip 4 etla 1_A)An+1PAn+1] oA 1_A)AmB’

where
P=> ABCA =) (CA)CA
7=0 j=0

is the unique solution of the Stein equation

P— APA = BC. (4.25)
We may, for instance, choose A = diag(as, ..., q,) for distinct ay,..., ) €
(-1,1) and C = (01 cp) = Bt for nonzero real ¢, ... , Cp, SO that the
solution P to (4.25)) satisfies
py— %
1-— Qg
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fori,j=1,...,p
The solution to the Toda lattice equation ([1.19)) is given by

det Fn+1 (t)

Qn(t) - det[rn-i-l (t)l_‘n+2 (t)_l} - m7

where

To(t) =1, + A =D ampan,
Indeed, using (3.21a) and (#.25) and putting E = A=A we get

1 - . :
j=n+1
=1+ CA™EB - )  CA"A'EBCA'T,|,EA'B
j—n+1

2n n n
=1+ CA™EB — Z CA"T, | EA/BCA"A'EB
Jj=n+1
=1+ CA*EB - CA"T, |, EA""' PA*"*'EB

=1+ CA>EB - CA"T,}, Tyy1 — I, A"EB

=1+ CA"T,}A"EB = det(1 + CA"T, ;, A"EB)
= det(I, + A"EBCA"T, },)
= det(I, + A"E[P — APAJA'T,!))
= det(I, + [EA"PA" — EA"T PA™MD, 1)
(I

= det(I, + [T — Tpya]0, 1) = det(Tl, 44).

Therefore,
Kn+1,n+1)2
K(n,n)?

and L, = logdet '), lead to the following:

edn—1=4n — fq2 —

o k-1
— nthk Z Gntj = Gnrje1) = Y (Lot = 2Lnyjpo + Lngjps)
j=0 7=0
= Lnt1 — Lpy2 + Lngkt2 — Lng,

while L,, = logdetI';, vanishes as m — 4o00. Since ¢, — 0 as m — +o0,
we obtain

Gn(t) = log det(Lpy1 (1) a2 (t) ).

Using diagonal matrices A with simple real eigenvalues belonging to
(—1,1), we reporoduce the N-soliton solutions known in the literature [57].
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