Dynamical Systems, Differential d0i:10.3934 /proc.2015.1089
Equations and Applications
AIMS Proceedings, 2015 pp. 1089-1097
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ABSTRACT. In this article the Jost solutions of the AKNS system with suitably weighted
L? potential are constructed as Hardy space perturbations of their space-infinity asymp-
totics. The reflection coefficients are proven to be L2-functions when the transmission
coefficients are L°°-functions.

1. Introduction. In this article we discuss direct scattering for the AKNS system [16, 1,
12, 6, 2, 3, 13]

. 0X .

ZJ%(x, A) —iQ(z) X (x, N) = AX (x,N), (1.1)

_ I, Omxn _ Omxm Q(Qj)

I = <onm I, ) - Q@)= ( r(x) onm) : (12)
the potentials ¢(z) and r(z) have their entries in L2(R), A is a spectral parameter, and
I, denotes the p X p unit matrix. In the defocusing case (¢ = —1) and the focusing case
(0 = 1) we have the symmetry relations r(z) = oq(x)! and hence Q(z)" = ¢Q(x), where the
dagger denotes complex conjugate matrix transposition. Contrary to the usual situation in
the literature, the potentials are not assumed to be L! (as in [2, 3, 13]) or to belong to the
Schwartz class (as in [6]) but to satisfy

/ dyly — 2| IQW)I? < +00,  zER. (1.3)

— 00

where

The main application of the direct scattering theory of the Schrodinger equation on the
line and the AKNS system is to solve the Cauchy problem of certain integrable nonlinear
evolution equations by means of the inverse scattering transform (IST) method. This means
that the time evolution of the potential is transformed, by means of the IST, into the
elementary time evolution of the scattering data. This has led to an algorithm to solve
the Korteweg-de Vries (KdV) equation by using the scattering theory of the Schrodinger
equation on the line and an algorithm to solve the nonlinear matrix Schrodinger (NLS)
equation by using that of the AKNS system. A natural question to answer is how to define
a sufficiently extensive class of potentials and a sufficiently extensive class of scattering data
such that there is a 1, 1-correspondence between potentials and scattering data by means of
the IST (the so-called characterization problem).

Characterization of scattering data of linear differential systems similar to (1.1) has a
long history. Melin [11] has characterized the scattering data of the Schrédinger equation
on the line with real potentials Q(z) such that (1 + |z|)Q(x) is integrable. Previous results
for real potentials Q(x) such that (1 + 22)Q(x) is integrable, are due to Marchenko [10].
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For the AKNS system with L' potentials, Demontis and Van der Mee [5] have given a 1, 1-
correspondence between L'-potentials without spectral singularities and suitable scattering
data. We refer to [15, 3, 4] for prior partial results. Unfortunately, these characterization
results are not invariant under time evolution. In fact, time evolution according to the
matrix NLS equation might lead to potentials and scattering data not belonging to the two
classes in 1, 1-correspondence. Moreover, one cannot formulate even the simplest of the
infinitely many conservation laws for every time dependent potential belonging to the class.
This article is meant as a contribution towards a characterization result, where a large
class of potentials and a large class of scattering data are put in such a 1, 1-correspondence
that either class is invariant under time evolution according to the matrix nonlinear Schré-
dinger (NLS) equation. Van der Mee [14] has given the following partial solution to the
time-evolution invariant characterization problem:
a) Assuming a reflection coefficient to be continuous in A € R, vanishing as A — +oo,
and L2, plus reasonable bound state data, a unique L? potential can be constructed;
b) a dense linear subspace of potentials with entries in L'(R) N L%(R) is required to
arrive at scattering data within the designated, time evolution invariant, class.

In this article we focuss on particular details of the construction: How to define Jost solutions
and scattering coefficients for certain non-L'-potentials, and how to prove the reflection
coefficients to be L2.

The AKNS operator iJ %Iern — i@ can be defined in a natural way on the orthogonal
sum of m + n copies of L?(R) for L. _ potentials [8]. In the defocusing case the AKNS
operator has a unique selfadjoint extension. For L? potentials this operator has the same
domain as the free AKNS operator i%,] (namely, the direct sum of m +n copies of the first
Sobolev space) and has the real line as its essential spectrum [9].

Let us discuss the contents of the various sections. In Sec. 2 we write the Jost solutions
in triangular representation form and iterate the resulting integral equations for the kernel
functions in the L? norm. Under condition (1.3), this will lead to Jost solutions which
are still analytic in the spectral variable in the upper or lower half-plane but are no longer
continuous in the spectral variable when approaching the real line. Instead the Jost solutions
will belong to suitable Hardy spaces of analytic functions. In Sec. 3 we construct the
reflection and transmission coefficients as L. _ functions of A € R. Assuming the absence of

loc

spectral singularities, the reflection coefficients are shown to have their entries in L*(R).

2. Jost solutions. The Jost matrices U(A, z) and ®(\, x) are those solutions to (1.1) which
behave as e~**/[I,. ., + o(1)] as * — +oo and z — —oo, respectively. They can be
partitioned into Jost solutions as follows

\Ij(Aax) = (@()\7%‘) w(%w)) ’ @()\,:L') = ((;5()\,1') 5()‘7‘7;)) )

where (), z) and ¢(A, ) are (m+n) x m and (), z) and ¢(A, ) are (m +n) x n matrices.
For L' potentials and A € R their existence can be proved in the traditional way [2, 3, 13] by
iterating Volterra integral equations. Here we prove their existence, for almost every A € R,
for potentials satisfying (1.3) by a different technique. For L} -potentials, Klaus [8] has
constructed Jost solutions by using arbitrary bases of the linear spaces of AKNS solutions
that are L? on either the left or the right half-line. In this article we do not pursue his
construction but follow a more direct route to Jost solutions instead.

Writing the triangular representations

T\ 2) = (PN z) Y\ az)) =e 7 + / - dyK(z,y)e 7 (2.1a)

x

O\, z) = (qb()\,x) a(A,m)) = 4 /j dyM(x,y)efMyJ, (2.1b)
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where the kernel functions K(z,y) and M(z,y) can be decomposed as

_ (K () KP(zy) _ (M (y) M (z.y)
K“’”(Kd“(x,w Kd“(my))’M(‘”’y)(Mdn(w,w A )

we obtain the integral equations

Ky =~ [ deal@)R" (s 4y o) (2:2a)

o 3@+y) o

K@) =bribaro)+ [T dar @R ety -2, (2.20)
o 3 (a+y) .

K™(z,y) = —5q(5(z +y)) —/ dzq(z) K™ (z, 2+ y — 2), (2.2¢)

K™ (z,y) = / dzr(z) K™ (z,z +y — x), (2.2d)

as well as
M) = [ deg(e 4y - ), (2.30)
M*™(z,y) = —-ir((z +y)) —/1 dzr(z)M™(z,z +y — 2), (2.3b)
5 (z+y)
(@) = dabat o) + [, dea@i" oty - o) (2:3¢)
5 (z+y)
M (z,y) = — / dzr(2)M " (2,2 +y —x). (2.3d)

For potentials with L' entries, (2.2) and (2.3) are easily shown to be uniquely solvable by
iteration [2, 13], yielding

/ dy |IK(z, y) ]| + / dy [IM(z, )| < +oo,

uniformly in z € R.
We now establish the unique solvability of the integral equations (2.2) and (2.3) for
potentials Q(x) satisfying (1.3).

Theorem 2.1. Let [ dz(z — z)||Q(2)||* converge for x > x. Then for & > xo the
integral equations (2.2) have a unique solution K(z,y) such that [ dy|K(z,y)|* and
f;; dz [ dy||K(z,y)||? converge. Analogously, if [*_ dz(z — 2)|Q(2)||* converges for
x < xg, then for x < xg the integral equations (2.3) have a unique solution M(x,y) such
that [*__ dy|[M(z,y)||* and [*° dx [*_ dy||M(z,y)||* converge.

Proof. We only prove the first statement. Estimating (2.2a) we get
[ anlm e < [T [Tl NE G- ol

< ([ ataR) [Ca [T aiEear
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Iterating (2.2b) we obtain

[ty — e+ )P
z+

[eS) 5 —up
<[ ay|[ T @R Gy )
T x

:</I d |Ir( |2)/ dz/ dj | K™ (z.9)|°.

Schematically, these two inequalities can be written as

Kol < ([ ala@R) [Tkt el e
IR (2,) - 13+ )IE < (/ a2 r( >||2) [ IR GOR )

Taking the square root and applying the triangle inequality we obtain

1K™ (2, )2 < [/ 4z K™ u} ”
1B (2, < [Q(x) {j? | [ aIm o) 1/2} |

where [Q](z) = (/7 d2 |Q(2)|? )1/2. With some effort we get the estimate

2

" (2, )13+ K™ (2, )13 > K OB+ 1K™ (23
Q)2 <142 [ e Q)2 |

Using Gronwall’s inequality we get

VIR (@, 13+ [E™ (@, )13 < [QUa)el = C=2lRe,

where we have used that
[ aiQier = [ azi-alae)®

Next, put B(z) = [°dz(z — 2)[|Q(2)||*. Then the above inequalities (2.4) imply that
for T1 Z i)

oo oo — oo o0 idn
/ dx/ dynKp(x,y)nkB(xl)/ dx/ dy | B ()2,
w<1>o woo —dn o Zo oo —up
[ an [T an & ot < s 142 [an [T an& w0
xr1 x 1 x

so that the left-hand sides are finite if B(x;) < 271/2. Taking points zo = & < £ < ... <
& = 11 satisfying fgil dx f;o dz||Q(2)|*> < 271/2, we can apply the same argument on the
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successive intervals [£5_1,&]. In fact, from (2.4) we get

/:ld”Kup M < [/ i [zl ”2] </ /)dwllK e
AR 2<2V ST '2] (/ /)dzm Bl

+/5 = [Q)(eP,

which proves the finiteness of ff:—l de [ dy (Hfup(x, y)|I? + Hfdn (z, y)H2> We have thus
established the finiteness of [ da [ dy (HFup(ag7 92+ I (a, y)||2)

The proofs for the other kernel functions are identical. O

Theorem 2.1 implies that, under the condition (1.3),
/ AT, ) — e 2 = 27 / dy K (z, )1,
/ N[ BN, x) — =N |2 = 2 / dy M (z, )|

— 00 —0o0

where z € R.
We now introduce the Hardy spaces H?(CT) as the complex Hilbert spaces of those
analytic functions f(\) in A € C* such that

o 1/2
1=t [~ axizons o]

is finite. Then H2(C*) coincides with the image of the L? functions supported on R* under
Fourier transformation [7].

Corollary 2.2. Suppose the potential Q(x) satisfies (1.3). Then for each v € R we have
the following:

eMP(N, z) — (07”“) has its entries in H*(C™);
b. e ATh(\, ) — (0’?:") has its entries in H?(C*);
c. e H(N, x) — (01’: ) has its entries in H*(C™T);
d. e PTG\, z) — (OT;TX") has its entries in H*(C™),

where the Jost solutions are defined in terms of the kernel functions by (2.1).

Using JQ(z)J = —Q(x) and assuming X ~! exists, Eq. (1.1) implies that

- i%(A,m)J +iY (A, 2)Q(z) = \Y (), x), (2.5)
where Y = X~ !. Then
O (¥ X) = Y[-iAIX + JOX] + [V + YOJIX = Y(JQ + Q)X (2.6)

oz
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vanishes for any solution X to (1.1) and Y to (2.5). Taking Y = ¥~! or Y = &~! we can
derive the triangular representations

YA )t = (Z&;) e g [y Ry, ), (2.7a)
B\ a)" = (Z&;) —eady [y eIy, @), (2.70)

where the kernel functions K(y, z) and M(y, z) can be decomposed as

. B f(lt(%x) f(rt(yyx) B ﬁlt(y 2) ﬁrt(y x))
K(y,z) = [ ot , M(y,x) = | 2 ’ 9 ) .
) (K () K <y,x>> ) (M“(y,x) 3y, 2)

For later use, we proceed as above and derive the analogs of (2.2) and (2.3) as well as
the following results.

Theorem 2.3. Let [~ dz(z — 2)||Q(2)||* converge for @ > wo. Then for x > xq there
exists a unique kernel function K(y,z) such that (2.7a) is satisfied and [ dy |K(y, z)||2
and [ dz [* dy |K(y, z)||*> converge. If [* _dz(z — 2)|Q(2)||*> converges for x < wy,

then for x < xo there exists a unique kernel function M(y,x) satisfying (2.7b) such that
JE oo dy My, 2)[1* and [*2 dz [*_ dy |[M(y,z)[|* converge.

Corollary 2.4. Suppose the potential Q(x) satisfies (1.3). Then for each x € R we have
the following:

a. e AN, &) — (I Omxn ) has its entries in H2(CT);

b. e“‘zi()\,x) — (Onxn In) has its entries in H*(C™);

c. e_”‘wg()\w) — (Im Omxn ) has its entries in H?(C™),

d. €GN, ) — (0uxn In) has its entries in H(CY),

where the inverses of the Jost solutions are defined in terms of the kernel functions by (2.7).

3. Scattering data. For potentials satisfying (1.3), the transition coefficients

_ (an(N)  an(A) _(ar1(A)  ar2(N)
‘”(A)—(aig(x) a§4()\)>’ “””‘(WS(A) aT4()\)>’

can be defined by
ai(\) = ¢\, 2) 1T\, z), ar(\) = U(\,z) 1o\, 2), (3.1)

as L} _ functions of A € R which do not depend on z € R. It is then easily verified that
a;1(N\) and a,4()\) extend to functions that are analytic in A € C*, whereas a,1(\) and
ai4(\) extend to functions that are analytic in A € C™. In fact, ¥(z, A) and ®(x, \) are both
square matrix solutions of the same first order system (1.1) and hence one is obtained from
the other by postmultiplication by a square matrix a,.;;(A) not depending on x € R.

In this paper we make the following no-spectral-singularity assumption:'

las M) (or ||ara(N)|) and |Jar1i(N)|| (or ||aia(N)]]) are both almost everywhere
positive and their reciprocals are essentially bounded in A € R.

1For Ll-potentials this assumption amounts to the absence of spectral singularities adopted in virtually
all publications on the subject. Without such an assumption, no inverse scattering theory for (1.1) has ever
been developed.
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In the defocusing case, this assumption is always satisfied. Under the no-spectral-singularity
assumption, for each € R the modified Jost matrices

Fi(\z)=(o(\x) v\ a) =\ a2)E; + V(N 2)E_,
Fo(na) = (B(0a) 3(\a) = DA 2)B- + (A 2)E-,

where By = I, ® Opxpn and E_ = Opxm @ I, extend to matrix functions analytic in

X\ € C*. Moreover,
Fo(\z) = Fy(\ ) (_TR((*A)) ‘TIL(%)) , (3.2)

where T, () are transmission coefficients and R(A) and L(X) are reflection coefficients.
The transmission coefficients are bounded in A € R and meromorphic in A € C with the
same finitely many poles. It is easily shown [2, 13] that
R(\) = _al4(>\)71013()\) = ar3()\)ar1(>\)717 (3.3a)
L) = —ar1 (V) tare(N) = ap(Nag (V)1 (3.3b)

where R(\) and L()\) have their entries in Li _(R).
Using (2.7) and (3.1) we obtain

V2N @) — I BN 2)B(N, @) )
E()‘aw)(ﬁ()"x) @(Aﬂﬂ)a()‘vl‘)*]'n 7

and similarly for a;(A\) — I4n. Using Theorems 2.1 and 2.3 it is easily verified that the
entries of a,;(A) — Iy belong to L? + L' and are in fact Fourier transforms of functions
in L? + Cy. Thus, in the absence of spectral singularities, the reflection coefficients R(\)
and L(\) belong to L? + L'. We intend to do better than that, as indicated by the following
theorem.

ar(A) = Ijgn= (

Theorem 3.1. Under the no-spectral-singularity assumption and the hypothesis (1.3), the
reflection coefficients have their entries in L*(R).

Proof. For L! potentials Q(z) with L' entries, we have the following:

/ dAlapn (A e = / dzq(z T K (z,z+y), (3.4a)

1 3
o d)\ a(N)e ™ = —1q(Ly) —/ dzq(2) K™ (z,y — 2), (3.4Db)
- y
1 i\ 11 ? K2y —
5 dhaiz(N)e™Y = +5r(5y) + dzr(2)K " (z,y — 2), (3.4¢)
1 oo X oo
L / A s (A) — L]e= ™ = 4 / der()K™ (22 4y),  (34d)
T™J-x —00
as well as
1 o . o0
— d)\ [ar1(N) = In]e™ ™Y = —l—/ dz q(z)M™ (2,2 — y), (3.4e)

/ dXapa(N)e 3a(3y) / dzq(z (z,y — 2), (3.41)
271_ d)\arg()\) Ay — =—ir(y) —/7 dzr(z)M™(z,y — 2), (3.4g)

/ dA [ara(A Jeir = / dzr(2)M (2,2 —y), (3.4h)
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where (3.4a), (3.4d), (3.4¢), and (3.4h) have their entries in L' (R™) and the other four equa-
tions have their entries in L!(R). Let us now derive similar estimates under the hypothesis
(1.3). Indeed, writing

Al(y) : /OO dA [al()‘) - Im—&-n]eiAyJa

o)
1 [ —i
A (y) = E/ dre MyJ[aT’()‘) — Iminl,
—o0

we can apply Theorem 2.1 to estimate

/ dy || Au(y)I* < HQII%/ dz [K(z,)lI3 < +oo,

0 Zo

/ dy | A-(y)|I” < HQII@/ dz |M(z, )| < +oo,

irrespective of the choice of o € R. Using (3.3), we now easily prove that, under the no-
spectral-singularity assumption, R(\) and L(\) are L?-functions on each right half-line and
each left half-line and hence on the full real line, as claimed. O

In the defocusing case the scattering matrix

Sp(A) L(A)
S(A):<R(A) TM)) (3.5)

is unitary for almost everywhere A € R. Thus R()\) and L()\) are L2- as well as L>°-functions
of A € R. Moreover, the no-spectral-singularity assumption is always satisfied.

In the focusing case the scattering matrix given by (3.5) is J-unitary in the sense that
S(N)JS(A\)T = J for almost every A € R. Thus if the no-spectral-singularity assumption is
satisfied, the reflection coefficients R(\) and L(\) are L2- as well as L>°-functions of A € R.

4. Conclusions. In this article we have made an interesting contribution towards a time
evolution invariant characterization result for the AKNS system. In the defocusing and
focusing cases, we have shown that the reflection coefficients are L? as well as L™ if the
hypothesis (1.3) and the no-spectral-singularity assumption are satisfied. On the other hand,
it is known [14] that in the defocusing and focusing cases the potential is L? if the reflection
coefficients are L2, are continuous, and vanish as A\ — +o00. Close examination of the proofs
contained in [14] reveals that the potential is L? if the reflection coefficients are L? as well
as L*°. The continuity of the reflection coefficients in A € R is only required to prove the
compactness of the Marchenko integral operators in an L2-setting, while this compactness
property is not used to render the potential obtained by inverse scattering L2.
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