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The abstract Hilbert space equation (7f)'(x)=—(4f)(x), xE R, is studied
with a partial range boundary condition (Q, f)(0)=f, ERanQ, . Here T is
bounded, injective and seif-adjoint, 4 is Fredholm and self-adjoint, with finite-
dimensional negative part, and Q, is the orthogonal projection onto the maximal
T-positive T-invariant subspace. This models half-space stationary transport
problems in supercritical media. A complete existence and uniqueness theory is
developed.

[. INTRODUCTION

Considerable effort in linear transport theory has gone into the study of
various equations of the form

(Ty)' () =—Ay(x), 0<x< oo, (1)
with partial range boundary conditions

@O0 =/f.s Ny =0(1) (x— o) )

for Q, an appropriate projection onto “ingoing fluxes.” The specific
examples studied represent a variety of transport phenomena, usually under
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steady-state conditions, including neutrons, electrons, rarefied gases,
phonons, etc. In addition to Hangelbroek’s pioneering investigation of the
neutron transport equation with isotropic scattering [18], we note
particularly Ball [1], Beals |2, 3], Greenberg |1, 16, 15], Hangelbroek [19],
Lekkerkerker [25], van der Mee |16, 17, 28] and Zweifel |17, 35]. In each of
these publications, 7 and A are either specific or abstract self-adjoint
operators on a Hilbert space H, the null space of T is trivial, and A is
Fredholm. Moreover, with the exception of the Ball-Greenberg study [1], in
all of these the operator 4 was assumed positive, and in most cases with zero
null space.’ This restriction to positive 4 excludes all applications to super-
critical (we borrow the terminology of neutron transport) media a priori.

In this article we drop the positivity restriction on 4. More precisely, we
treat the abstract Hilbert space equation (1), with T bounded injective and A
Fredholm with finite negative part (both self-adjoint). The completion H, of
the domain of A with respect to the form

(5 ¥)i=MAx, ) (x, y€DA)) 3)

now is an indefinite inner product space with finite-dimensional nonpositive
part. If A is injective, then H, will be nondegenerate (i.e., the set of vectors
x € H, with (x, y), =0 for every y € H, is trivial) and therefore H, will be
a Pontryagin space (cf. [4, Chap. IX]). We note that in this case the operator
AT is self-adjoint with respect to (3). Except for finitely many eigenvalues
off the real axis with finite algebraic multiplicity, the spectrum of T~ '4 is
real and 77 'A allows a spectral function, as do the usual self-adjoint
operators (see [21,22]). The major possible complication, in addition to the
nonreal eigenvalues, arises from the finitely many real eigenvalues where the
spectral function is unbounded. Throughout all of this paper we shall assume
the absence of such “irregular critical points” and this assumption we shall
call the T-regularity of 4.

Unlike the Ball-Greenberg paper [1], which deals with a specific example
from neutron transport, we shall analyze the abstract half-space problem
(1)~(2), rather than the spectral structure of the operator 7~ '4. Assuming A
to be T-regular, we provide a complete existence and uniqueness theory for
the abstract boundary value problem. In a natural way we arrive at a
reduction of this problem into two more or less independent subproblems:

(i) a half-space problem of the form (1)-(2), where 4 is replaced by
the strictly positive operator 4, that coincides with 4 on a subspace of H of
finite co-dimension.

' Results for the problem treated in [1] were claimed independently by R. Hangelbroek
(oral presentation, “Fourth National Conference on Transport Theory,” 1975) but not
published.
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(i) a finite-dimensional evolution equation on a subspace Z(K), which
admits an elementary solution.

For positive 4 a reduction of this type was exploited previously in
[28, 17, 16]. If A is not T-regular, such reduction is impossible.

The first subproblem can be solved in two alternative ways, imposing
different assumptions on 7, 4 and the type of solution. Under general
assumptions on A the method of Beals [2] leads to solutions in a suitable
extension of the original Hilbert space H. It was first developed for bounded
A in [2] and generalized to unbounded A in [3,16,17|. Under the
assumption that / — 4 is a compact operator taking its values in the range of
|T|* for some 0 < a < 1, the method of van der Mee [28] yields solutions in
the original Hilbert space H (strong solutions) rather than in some extension
of H (weak solutions). One-speed and symmetric multigroup neutron
transport satisfy the hypotheses of [28].

The second subproblem turns out to be an analysis of certain maximal
positive and negative subspaces of Z(K) with respect to the indefinite inner

product
(u, v] = (Tu, v). 4)

A close connection will be demonstrated between the solvability of the half-
space problem (1)-(2) and the sign characteristics (with respect to (4)) of
the restriction of T~ '4 to Z(K). This method of characterizing self-adjoint
matrices (with respect to an indefinite inner product) is due to Gohberg,
Lancaster, and Rodman [11-14]. After the full analysis of both subproblems
one obtains the solution of the problem (1)-(2) as a corollary. It turns out
that for invertible A the half-space problem (1)-(2) has a unique solution for
every f, € Ran 0, if and only if A4 is positive. For specific choices of 4
both the uniqueness and the existence of solutions may break down, which
does not occur for positive 4 (see [28, 17]).

The method sketched above is a generalization of previous work by
Zweifel and the authors (cf. [17]; also [28]), which applies to bounded T
and positive A. The modifications required for unbounded T (but positive
unbounded 4) were explained in [16], but throughout we shall consider
bounded T only. A new aspect of the present generalization is the connection
between existence and uniqueness theory and sign characteristics. (For
positive A this aspect is not useful.) The result will be applied to one-speed
and symmetric multigroup neutron transport.

Section II contains preliminaries and decompositions needed to accom-
plish the reduction of the half-space problem to the above subproblems. Both
of these subproblems are solved in Section III. The fourth section contains
solvability criteria in terms of sign characteristics. Sections V and VI are
devoted to applications, and a comparison with recent results is drawn in the
last section.
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II. DECOMPOSITIONS

Let 7 be a bounded self-adjoint operator on a complex Hilbert space H
whose null space Ker T is trivial. Let 4 be a self-adjoint Fredholm operator
on H with finite-dimensional negative part; i.e., the spectrum of 4 on
(—o0, 0] consists of a finite number of eigenvalues of finite multiplicity. By
the Fredholm assumption K =77 '4 is densely defined. Since K is closed
(which follows from the boundedness of 7), the adjoint K* is densely
defined, while K* 2 AT~". Because K is densely defined, the operator K* is
closed.

Given a linear operator S and a complex number A, we define the 4 root
linear manifold Z,(S) by

Z,(S)={x€D(S)|ImeN:x€ D(§"),(S—1)"x=0}.

If A is not an eigenvalue of S, then, of course, Z,(S) = {0}.
Let 4,,..., 4, be the distinct non- (strictly) positive eigenvalues of A. Put

Z(O,oo)(A)=

@ zyw!

Then this subspace has finite co-dimension in H, is A-invariant and on this
subspace the operator A4 is positive, injective, and has closed range. Also

k
D(A) =D |y , ) ® | ® Z ()]

Now consider the (indefinite) inner product
. 2)a=Ax,y)  (x, y € DA)). ©)

Let us denote by H, the direct sum of the & finite-dimensional root
manifolds Z, (4) (j=1,...,k) and the completion Z, of D(4|Z, .,(A4))
with respect fo the inner product (5). (Note that (5) is positive definite on
DA\ Z,, .)(A))). Then H, can be written as the direct sum of (-,.),-
orthogonal subspaces,

K
Hi=| ® z,W)|020)02, ©)
A,<0

In this direct sum the first constituent subspace is strictly negative with
respect to (5), the subspace Z,(4)=Ker 4 is (-, -),-neutral (i.e., all vectors
x € Zy(A) satisfy (x,x),=0) and Z, is strictly positive. We remark that
H,cH
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It is straightforward to exploit the boundedness of T and the closed range
of A to prove that T~'4 is self-adjoint (and not just symmetric) with respect
to the inner product (5) of H,. First we suppose that Ker 4 = {0}. Then H,
is a Pontryagin space with fundamental decomposition (6), where
Z4)= {0} (cf. [4, Chap. IX]). Standard Pontryagin space theory implies
the following properties of T~ 'A4:

(i) The nonreal spectrum of 77'4 is symmetric with respect to the
real line and consists of finitely many eigenvalues of finite algebraic
multiplicity. If A& R is such an eigenvalue, then the Jordan structure of
T~'A at A coincides with the Jordan structure of 77 'A4 at A.

(ii) The sum of the algebraic multiplicities of the eigenvalues of 7~ '4
in the open upper (or lower) half-plane does not exceed the dimension « of a
maximal negative subspace of H,.

(iii) The behavior of the real spectrum of T~ 'A4 can be described by a
spectral function E from the real line into the bounded projections on H ,,
which is monotonically nondecreasing except at finitely many so-called
critical points.

(iv) The length of a Jordan chain at a real eigenvalue of 7~ '4 does
not exceed 2x + 1.

(v) Al critical points are eigenvalues of 77 'A. They can be divided
into the regular critical points, where the spectral function is bounded and
has a jump discontinuity (in the strong operator topology), and the irregular
critical points, where the spectral function is unbounded.

(vi) A real eigenvalue 1 of T7'4 is an irregular critical point if and
only if
Z(T'A)N{xE€H,|(x,y),=0forall y€ Z,(T"'A4)} # {0}.

The spectral function has been analyzed in [21,22]; the elementary
properties that do not involve the spectral function can be found in [4].

If Ker A is nontrivial, Eq. (4) still represents a fundamental decomposition
of H,, but now Z,(4)+ {0} and H, is not a Pontryagin space. It is no
longer possible to formulate a spectral theorem for 7' directly. Let us call
the operator A T-regular at the point A =0 if the zero root linear manifold
Zy(T~'A) has finite dimension and

Z(T'A)N{xEH,|(x,y),=0forall yE Z(T'4)} = {0}.  (7)

From Eq. (7) and a simple dimension argument one finds that
Z(T'"A)® ZJ(AT ) =H, (8a)
Zy(AT )Y@ Z(T '4)' =H. (8b)

580/57/2-2
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Using that Z,(T~'4) < D(4), one also finds
1 7 A INL o~ vy W)
Z(TTAY® ZAT Y- N D) =H,, (8c)

where the closure is taken with respect to the topology of H,. Because the
neutral part Ker4 =Z(4) of the fundamental decomposition (6) of H, is
contained in Z(T~'4), the closure of Z,(AT"')*MND(4) in H, is a
Pontryagin space with respect to (-, -),, in which T~'4 is self-adjoint. The
restriction of 77 '4 to this complement of Z,(T '4) in H, now has
properties (i}-(vi). We call 4 T-regular if A is T-regular at the point A =0
and if the restriction of 77 '4 to the closure of Z,(AT~")* N D(4) in H,
does not have irregular critical points.

In case 4 is positive, all zero Jordan chains of T~ '4 have length one or
two (see [17,Lemma 1]) and therefore Z,(T~'4) has finite dimension.
Further, A is T-regular at A =0. To see this, take x € Z,(T~'4) such that
(x, ¥), =0 for all y € Z,(T~'4). Then the positivity of 4 entails x € Ker 4.
Also x € Zy(AT ")* < (Ker K*)* =Ran K, where K = T~ '4. Using that T
is bounded and A has closed range, one finds x=T"'Ay for some y &
Z,(T7'4). Now (Ay, y)=(Tx, y)=(x, Ty)=0 and therefore Tx =4y =0
and x = 0, which proves the T-regularity at A = 0. Notice that on the closure
of ZfAT )" " D(4) in H, the operator T~ '4 is self-adjoint in the positive
definite inner product (-,-), and hence does not have irregular critical
points. We conclude that A always is 7-regular if 4 is positive. For this
reason the condition of T-regularity does not appear in [17].

PROPOSITION 1. Let A be T-regular. Then there exists a T~ 'A-invariant
subspace Z(K) of H of finite dimension with the following properties:

(a) Z(K)® (TIZ(K)))" = H; (9a)
T|Z(K)| ® Z(K)* = H. (9b)

(b) The subspace Z(K) is contained in the domain of A and
ZK)® ({TIZEK) NH)=H,. (S¢)

() The subspace {T|Z(K)|\*“H, is T~ 'A-invariant and strictly
positive with respect to (-, -),.

Proof. We assume that 4 is T-regular. Put
Z=[® Z,K),
A

where the sum is taken over all nonreal eigenvalues, all nonzero critical
points and the zero eigenvalue of K = T~ '4. Let k denote the dimension of a
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maximal (strictly) negative subspace of H), which is (temporarily) defined
as the closure in H, of Z((AT~")* M D(4). Then the restriction of 774 to
H) is a self-adjoint operator on the Pontryagin space H) (with respect to
(-, +),), which has properties (i)-(vi) and does not have irregular critical
points. Let & denote the sum of the algebraic multiplicities of the eigenvalues
of T7'4 in the open upper (or lower) half-plane. Because there are no
irregular critical points, the subspaces Z,(K), with A running through all
nonzero critical points, are Pontryagin spaces with dimension of maximal
negative subspace x(4), which satisfy

Yk()=Kk—F

A
(cf. [21,22]). For every critical point A we choose a maximal negative
T~ 'A-invariant subspace M, of Z,(K). Because of Pontryagin’s theorem (see
[30]; also [4]) such a subspace indeed exists. Now we extend M, to the
T~ 'A-invariant subspace N, of Z,(K) spanned by the maximal Jordan
chains of T~'4 corresponding to the eigenvalue 4 which have at least one
vector in M. Property (iv) now implies that

dim N, < (2« + 1)dim M, = (2x + 1) k(4).

Next we put

Z(K) =

DN,

A

@

@ Z(K) ® Z,(K), (10)
{

where { runs through the nonreal eigenvalues and A through the nonzero
critical points of T~ 'A. In this way we find

dim Z(K) =2k + > dim N, + dim Z,(K)
A

€284+ 2k + 1) — k) + dim Z(K) < o0.

Obviously, Z(K) is T~ 'A-invariant and contained in D(4).
Next we exploit the computational rule

M, @ M,)" =My M;

for closed subspaces and the T-regularity of 4 (namely, Eq. (7) and the
converse of property (vi)) and obtain

Z(K) N (T[Z(K)])* = {0}.

Simple dimension arguments imply the decompositions (9a}-(9¢).
Finally, we notice that (i) the constituent subspaces in the decomposition
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(10) are (-,-),-orthogonal, (ii)the subspace {P;Z,(K)} @D {®,N,} is a
Pontryagin space with maximal negative subspace of dimension #+
Yak(A)=x, and (iii)4|Z(K)] < T|Z(K)], and therefore Z(K) and
(T|Z(K)|)* N H, are (-, -)-orthogonal. Because

(TIZEK))) N H, € Z,AT YN DA)"”

and the right-hand side represents a Pontryagin space with maximal negative
subspace of dimension «, the subspace T|Z(K)]* M H , necessarily is strictly
positive with respect to (-,-),. 1

The construction of Z(K) given above is by no means unique. This is due
to the non-uniqueness of the maximal (-,-),negative 7~ 'A-invariant
subspace M, of Z,(K). However, the dimension «(1) of M, is independent of
the specific choice of M.

If decompositions of the type (9a)—(9¢) existed for given operators T and
A, then T7'4 would be the direct sum of a self-adjoint Hilbert space
operator and an operator on a finite-dimensional space, which excludes the
occurrence of irregular critical points (see [21, 22]). Thus the T-regularity of
A cannot be dropped in this proposition. As shown by Jonas and Langer (see
[23]), it is possible to construct T and 4 in such a way that Ker 4 = {0} and
I — A has rank one, but 4 is not T-regular.

We now generalize a construction from |17, 28] that will facilitate the
reduction of the half-space problem (1)—(2) to one with strictly positive 4.

PROPOSITION 2. Let A be T-regular, and let B be an invertible operator
on Z(K) that is positive with respect to the indefinite inner product |x, y] =
(Tx, ). Denote by P the projection of H onto (T{Z(K)|)* along Z(K). Then

A, =T '(I—P)+ AP (11a)

is strictly positive with respect to the original inner product (-, -) of H, while

AF'T=B® (T 'A | qizaonL)- (11b)

Moreover, if I — A is a compact operator with Ran(I —A) < Ran|T|* for
some O0<a< 1, then I—A,; also is a compact operator such that
Ran( — 4,;) < Ran|T|°.

Proof. Equation (11b) is immediate from Eq. (11a). Because P is the
projection of H onto (T[Z(K)])* along Z(K) and 4|Z(K)] < (T|Z(X)]), one
finds

(Agx, x)= B~ '(I ~ P)x, I — P)x] + (APx, Px), x € H.
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As f is positive with respect to [-, -] and (T[Z(K)])" is strictly positive with
respect to (-, -),, the operator A is strictly positive.

Let I — A be compact and let Ran(I —4) < Ran |T|* for some 0 < a < 1.
Then I — A4, is a compact operator, To prove that Ran(/ —4,) < Ran |T%,
it suffices to show that Z,(K)< Ran|T|* for every eigenvalue 1 of T~ 'A.
First suppose 4x = ATx; then x = (I — A)x + ATx € Ran |T|*, which proves
that Ker(7~'4 —A) < Ran|T|*. Assuming Ker(T~'4 — 1)" < Ran [T, we
suppose (T7'A —2)"*'y=0. Then for z€&Ker(T~'4—1)" one has
(4 — AT)y = Tz, and therefore

y=(I—A)y+ ATy + Tz€Ran|T|.

Hence, Ker(T'4 —A)"*' = Ran|T|®. Thus we have shown that Z,(K) <
Ran|T|*. |

We remark that D(4;)=D(4) and A;'T is a bounded self-adjoint
operator on H, with respect to the (positive definite) inner product

(6 P)a,= X, ¥) (% y € DA)). (12)

Since the operators A; and 4 coincide on the subspace of H of finite co-
dimension (T[Z(K)])", all inner products (-, *)4, are equivalent on D(A4).
Hence, all these inner products make H, into the completion of D(4).

Now let us define the projection Q, appearing in Eq. (2). Because T is
self-adjoint with zero null space, the (-, -)-orthogonal projection of H onto
the maximal (-, -)-positive/negative invariant subspace of 7 can be defined
uniquely. We shall denote this projection by Q.. We notice that O, are
complementary projections.

Let us construct analogous projections for A;'T. Since A;'T is self-
adjoint with zero null space (with respect to (12)), the (-, -) 1,-orthogonal
projections P, of H, onto the maximal (., -), -positive/negative invariant
subspace of A;'T are complementary. The projection P of H onto
(T|Z(K)])" along Z(K) also maps H, along Z(K) (SH,) onto the closed
subspace (T[Z(K)])*NH, of H, (cf. Eq. (9¢)). Since the decompositions
(9a) and (9c) both reduce 45 'T and the restriction of A;'T to (T[Z(K)])*
does not depend on B (cf. Eq. (11b)), the operators PP, on H, are disjoint
projections that do not depend on §. In fact, PP, , PP_, and I — P form a set
of three disjoint and complementary projections on H,.

ProrositioN 3. The subspace

M, =[Ran PP, ®Ran Q, | N Z(K)
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is a maximal strictly positive/negative subspace of Z(K) with respect to the
indefinite inner product |x, y] = (Tx, y) and

M) =TM.|® Z(K)~
Proof. Take x € [RanPP_@® Ran Q,|NZ(K). Then there exist y €
Ran PP_ < RanP_ and z € Ran Q , such that x = y + z. Then

0< (TZ,Z)= (Tx, x) + Ty, y) = (Ix, y) — (T, x).

As Tx€T[Z(K)] and y€ (T|Z(K)])", one has (Tx,y)=(x,Ty)=0.
Moreover, y € Ran P_ implies

(Ty, y) = (A4 'Ty, ),,<0, (13)

and therefore (Tx,x)>0. If (Tx,x) were zero, both (7z,z) and (Ty, y)
would vanish, which implies y=2z =0 and x=0. We then conclude that
[Ran PP_ @ Ran Q, | N Z(K) is strictly positive. Similarly one shows that
[Ran PP_ @ Ran Q_| M Z(K) is strictly negative.

We now calculate that

(Ran PP.)" = T|Ran PP, | ® T|Z(K)], (14)
(Ran Q,)*=Ran Q.= T[Ran Q.]. (15)
Therefore,

(M,)* = [(Ran PP,)* N (Ran Q)| ® Z(K)" = T[M,] @ Z(K)".

Hence,

M, ®@M_) =M ) NM ) =ZK)"

This implies
M, ®M_=Z(K), (16)

and thus M, is a maximal [-, -]-positive/negative subspace of Z(K). |

Because (M,)'=T[M.|® Z(K)", the decomposition (16) is a
fundamental decomposition of Z(K) with respect to [-,-]. With respect to
this inner product Z(K) is nondegenerate.
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III. HALF-SPACE SOLVABILITY

The (right) half-space problem is the partial range boundary value
problem (1)-(2) where f, is a given vector in Ran Q. The usual method of
solution consists of the determination of an albedo operator (first introduced
in [24]) satisfying Ef, = y(0), after which Egs. (1)~(2) can be solved with
the help of standard semigroup theory. To define E on the whole space
(rather than Ran Q) one also considers the left half-space problem

(Tw) (x) = —Aw(x), —00 < x <0, (17a)
Qv0)=7_, vx)=0() (x--ow), (17b)

where f_ € Ran Q_, and defines Ef_ = y(0). Modified right/left half-space
problems are defined by requiring the solution w(x) to vanish for x —» +oo:

Jim Jyf =0. (18)

Albedo operators (or related concepts) offer interesting perspectives if the .
operator 4 is positive (cf., e.g., [24, 18, 2, 28, 3, 17]), because in this case
half-space problems are usually uniquely solvable. As we shall see, for
nonpositive 4 the unique solvability is in fact lost so that albedo operators
lose their usefulness. Instead we shall describe the measures of non-
uniqueness and noncompleteness for the solution of these problems. Put

Ke=@ZyK)DKer (K0, L,=@Z,K)D K-0[Z,K)),
A 14 A 4

where A runs through all eigenvalues of T~'4 |, 4, in the open right/left half-
plane and { through all eigenvalues of this operator on the imaginary axis. In
order that the solution w(x) of problem (1)-(2) (resp. (17a)-(17b)) be
bounded at +oo (resp. —oo), the initial value w(0) has to belong to
Ran PP, @ K,. In order that the solution of Egs. (1)-(2) (resp.
(17a)~(17b)) vanish at +oco (resp. —o0), one has to choose w(0) in the
subspace Ran PP, @ K%, where

|K0¢ =@ Z,(K)

and A runs through the eigenvalues of T~'4 |, 4, in the open right/left half-
plane. For later use we derive

(IKi)l‘_‘ T[H—¢]®Z(K)ls (19a)
(K" =T[L3] @ Z(K)", (19b)
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where

LY=® Z(K)
¢

and { runs through all eigenvalues of 77 '4 |, in the closed right/left half-
plane. Now let us reduce the right half-space problem (1)-(2) to two
subproblems. Let us apply the projection P of H onto (T|Z(K)])* along
Z(K) to both sides of Eq. (1). We then find the following two subproblems:

(i) (Ty,)'(x)=—4y,(x), 0<x< oo, 20)
which must give a solution v, (x) in (T|Z(K)])";
(ii) (Ty,)' (x) = —Ay,(x),  0<x< oo, (21)

which is an evolution equation for w,(x) on the finite-dimensional space
Z(K).

The full solution reads
wlx) =w,(x) + we(x),  0<x < oo
Equation (21) admits an elementary solution of the form
Wo(x)=e " My, (0), 0L x< oo,
where y,(0) € K, if w(x) must be bounded, and y,(0) € K’ if w(x) must

vanish at infinity. Though a correct specification of the first subproblem will
follow, in principle standard semigroup theory yields

vi(x)=e" My, (0), 0<x< oo,
where ,(0) € Ran PP, . Now let us add to Eq. (20) the dummy equation

(To)' (x) = —A8(x), 0 <x< oo, (22)

on Z(K), where A, is given by Eq. (ll1a) for some [-,-]-positive f. The
solutions ¢,(x) of Eq. (22) are easy to compute but do not concern us as,
indeed, we shall project out this part of the solution. The relevant obser-
vation is that Eqgs. (20) and (22) together can be written in the form

(T9)' (x) = —Ap4(x), 0 <x< o0, (23)

where A4, is strictly positive with respect to (-, -) and ¢ = v, + ¢,. Our main
task is the following: (i)to find the general solution of Eq.(23) that is
bounded (resp. vanishes) at +oo and to project it onto (7[Z(K)])* along
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Z(K), (ii) to disregard the part of ¢(x) obtained from projection onto Z(K)
along (T[Z(K)])", (iii)to solve Eq.(21) (which we did) and to write y =
P¢ + y,, and (iv) to fit the boundary condition @, y(0) = /. if possible.

Let us analyze the operator differential equation (23). If /—4 is a
compact operator such that Ran(/ — 4) < Ran |T|* for some 0 < a < 1, then
I — A4 has the same property (see Proposition 2) and (T, I — A4) is a positive
definite admissible pair on H in the sense of [28]. Then to every
S+ €ERan Q, there exists a unique vector function ¢: (0, c0) » H such that ¢
can be continuously extended to [0, w0), 7¢ is strongly differentiable, ¢
satisfies Eq. (23) and

Q.90 =/, [eX)=0(1) (x-+oo0);

this solution ¢(x) vanishes for x— +o0 (see [28, Sect.1V.3]). In more
general cases, however, the problem of solving Eq. (23) within the original
Hilbert space H still is open. For our general abstract analysis we will
employ a different solution method, which was initiated in [2] (where A and
thus 4, is bounded) and further developed in (3, 17] (where 4 and A, are
unbounded). This method yields solutions in some extension space of H. Let
us construct this extension space first. By H, we denote the completion of H
with respect to the inner product

X V)= (' Tl X, ) (x, y € H), (24)
and by Hy the completion of H, with respect to the inner product
x, ¥k, =(45'TIx, y),, (yEH,), (25)

where |A;'T|=A;'T(P. — P_). Both inner products are positive definite.
As A;'T does not depend on f on the closed invariant subspace
(T|Z(K)})* " H, of finite co-dimension in H,, for all |-, -]-positive § the
inner products (25) are equivalent on H, and therefore we may suppress £ in
H,y and write Hy. It can be proved (see [17]; also [3]) that there exists a
unique (but f-dependent) albedo operator E: H,— H,, which is bounded
and injective, such that '

$O)=Ef,, d(x)=e T "Ef,, 0<x< 0.

This operator E also acts as a bounded operator from H, into H,. The
range of E is dense in both H, and H,, and its kernel is zero. The albedo
operator E also generates the solution of the left half-space analogue of
Eq. (20). We obtain for the solution of Eq. (20) the expression

w,(x)=e *"TMPEf_, 0<x< oo,
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where, indeed, P extends to a bounded projection on H, (with kernel Z(K)
and range the closure of (T[Z(K)])~ in Hy).

Let us now consider the full right half-space problem (1)-(2), requiring
solutions that either are bounded or vanish at +oc0. The unique solvability of
the related right half-space problem (23) (with similar type of boundary
conditions) implies

[Ran PP, MRanQ |SRanP_ NRanQ = {0} (uniqueness),
(26a)

(26b)

where the closure is taken in H. If I—A4 is compact and Ran(/—4)<
Ran|T|* for some 0 < a < 1, in Eq. (26b) no closures are needed. We first
formulate two theorems.

THEOREM 1. Let A be T-regular. Then the right/left half-space problem
(1)-(2) (resp. (172)-(17b)) has at most one solution that is bounded at + o
(resp. —o) for every f, € Ran Q, (resp. f_ € Ran Q_) if and only if K _ is
positive/negative with respect to |-, -]. Problem (1)-(2) (resp. (17a)-(17b))
has at least one solution that is bounded at +oo (resp. —o0) if and only if I
is negative/positive with respect to |-, -|.

The measure of non-uniqueness 6* for the solution of the right/left half-
space problem coincides with the dimension of a maximal strictly
negative/positive subspace of K, . The measure of noncompleteness y*, being
the co-dimension in Ran @, of the closure of the subspace /, € Ran @ for
which the right/left half-space problem (1)}-(2) (resp. (17a)-(17b)) has at
least one bounded solution, coincides with the dimension of a maximal
strictly positive/negative subspace of | .. These properties will be proved
together with Theorem 1.

THEOREM 2. Let A be T-regular. Then the right/left half-space problem
(1)~(2) (resp. (17a)~(17b)) has at most one solution that vanishes at +oo
(resp. —o) for every f, € Ran Q. (resp. f_ € Ran Q_) if and only if K, is
positive/negative with respect to |-, -). Problem (1)-(2) (resp. (17a)-(17b))
has at least one solution that vanishes at +0o (resp. —), if and only if L%
is negative/positive with respect to |-, -].

The measure of non-uniqueness 65 for the solution of the right/left half-
space problem that vanishes at +oo, equals the dimension of a maximal
strictly negative/positive subspace of K%. The corresponding measure of
noncompleteness y& coincides with the dimension of a maximal strictly
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positive/negative subspace of L. These properties may be proved together
with Theorem 2.

We only prove the first theorem and the properties of 3* and y* below its
statement. The proof of Theorem2 and accompanying properties is
analogous. First a lemma is needed.

LEMMA 1. Put
M, =[Ran PP, ® Ran Q, | N Z(K). 27

Then K, "M, (resp. KS M) is a maximal strictly positive/negative
subspace of K, (resp. KS ) with respect to the inner product |x, y| = (Tx, »).
Moregver,

K, "MW, "M )=K,, K.NM)®HK,NAM_)=KS,
(28)

(L_+M)NL_+M_)=L_, L +MHINLE+M)=L".
(29)

Proof. Consider the operator 77 '4 |,,. Its spectrum consists of the
different real eigenvalues 4,,..., 4, and the conjugate pairs of different nonreal
eigenvalues u,, f,,..,4;; fi,, all of which have finite algebraic multiplicity.
Clearly, the subspaces

Zy (T Ay Z, (T A),
Z,(T'A)®Z; (T 'A)0s Z, (TT'A) ® Z5(T7'4)

are |-, -|-orthogonal. Because M, is a maximal strictly positive/negative
subspace of Z(K) with respect to [, -], its intersection with Z (T 'A) (resp.
Z,(T” '@ zZ; (T~ '4)) must be a maximal strictly p051t1ve/negat1vc
subspace of Z, (T '4) (resp. Z, (T~'A)® Z;(T~'A)) with respect to [-, -].
Hence, K NM s isa maxnmal strlctly [-,-] posmve/ -negative subspace of
KS. In the same way as in [17] we may prove that KerA MM, is a
maximal strictly [-, - ]-positive/-negative subspace of Ker 4. Thus from the
definition of K, we find that K, MM is a maximal strictly [-, - |-positive/-
negative subspace of K, .

Equations (28) are immediate from the contents of the previous
paragraph. Using Egs. (19b) and Proposition 3 one easily finds Egs. (29). 1

Proof of Theorem 1. Let us first consider the homogeneous (i.e., f, =0)
right half-space problem (1)-(2). Then w(0)ERanPP, @K, and
Q. y(0) =0 imply

y(0)ERan Q_N[Ran PP, DK, ].
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The measure of non-uniqueness 6* equals the dimension of the subspace
[Ran PP, @ K] Ran Q_, which, because of Eq. (26a), can be written as

8+ =dim(K, N M_),

where M _ is given by Eq. (27). Lemma 1 now implies that 6* equals the
dimension of a maximal strictly negative subspace of K, .

Next consider the measure of noncompleteness y*, which is the co-
dimension in Ran Q, of the closure of the subspace of /. € Ran @, for
which Eqgs. (1) and (2) have at least one solution. One finds

y* =codim{[Ran PP, ® K, |+ Ran Q _}.

Using Eq. (26b) and the property dim(M/N)=dim(N-/M") for closed
subspaces M and N, one gets

(Ran PP, ) N K> N (RanQ_)*
(Ran PP )' N Z(K)* " (Ran Q )"~

y*t =dim

With the help of Egs. (14) and (15) one arrives at the equality

)" = dim T{[RanPP_@®L_|NRanQ_}
T{Ran PP_MNRanQ,}

Now substituting the analog of Eq. (26a) gives

y' =dim T{{RanPP_® L _]NRan Q.|
=dim{[RanPP_ @ L_|NRanQ, }=dim(L_NM,),

where M, is given by Eq. (27). Following the method of proof of Lemma 1
one has at once that L. _ MM, is a maximal strictly positive subspace of L _,
which establishes the theorem. [

IV. Si1GN CHARACTERISTICS AND SOLVABILITY

In this section the measures of non-uniqueness 6* and J; and noncom-
pleteness y* and p& are related to the sign characteristics of the self-adjoint
“matrix” T~ 'A |,4, with respect to the indefinite inner product |-, -]. The
sign characteristics were developed in [11, 12] and a clear exposition of them
can be found in [13, 14]. Let J,..., J, be the Jordan blocks of T~ '4 |, that
correspond to real eigenvalues. Let J,, |, J,, 350 J41 25 be the Jordan blocks
corresponding to the nonreal eigenvalues ordered in such a way that for k =
1,..,b the corresponding entries of J,,,, , and J, ,, are complex



ABSTRACT KINETIC EQUATIONS 127

conjugates. For i = 1,..., a + 2b let P, be the square matrix of the same size
as J; with trailing diagonal entries +1 and elements O off the trailing
diagonal. Define the block diagonal matrix

P,y P
P = diag (e]Pl,..., e, P,, [ %) a+1}’m,[ %) a+2b~l])’
Py O Piia %]

where €,,..., €, are signs +1 which will be specified shortly. Then there is a
similarity transformation S: Z(K) - C", N = dim Z(K), and there are certain
signs &;,..., &, such that

S(T™'A |,x)) S™" = diag(J s T4 20)s (30a)
[yl =(PSx, Sy)  (x, y € Z(K)), (30b)

where (-, -) is the usual inner product of C". We call (J,P), where J =
diag(J, ..., /o 5»), the canonical form of T~'4 |, with respect to [, -]. The
signs ¢,,..., £, do not depend on the specific choice of S and are called the
sign characteristics (or just signs) of T~'4 |,, with respect to |-, -|.

Let us reformulate the construction of sign characteristics. Instead of a
similarity S: Z(K)— C" we employ a special Jordan basis of T7'4 |,
which we obtain from the canonical basis of C¥ consisting of unit vectors by
applying S . Conversely, S is fully specified by this basis. First notice that
the invariant subspaces of 77 'A|,, that correspond to the different real
eigenvalue Jordan blocks, to a real and a nonreal eigenvalue Jordan block, or
to different conjugate pairs of nonreal eigenvalue Jordan blocks, are |-, -}-
orthogonal. To each real eigenvalue A corresponding to a Jordan block of
size n one chooses a Jordan chain z,,z,,..., z,_, such that

(27 2¢] = 205 1y 4>

where +1 is the corresponding sign. For each pair of conjugate nonreal
eigenvalue Jordan blocks one chooses Jordan chains x,, x,,..., x,_, and y,,
Y1 Yu_, such that

[x,x]= [y, y1=0 (,j=0,1,.,n—1),
[xj9 yk]z [yk,xj]zéj,n~l—k'

All these Jordan chains together yield a canonical Jordan basis of T™'4 |4,
with respect to [-, - ].

THEOREM 3. Let 2m,,...,2m, be the even sizes and 2n,+ 1,..,2n,+ 1
the odd sizes of the Jordan blocks of T~ 'A |, for the positive/negative
eigenvalues, and let ¢,,..., ¢, be the signs of these Jordan blocks of odd size.
Then the measure of non-uniqueness 0* for the solutions of the right/left
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half-space problem that are bounded at + oo, is the sum of the following three
contributions:

(i) The sum of the algebraic multiplicities of the eigenvalues of T~'A4
in the quarter plane (A€ C|ImA >0, Red 20}, and the geometric
multiplicity of the positive imaginary eigenvalues.

(ii) The number of negative/positive signs of zero Jordan blocks of
T 'A of order one.

(i) QCioim)+ Qjoin)+ Zej:xl L

The measure of non-uniqueness 65 for the solutions of the right/left half-
space problem that vanish at +oo is the sum of the following two
contributions:

(i) The sum of the algebraic multiplicities of the eigenvalues of T 'A4
in the quarter plane {A€ C|Im4 >0, Rei 2 0}.

(i) Qioim)+ Cjain)+ 2o 1

Proof. Let us first choose, as before, a canonical Jordan basis of
T '4 |, with respect to [-,-]. By sp M we denote the linear span of a
set M. If the Jordan chain z,, z,....,z,_, corresponds to a real eigenvalue
Jordan block, then

SP{Zgs Zy s Zy 1} = 5p{2g, 2,1} D SP{Z, 2,5}
® - @ Sp{zaymuois Zant  (neven),
=8p{Zg, 2,1} D 8p{zy, 2, 5}
=@ DsP{zamn-/20 Za/mtam

@ sp{zn-/n! (n odd), (31a)

is a [.,-]-orthogonal decomposition. For k=0, I,..., integer 3(n—2) we
have the further |-, -]-orthogonal decomposition

SP{Zis Zy 1kt =SP{Z+ 2,1 4} D SPizy— 2y i) (31b)
where
[Zh £ 2y g Zp E Zy 1 4] = iZ[ZO, Z, )

Thus one of the subspaces in the decomposition (31b) is strictly positive and
the other strictly negative. Furthermore, if n is odd, we have

[Z(I/Z)M—l)’ Z(lmm—n] =295 2,_4]

which has the same sign as the corresponding Jordan block.
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If the Jordan chains xy,x,,..,Xx,_; and yg, ¥;,.., V,_; correspond to
conjugate nonreal eigenvalue Jordan blocks, then

SP{Xgeres Xy 15 Voserrs Y-t}
=spi{Xg+ Yp_15X0— Vn_} (32)
@ @Sp{x,_ s+ V1, X2 — Vi@ sp{x,_ + Vor X1 — Vol

is a [.,-]-orthogonal decomposition into two-dimensional subspaces, for
which one of the two |-, -]-orthogonal basis vectors is strictly positive and
the other one strictly negative.

To calculate the dimension of a maximal strictly negative/positive
subspace of K,, which according to the uniqueness part of Theorem 1
characterizes 6%, one adds the following contributions:

(a) all conjugate pairs of nonreal eigenvalue Jordan blocks of
T 'A|,4 in the open right/left half-plane. As shown by (32), the total
contribution is the sum of the algebraic multiplicities of the eigenvalues in
the quarter plane {A€ C|Red 20, Im4 2 0}. Because the spectrum of
T~'A4 is symmetric with respect to the real line, it is also the same as the
sum of the algebraic muitiplicities of the eigenvalues in the quarter plane
{A€C|ImA>0,Rel 20}

(b) all conjugate pairs of Jordan blocks for nonzero eigenvalues in the
upper/lower imaginary line. As (32) shows, this contribution is obtained by
adding the geometric multiplicities of the nonzero eigenvalues on the
upper/lower (and thus upper) imaginary line.

(c) the zero Jordan blocks of order one. This contribution is the sum
of the negative/positive signs of the zero Jordan blocks of order one.

(d) the Jordan blocks of even size corresponding to positive/negative
eigenvalues. Their contribution is one half of the size of each such block.

(e) the Jordan blocks of odd size corresponding to positive/negative
eigenvalues. If such a block has size 2n + 1 with sign g, the contribution is n
ife=+l,andn+1ife=F1

All contributions are added to find the measure of non-uniqueness 0*. The
measure of non-uniqueness d; is found similarly, with the help of the
uniqueness part of Theorem 2. [

THEOREM 4. Let 2m,,...,2m, be the even sizes and 2n, + 1,..,2n, + 1
the odd sizes of the Jordan blocks of T~ 'A |,x, for the negative/positive
eigenvalues, and let 2m,..., 21 be the even sizes and 27, + 1,..., 2fi: + 1 the
odd sizes of the zero Jordan blocks of T~ 'A. Denote the signs of the Jordan
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blocks of odd size for the negative/positive eigenvalues by ¢,,..., &,, and those
Jor the blocks of odd size >3 for the zero eigenvalue by &,...., ;. Then the
measure of noncompleteness y* for the solutions of the right/left half-space
problem that are bounded at + oo is given by the sum of the following three
contributions:

() Cioim)+ (o) + Ze,: s
(i) =)+ Qe (=) + 2 s
(iii) the sum of the algebraic multzplzcztles of the eigenvalues of T 'A

in the quarter plane (1€ C|ImA >0, Rel N S O} minus the sum of the
geometric multiplicities of the positive zmagznary eigenvalues.

The measure of noncompleteness y; for the solutions of the right/left half-
space problem that vanish at too is the sum of the following three
contributions:

) Cioim)+ iin)+ Ze]v: als
(ii) (271’7‘1)+(Z;1ﬁ)+2g Ly
(iii) the sum of the algebraic multtpltcztles of the eigenvalue of T~ 'A4
in the quarter plane {A € C|Im4 > 0, Re /l 0}.

Proof. According to the existence part of Theorem 1, y* equals the
dimension of a maximal strictly positive/negative subspace of L .. To
compute this dimension we make use of a canonical Jordan basis of
T7'A |,k with respect to [-,-] and repeat the argument of the proof of
Theorem 3. Now one has to consider the following contributions in order to
calculate y=*:

(a) all conjugate pairs of Jordan blocks corresponding to the nonrea]
eigenvalues in the open left/right half-plane. Their contribution to y* is the
sum of the algebraic multlpllcltles of the eigenvalues of T~ '4 in the quarter
plane A€ C|Im4i >0, Re,l 0} with an appropriate subtraction for
purely imaginary eigenvalues;

(b) the Jordan blocks of T7'4 |, of even size corresponding to the
negative/positive eigenvalues giving the contribution } 7., m;;

(c) the Jordan blocks of T7'A |, 4, of odd size corresponding to the
negative/positive eigenvalues giving the contribution > ;_, n; + Ze;: a b

(d) the zero Jordan blocks of T7'A4.

The latter blocks can be treated for each block separately. Consider a Jordan
chain x,, X,,.,%,_, of some canonical Jordan basis of T 'd |4,
corresponding to some zero Jordan block, and put

M =T A Sp{Xg, X;sees X1} = SP{Xgs X} yeres X2}
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Then

M = sp{xo} @ sp{xy, X, 2} @ *+* @ SP{X (/20— 15 X(1/2n! (n even),
M={0}  (n=1),
M

spi{xy} @ sp{xy, x, ,} D D Sp{x(1/2)11~(3/2)’ x(l/2)n+(l/2)}

D SP{X /2y -1/p} (n> 3 odd).

By counting the dimension of a maximal strictly positive/negative subspace
of M one finds 4(n — 2) for n even, zero for n=1, 3(n—3)+ 1 for n >3
odd and sign +1, and $(n — 3) for n > 3 odd and sign ¥1.

The proposition can be found by adding all contributions, as far as y* is
concerned. The measure of noncompleteness yF is computed similarly using
the existence part of Theorem 2. 1

COROLLARY 1. Let A be positive. Then

(a) y*=0 and 6* is the number of negative/positive signs for zero
Jordan blocks of T~ 'A of order one.

(b) 0% =0 and y¥ is the sum of the number of positive/negative signs
Jor zero Jordan blocks of T~ 'A of order one and the number of zero Jordan
blocks of order two.

Proof. For A positive one may take Z(K) = Z,(K). Using that all zero
Jordan chains have length one or two, one derives the corollary directly from
Theorems 3 and 4. |1

Part (a) of Corollary 1 appears as the main result of [17], although in
[17] sign characteristics were avoided. Under an extra symmetry condition
and assuming / — A compact with range contained in Ran|7]* for some
0 < a < 1, Part (a) was obtained earlier in [28].

In order that the right/left half-space problem, with solutions required to
be bounded, has a unique solution for every f, € Ran Q,, it is necessary
and sufficient that {T[Z,(K)]}* M H, is strictly positive with respect to
(-,-), and all zero Jordan blocks of T~ '4 have order <3, where the first
order blocks have positive/negative signs and the third order blocks have
negative/positive signs. In order that the right/left half-space problem, with
solutions required to vanish at +oco, has a unique solution for every
f. € Ran Q,, it is necessary and sufficient that {T[Z,(K)]}* M H, is strictly
positive with respect to (-, -), and all zero Jordan blocks of 7~ '4 have order
one with negative/positive sign. Note that if Ker 4 is trivial, then existence
and uniqueness of the solutions of the right/left half-space problem
(irrespective of whether bounded solutions are required, or solutions which
vanish at +o0) occur if and only if 4 is (strictly) positive.

580/57/2-3
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V. ONE-SPEED NEUTRON TRANSPORT EQUATION

In the one-speed approximation and after Fourier decomposition the
neutron transport equation for the mth Fourier component f™(x,u), m =
0, 1, 2,..., of the angular density is written as

1

“fgx—("’””f "ou)=] &) [Mena e (39)

where u € [—1,1] is the cosine of the angle describing the direction of
propagation and x is a position coordinate in units of neutron mean free
path. (For the physical background we refer to |6, 7] and for the details on
the Fourier decomposition to [27].) The scattering kernel has the form

2 — —
g”'(/;,u'):_f_f plu’ +/1—p* /1 —u'? cos a) cos ma da, (34)
T 7o

where the redistribution function p is nonnegative, belongs to L,[—1, 1] and
satisfies the normalization [, p(r) df = 2, while ¢ > O denotes the number of
secondaries per collision. It is customary to expand p(¢) into a series of
Legendre polynomials by putting

f=1 Jil pOPMd  (1=0,1,2,..),

where P/(t)=(2'')"'(d/dt)'(t* — 1)" is the usual Legendre polynomial of
degree /. In this way one may write

X ! —m)!
)= X fQI+ DG PR P ()

where

PP(u) = (1 — g2)om (%) P /)

is an associated Legendre function.
On computing the Fourier components one writes

S = @) [ Sk ) cos i d,

where f(x, 4, ¢) is the full (azimuth-dependent) angular density (cf. {27]). By
physical necessity one must require that f(x,u,¢) >0, which imposes
additional constraints on the solution of Eq. (33). Similar conditions must be
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imposed on the functions appearing in the boundary conditions below.
However, we choose not to deal with such extra constraints and for this
reason we actually investigate the existence and uniqueness of real (but often
nonphysical) solutions of Eq. (33).

We study Eq. (33) with scattering kernel (34) (or (35)) on the Hilbert
space H=L,|—1,1] and define the operators 7, 4, Q,, and Q_ on this
space by

(Th) =uh(u), (AR = h(w) — | &™) hu') dut,

@ M(w)=h(u) 1z20), (Q.HW)=0 (4 § 0).
For the present study it is quite sufficient only to assume that p(¢) is a real-
valued function in L,[~1, 1], c € R, but still [*, p(¢)dt=2. Then T and 4
are bounded self-adjoint operators, T has zero null space and Q. is the
orthogonal projection onto the maximal positive/negative T-invariant
subspace. According to a result of Vladimirov [34, Appendix XII.8] the
operator I — A is compact, the associated Legendre functions P"(u) (I > m)
form a complete and orthogonal set of eigenfunctions of 4, while

APM=(1—c¢f)P", I>m. (36)

Hence, o(4)={1—¢f;|{>m}U{l}. As shown by van der Mee [28,
Theorem VI.1.1], one has

Ran(l—A4)= Ran|T|*

for all 0 <a< (r—1)/2r, whenever p€ L [—1,1] with r> 1. We thus
conclude that 7" and A satisfy the general hypotheses of previous sections,
except possibly the T-regularity of A. Because ] —A4 is compact and T is
bounded, the operator 4 is T-regular at A = 0.

Equation (33) on the half-line x € (0, o) is usually endowed with the
boundary conditions

1 1
lim [ 176 ) = £, du=0, | 1@l du=0(1) (x~o0)
(corresponding to Eqs. (1) and (2)), or with the alternative set of conditions
. ! . ! 2
lim [ /G )= £ du=0,  lim [ |fCou) du=0
X 0 X-o0 J_g

(corresponding to Eqgs. (1)-(18)).
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LEmMMA 2. Corresponding to a nonzero eigenvalue of T~ 'A there exists
precisely one independent maximal Jordan chain of eigenvectors and
generalized eigenvectors.

Proof. 1If A is invertible (i.e., ¢f;# | for [ > m), an induction argument
shows that for e(u) = (1 —u?)"""?™ the vector (4~ 'T)"e is the product of
e(u) and a polynomial of degree n (cf. Egs. (35) and (36)), which means that
e is a cyclic vector of 4 ~'T. Thus for invertible 4 the lemma is obvious.

Therefore let us assume that 4 is not invertible. Clearly the solutions of
Eq. (33) that are vector polynomials in x have the form

. N—J —1)"
— p—xT Ah: S (
wix)=e P

xX"(T7'4A)"h, 0<x< oo,

where (T 'AY* h=0 for some NEN. (Thus A€ Z,(T '4)). It is not
difficult to prove (e.g., by induction on the above N) that Z,(7~'4) entirely
consists of products of e(u) = (1 — u*)"/?™ and polynomials, simply because
the associated Legendre functions have this form. The subspace Z, (AT~ ')*
is T~'A-invariant and may be obtained by taking the closure in L,[—1, 1] of
the set P™= {A(u)(1 —u*)™*|h polynomial} intersected by Z (47 ')~
There is a unique bounded operator S on Z,(AT~')* such that

-

ASk=Tk, k€ Z (AT ')

The set P" N\ Z,(AT~")* is S-invariant.

Let é denote the (unique) function in P"NZ (AT ')* which is a
polynomial with leading coefficient 1 and minimal degree multiplied by
(1 —u)/P™ We shall prove that é is a cyclic vector for S, i.e.,

{h(S)é| h polynomial} = P™" N Z (AT ")~

First we note that A(S)f =0 for f € P™ and A a nonzero polynomial implies
/' =0. Indeed, otherwise one has (S —£)g=0 for some 0% g€ P™ and
therefore (T —¢&)g=—&I—A)g= §E P™, where g(u)(1—p*)~ " is a
polynomial of degree at most the degree of the polynomial g(u)(1 —u*)~"™"?
(cf. (35)). Thus

(-8 glu)= &)

belongs to P™, but the left- and right-hand sides are products of
(1 —u»)P™ and polynomials of different degrees, which is a contradiction.
Hence, we may conclude that /' =0.
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If g€ P™, put degq for the degree of the polynomial q(u)(1 —u®)~"".
For the degree of a polynomial h we write deg 4. Assume that for n >0,

{h(S)é| h polynomial with degree <n}
= {g € P™|deg g < n+ deg é}. (37)
Certainly, deg h(S)é < deg h + deg & for h# 0. If for some 0+ h € P° one

would have deg A(S)é < deg h + deg é, then there exists a polynomial r+#0
such that 7(S)é =0, which implies the false statement é = 0. Thus

deg h(S)é = deg h + deg é, 0%heP"

Next let g € P™ and deg g =n + ! + deg é. For a suitable constant ¢ # 0 the
function ¢ — cS"*'é € P™ has degree strictly less than n + 1+ deg é. Using
the induction hypothesis (37) one finds a polynomial r with deg r <7 such
that

q—cS"t'é=r(S)e,

which implies Eq. (37) with n replaced by n + 1. Hence, € is a cyclic vector
forS. 1

If f;=0 for [ > L + 1, the operator ] — A4 has finite rank. Then the deter-
minant of the operator (T — z)~ (T — zA), z & [—1, 1], is well defined and

det(T—z) (T —z4)=A"(z), z&[-1,1], (38)

where A™(z) is the dispersion function

A"z =142 f u/”’(ﬂ,zﬂ) d

and the characteristic binomial is given by

L [—m)!
V) =g ¢ O @1+ 1) 8 =) P

NI

The polynomials g7"(£) satisfy the recurrence relation
@I+ D)1 —ef)&r@Q)=(—m+ 1) g () + (I +m) gl () (39)

For m=0 and ¢ < 1 the relationship (38) between spectral properties of
T7'A4 and the well-known dispersion function of transport theory was proved
by Hangelbroek [19], but his proof carries over to general m andc¢. As a
consequence of Lemma 2 and Eq. (38), if f;=0 for /> L + 1, the algebraic
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multiplicity of an eigenvalue 1/A of T7'4 coincides with the order of the
zero of A7(z)=0 at z=4A.

Let us make a few remarks concerning history. Feldman [8] observed that
with respect to the basis (P'),; of L,[—1, 1] the operator A —AT has a
matrix representation of Jacobi type, and from this observation he derived
Lemma 2 (stated for ¢>1). Shultis and Hill [31] and Case [5] have
exploited the recurrence relation (39) to prove the simplicity of the finite
zeros of A™(z)=0 for ¢ 1. The observation (made for m =0) that, if
¢f,# 1 for [ > m, the vector e(u)= (1 —u*)™? is a cyclic vector of 4 'T,
and its major consequences are due to Hangelbroek [19] (also [25]). We
emphasize that the finite zeros of A™(z)=0 (and thus the nonzero eigen-
values of T7'4) may have multiple order and be situated off the real and
imaginary axes (see [29}]).

In order to develop full and half range theory one must prove the absence
of irregular critical points of T~'4, and for this purpose it suffices to show
the absence of eigenvalues embedded in the continuous spectrum. In view of
(38), this is intimately related to the nonexistence, for v € [—1, 1], of zero
limiting values of A(v + ig) as € — 0. Except for the case v = +1 and m > 1,
where zero limiting values may occur, this was shown by Garcia and Siewert
[10] (for m =0 also [9]). Partial results were derived by Hangelbroek [19]
(m=0, c<1, ~1 <v < 1) and Lekkerkerker [25] (m=0, ¢ <1, v=%1).
We shall give a new and concise proof of these results and at the same time
establish the T-regularity of 4.

LemMma 3. If a;=0 for I>L+1 and m=0, 1, the operator A is T-
regular.

Proof. Let us search for nonzero solutions of Eq. (33) of the form
I7(x 1) = e *g(v, 1), (40)
where v € [—1, 1]. By substitution in Eq. (33) one gets

- de = e Y S+ ) P

X[ o, PP(@) di. (41)
-1
Using the three term recurrence relation for the associated Legendre

functions one sees that the functions [*, (v, &) P]({) dji (I > m) satisfy the
recurrence relation (39), and thus, on proper normalization, one gets

[ o) Pr@) di= 7o) “2)
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As a consequence we have

© — 1) $(v, 1) = 0™ (v, 1) E 0F" (v, w)(1 — u?) P, 43)

For either v € (—1,1) or m=0, 1 the condition ¢(v, -) € L,|—1, 1] implies
" (v, v)=0. This in turn implies ¢(v, -) € P™, which contradicts the proof
of Lemma 2. Hence, for either v € (—1, 1) or m=0, 1 there cannot be any
eigenvalues of S on [—1,1]. 1

For v = +1 and m > 1 the operator S cannot have an eigenvalue, in spite
of the fact that A™(+1) may vanish (see [10]). The full Hangelbroek
correspondence (38) between eigenvalues of S and zeros of the dispersion
function does not carry over to this case. In fact, for this case g7'(1) =
gl (1)=gr.,(1)=--- (see [10]), but this number is nonzero, and
therefore the function ¢(1,u4) does not belong to L,[—1,1] (otherwise
#(1,-) € P™). Finally, if v is a finite zero of the dispersion function outside
[—1, 1], one may use (43a) and ¢(v, -) € P™ to derive y™(v,v) # 0. In this
way we recover another result of Garcia and Siewert [10] (for m =0 also
[9]), which for m =0 and ¢ < 1 was announced in [19].

If a,=0 for />L + 1, the T-regularity of 4 enables us to apply the
abstract theory of the previous section. This is also possible for more general
cases where A still is T-regular. We note that in the most general case of
.anisotropic one-speed neutron transport, the T-regularity of 4 is an open
problem.

VI. SYMMETRIC MULTIGROUP TRANSPORT EQUATION

The symmetric multigroup approximation in neutron transport with
isotropic scattering leads to the coupled set of N equations

%,
u —E (x, ﬂ) + G,'f,'(xa :u)
=y Y Cf fwadd (=128, @)

where ¢ € [—1, 1], f(x, #) is the angular density of neutrons with speed 1/0;
(in units of the largest speed) and C = (C;))};_, is a real symmetric matrix.
We take 6,>0,>--- >20y=1, denote by X the diagonal matrix with
diagonal entries o,,..., 0y, but refrain from the condition C;>0 (1<},
J<N) required for physical reasons. We also disregard the physical
necessity that f;(x, #) be nonnegative (i = 1, 2,..., N).
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We study Eq. (44) in the Hilbert space H of N-vectors h= (h;))}_, of
functions h; € L,{—1, 1]. This space we endow with the inner product

N — . ,
hk)=3 o;| hk@ds h=H), k=&

i=1 -

On this space we define the operators T, 4, and @, by
(Th)(u) = o 'uhi(u),

1

2

@:miw)y=hw) @20, (@ h)w)=0 (us0),

1

N
(Ah)(u) = h(p) — Gf] Z Cy
iz

hiu') du’,
1

where h = (h;)}_,. Then T and A are self-adjoint, Ker 7= {0}, Q, is the
orthogonal projection onto the maximal positive/negative T-invariant
subspace of H, I — A has finite rank and satisfies the condition

Ran(I—A4)=Ran|T}*, 0<a<j3.

The operator A4 is (strictly) positive if and only if

(06— Cy)i i
is (strictly) positive, and invertible if and only if the above matrix is inver-
tible.

LemMma 4. The operator A is T-regular.

Proof. Because T is bounded and I — A compact, the operator 4 is T-
regular at A = 0. Therefore it suffices to find out if 77'4 has any eigenvalues
within its continuous spectrum (—oco, —1]WU [1, 00) (which coincides with
o(T™)).

Let 0% h=(k,))_, € H be an eigenfunction of T-'4 at the eigenvalue
1/A, where 0#1€ [—1,1]. We thus assume A4dh= Th, which may be
written as

(Ao, —u) hu)

1 N ! ,
—54 Z‘c,.,flh,.(y')du', 1<i<N, —1<u<]l. (45)
PEREen

Now observe that there exists 1 <i< N (e.g., = N) such that —1 1o, < L.
Also observe that Eq. (45) implies that all functions A, are continuous on
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[—1, 1]\{A0,..., Aoy }. Hence for all i for which Ag; € [—1, 1] the requirement
h; € Ly[—1, 1] necessarily entails 33, C; ' hu')du’ =0, which in
turn implies #,(#) = 0. Thus T~ '4 cannot have any eigenvalue within the set
(—o0,—0,]U [g,, ). Now consider 1/ & (—a,,—1]U[1,0,), and let a =
min{i | Ao; &€ [—1, 1]}. Then A,(z) =0 for a < i < N, while

Ao Cij.[l—l h(u') du’
2o —n)

hiu)= I<iga.

Putting € = (J", 2;(u) du)?_,, we find for

ij=1

1 a 1
A,(A)= (517_7/1 Z Cile1 (}voi_ﬂ)_l dﬂ)
that
A, (AE=0.

We thus conclude that A must be an eigenvalue of a truncated symmetric
multigroup problem, where the only groups to be considered are the ones
with 1 i< a. This truncated multigroup problem reads

o8;
U E (x’ :u) + 0; gi(x’ :u)

a 1
= —;— Z CUJ gx,u") du’ (i=1,2,.,a), (46)
j=1 -1
where ¢, >0,> -+ >0, > 1/|A|. The eigenvalue 1 of T7'4 is a discrete
eigenvalue of Eq. (46) and the eigenfunction has the form h = (k,)., with
hyry=++-=hy=0 and (h;){., an eigenfunction of Eq. (46) corresponding
to A. We now repeat the whole reasoning leading to these conclusions for the
generalized eigenvectors of 77 'A corresponding to A and we argue by
induction on the length of the Jordan chain. As a result we find that

Z(TA)S Z, (T '4,) @ {0}, (47)

where T, and 4, are the analogues of T and 4 for Eq. (46), Z, (T, 'A,) is
a subspace of the direct sum of a copies of L,[—1, 1] and {0} is the trivial
subspace of the direct sum of N — a copies of L,[—1, 1]. Now let (4h,k)=0
for some h€ Z,,,(T~'4) and all k€ Z,,,(T '4), and let us prove h=0.
Certainly, i, =k;=0for i > a + 1. Put h, = (h,,..., ), k, = (k, ..., k) and
l,=(l,.,1,), where I=T~'4h satisfies /, =0 for i > a + 1. Then

0=(Ahk)=(TLk)=(T,l,,k,)=(4,h,.k,),

a’



140 GREENBERG AND VAN DER MEE

and A4, is self-adjoint on the direct sum of a copies of L,|[--1, 1] weighted by
G, 0,. Because 1/4 is either an isolated eigenvalue or a regular point of
T.'4,, property (vi) of Section II implies that h, = 0, whence h = 0. Again
using property (vi) of Section II, we find that 1/4 cannot be an irregular
critical point of the restriction of 77'4 to Z(AT')*, endowed with (-, -),.
Hence 4 is T-regular. 1

We conclude the discussion of this example with some references. Full-
range results were derived for strictly positive £ — C by Greenberg [15] and
Lekkerkerker [26], who both excluded eigenvalues of T '4 within the
continuous spectrum. Half-range theory was discussed in [17] (also
[28, Sect. VI.7]) for (nonstrictly) positive 4.

VII. DiscussioN

We have provided a complete theory of existence and uniqueness for
partial range boundary value problems of type (1)}-(2), as well as the
modified problem (1)-(2)-(18). The indices d*, y* and J&, y& provide a
measure for the non-uniqueness and noncompleteness of the solutions of
these problems. For physical problems, such non-unique or noncomplete
situations are of considerable importance, as they often reflect the existence
of conservation laws. See, for example, Section V1.5 of [28], in which the
neutron current density is shown to be conserved for ¢ = 1; also, strong
evaporation problems [32, 33].

The results of Sections III and IV of this paper are in disagreement with
those in the recent monograph of Kapereral. [20] concerning indefinite
collision operators. This monograph treats extensively the one-speed neutron
transport equation outlined in Section V. The simplicity of the finite zeros of
the dispersion function A™(z) and the nonexistence of zeros of A™(z) off the
real and imaginary axes correspond to similar properties of the reciprocals of
the eigenvalues of T~ '4 (cf. (38)). These properties are violated in general in
the abstract problem, and appear also not to hold for the problem treated in
the monograph. Indeed, recently it has been shown [29] that A™(z) has zeros
off the real and imaginary axes for m=0,c=09, f;, =04, f, =14, and /;=0
(! > 3). By the continuous dependence of these zeros on the parameters c, f},
and f,, the same can be made true under the noncritically assumption f, # 3.
Adaptation of an argument in [29], using the symmetry and continuous
dependence of the eigenvalues, can also be used to obtain a model with
nonsimple finite eigenvalues. This mistake in the eigenvalue problem for
T~ 'A has overwhelming consequences, and is the principal reason why the
Jordan structure of T '4 and the decompositions in this paper are
considerably more complicated than the (incorrect) decompositions in the
monograph.



of

ABSTRACT KINETIC EQUATIONS 141

ACKNOWLEDGMENTS

Both authors wish to express their gratitude for the hospitality of the Mathematics Institute
the University of Florence. One of us (v.d.M.) is greatly indebted to H. K. Langer for a

private communication and to A. C. M. Ran for several discussions. This work was supported

in

15.

16.

17.

18.

i9.

part by DOE Grant DE-ASOS5 80ER10711.

REFERENCES

. J. A. BaLL AND W. GREENBERG, A Pontryagin space analysis of the supercritical
transport equation, Transport Theory Statist. Phys. 4 (1975), 143-154.

. R. BEALS, On an abstract treatment of some forward-backward problems of transport and
scattering, J. Funct. Anal. 34 (1979), 1-20.

. R. BEeALs, Partial-range completeness and existence of solutions to two-way diffusion
equations, J. Math. Phys. 22 (1981), 954-960; Erratum, 24 (1983), 1932,

. J. BOGNAR, “Indefinite Inner Product Spaces,” Springer-Verlag, Berlin, 1974.

. K. M. CasE, Scattering theory, orthogonal polynomials, and the transport equation, J.
Math. Phys. 15 (1974), 974-983.

. K. M. Casg anD P. F. ZwelreL, “Linear Transport Theory,” Addison-Wesley, Reading,
Mass., 1967.

. J. J. DUDERSTADT AND W. R. MARTIN, “Transport Theory,” Wiley—Interscience,
New York, 1979.

. 1. A. FELDMAN, On the discrete spectrum of the characteristic equation in the theory of
radiative transfer, Mat. Issled. 10 (1) (1975), 236-245. [Russian)

. R. D. M. Garcia AND C. E. SIEWERT, Multigroup transport theory with anisotropic
scattering, J. Comput. Phys. 46 (1982), 237-270.

. R. D. M. Garcia AND C. E. SIEweRrT, On the dispersion function in particle transport
theory, Z. Angew. Math. Phys. 33 (1982), 801-806.

. I. GoHBERG, P. LANCASTER, AND L. RoDMAN, On self-adjoint matrix polynomials,
Integral Equations Operator Theory 1 (1978), 434-439.

. 1. GOHBERG, P. LANCASTER, AND L. RODMAN, “Spectral Analysis of Self-Adjoint Matrix
Polynomials,” Research paper, No. 419, University of Calgary, Canada, 1979.

. I. GOHBERG, P. LANCASTER, AND L. RODMAN, “Matrix Polynomials,” Academic Press,
New York, 1982.

. I. GOHBERG, P. LANCASTER, AND L. RODMAN, “Matrix Functions and Indefinite Scalar

Products,” Birkhaduser Verlag, Basel, 1983.

W. GREENBERG, Functional calculus for the symmetric multigroup neutron transport

operator, J. Math. Phys. 17 (1976), 159-162.

W. GREENBERG AND C. V. M. vaN DER MEE, Abstract boundary value problems from

kinetic theory, Transport Theory Statist. Phys. 11 (1982), 155-182.

W. GREENBERG, C. V. M. vaN DER MEE, AND P. F. ZwEeIFeL, Generalized kinetic

equations, Integral Equations Operator Theory T (1984), 60-95.

R. J. HANGELBROEK, Linear analysis and solution of neutron transport problems,

Transport Theory Statist. Phys. 5 (1976), 1-85; “A Functional-Analytic Approach to the

Linear Transport Equation,” Ph.D. thesis, Univ. of Groningen, The Netherlands, 1973.

R. J. HANGELBROEK, “On the derivation of Formulas Relevant to Neutron Transport in

Media with Anisotropic Scattering,” Report, No. 7720, Univ. of Nijmegen, The

Netherlands, 1978; On the dispersion function in neutron transport theory, Transport

Theory Statist. Phys. 8 (1979), 133-146.



142 GREENBERG AND VAN DER MEE

20.

21.

22,

23.

24,

25.

26.

217.

28.

29.

30.

3L

32,

33.

34.

35.

H. G. KaPER, C. G. LEKKERKERKER, AND J. HEJITMANEK, *‘Spectral Methods in Linear
Transport Theory,” Birkhéduser-Verlag, Basel, 1982.

M. G. KrREIN AND H. K. LANGER, The spectral function of a self-adjoint operator in a
space with indefinite metric, Sovier Math. Dokl. 4 (1963), 1236-1239; Dokl. Akad. Nauk
4 (5) (1963), 39-42. [Russian]

H. K. LANGER, Spectral functions of definitizable operators in Krein spaces, in
“Functional Analysis” (D. Butkovi¢, H. Kraljevi¢, and S. Kurepa, Eds.), Lecture Notes
in Mathematics, No. 948, Springer-Verlag, Berlin, 1982.

H. K. LANGER, Private communication mentioning joint work with P. Jonas.

E. W. LARSEN AND G. J. HABETLER, A functional-analytic derivation of Case’s full- and
half-range formulas, Comm. Pure Appl. Math. 26 (1973), 525-537.

C. G. LEKKERKERKER, On eigendistributions in linear transport theory, Proc. Roy. Soc.
Edinburgh 83A (1979), 303-326.

C. G. LEKKERKERKER, Spectral properties of operators in linear transport theory, Integral
Equations Operator Theory 2 (1979), 365-387.

M. V. MasLENNIKOV, The Milne problem with anisotropic scattering, Proc. Steklov Inst.
Mathematics, Vol. 97, Amer. Math. Soc., Providence, R.1., 1969.

C. V. M. VAN DER MEE, “Semigroup and Factorization Methods in Transport Theory,”
Amsterdam, Math. Centre Tract, No. 146, 1981.

C. V. M. vaN pDEr MEE AND C. E. SIEWERT, On unbounded eigenvalues in particle
transport theory, Z. Angew. Math. Phys. 34 (1983), 556-561.

L. S. PONTRYAGIN, Hermitian operators in spaces with indefinite metric, /zv. Akad. Nauk
SSSR, Ser. Mat. 8 (1944), 243-280. [Russian|

J. K. SHuLTis anp T. R. HiLL, The discrete eigenvalue problem for azimuthally
dependent transport theory, Nucl. Sci. Eng. 59 (1976), 53-56.

C. E. SIEWERT AND J. R. THoMAS, Strong evaporation into a half space, Z. Angew. Math.
Phys. 32 (1981), 421433,

C. E. SIEWERT aND J. R. THOMAS, Strong evaporation into a half space. II. The three-
dimensional BGK model, Z. Angew. Math. Phys. 33 (1982), 202-218.

V. S. VLADIMIROV, Mathematical problems of one-speed particle transport theory, Trudy
Mat. Inst. Steklova 61 (1961). [Russian]

P. F. ZwEIFEL, Abstract kinetic equations, Transport Theory Statist. Phys. 11 (1982),
183-198.



