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For diffusion equations of indefinite Sturm-Liouville type, we develop two
equivalent methods of constructing explicit representations for the solutions. The
first method is based on an eigenfunction expansion whereas the second uses a
Wiener-Hopf-type integral equation and factorization. Some illustrative examples
are worked out.  © 1987 Academic Press, Inc.

1. INTRODUCTION

In this article we shall obtain explicit representations for the solution of
the boundary value problem
oy 0 oy

w(u) e (x, 1) = (P(#)E (o, u)—qu)ix, p)  (O<x<oo,uel),

VO, W=¢ (1) il o)>0, (2)
[ (ol de=01)  or 1) asx—o, ()

Y (x, u) satisfies self-adjoint boundary conditions of the differen-
tial operator A+— — (ph') + gh. (4)
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Instead of (3) we may also consider the boundary condition

[l lo@ldi=00x)  as x- . (5)

Here I=(a, b) is a finite or infinite interval, w(g) is an indefinite weight
function with finitely many sign changes and s+ — (ph’) + gh is endowed
with boundary conditions that make it into a positive self-adjoint
Sturm-Liouville operator. It is assumed that this operator has its spectrum
within the set {0} U [, o) for some ¢ > 0.

Boundary value problems of this (forward-backward) type arise as
various kinetic equations. Bothe’s model for electron scattering leads to the
partial differential equation [10, 5]

N

0 0
1= (x,u)=—<(1—u) l//(’c u)) (xe (0, 00), pe(=1L1)), (6)
0x au ou

where (x, 4) has a finite limit as gy — +1. A Fokker-Planck equation
[31, 32, 9] has the form

(122 2 0x _a_<e~-(1/2)v2%

ve ™ (x,v)= (x, v)) (xe (0, c),ve(—o, o))
Ox v

(7)

where hi— —(e” b’} is considered as an operator in Ly{(—o0, o« );
e~ dy). Both problems involve Sturm-Liouville operators which are
positive self-adjoint, have discrete spectrum and have a simple eigenvalue
Zero.

For boundary value problems of the type (1)-(4) a complete existence
and uniqueness theory has been constructed by Beals [8] (also [7]; for
Eq. (7) also [9]), who realized a synthesis of the variational approach of
Baouendi and Grisvard [2] and the semigroup method used by
Hangelbroek [20]. Under minor regularity assumptions on p, ¢, and w it
has been proved that for strictly positive self-adjoint Sturm-Liouville
operators there exists a unique continuous function ¥ : [0, ©)— H;= L,(I;
| w(u)| du) which is H ~differentiable on (0, co) and satisfies Eqs. (1)-(4).
[Here we identify y(x)(u) with ¢(x, u)]. If the Sturm-Liouville operator
has an isolated (and simple) eigenvalue zero, the solution exists in the
above sense and is unique. Some care should be taken with condition (3). If
¢, denotes the zero eigenfunction, one has to read O(1) in (3) if
[y w(p)l @o(p)? diz 0 and o(1) if §, w(u)l @o(p)l® du <0. [For the examples
(6) and (7) the integral vanishes and O(1) must be read in (3).] At present
no explicit representations are known for the solution.
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The formal similarity between Eqgs. (1)-(4) and the half-space problems
of neutron transport, radiative transfer and rarefied gas dynamics (cf. [11,
33, 12]) has given rise to the emergence of abstract kinetic equations
theory (e.g., [6, 27, 19]). In this theory one deals with the issue of existence
and uniqueness of solutions of the boundary value problem

TY'(x)= — AY(x) (0<x <), (8)
Q. y(0)=0,, %)
I (x)| = 0(1) or o(l) as x- (10)

on the abstract Hilbert space H, where T is an injective self-adjoint
operator, 4 is a (positive) self-adjoint Fredholm operator and Q, is the
orthogonal projection onto the maximal positive/negative T-invariant sub-
space. [Thus A has a finite-dimensional kernel and closed range but may
be unbounded.] If A4 is strictly positive, then 4 ~'T is self-adjoint with
respect to the inner product

(h, k), =(A4h, k); (11)

on the completion H, of the domain D(4) of A we may then define
the orthogonal projections P, onto the maximal positive/negative
A~ 'T-invariant subspace and introduce the operator

V=Q.,P,+Q_P_. (12)
The solutions may then be written in the semigroup form

Y(x)=e T Y(0), 0<x<oo,

where (0) = P, y(0) satisfies Viy(0) = ¢ , . By establishing the invertibility
of ¥ and introducing the albedo operator £= V"' we obtain the unique
solution

bx)=e T B, = [ e () o (13)

where 7(-) is the resolution of the identity of A ~'T. For positive operators
A having a nonzero null space Ker 4 one has to modify 4 on the (finite-
dimensional) zero root subspace of T~ 'A4 in order to reduce Egs. (8)-(10)
to the above set up. Depending on the structure of Ker 4, Egs. (8)-(10),
either with O(1) or o(1) in condition (10), are uniquely or non-uniquely
solvable. Similar results have been obtained under the boundary condition
(5) (cf. [27,9]).
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The above functional formulation was first carried out by Hangelbroek
for subcritical isotropic neutron transport [20] (also [22]) and developed
further by several authors. There are two variants. One variant due to
Beals involves general bounded 4 and Sturm-Liouville-type operators. In
[6] he introduced the completion of D(T) with respect to the inner
product

(h. k)r=(T1h k) (14)

and for injective and certain noninjective 4 he established the unique
solvability of Egs. (8)-(10) on H,. As a major tool for the invertibility
proof of V' on H;, he proved the equivalence of (14) to the inner product

(hk)s=(AT"TIh k), =(T(P,—P )h k) (15)

and hence the equivalence of their completions H, and Hg. [For the non-
injective A treated he introduced the above modification.] In [8] he
obtained the same results for the Sturm-Liouville problems (1)-(4).
Introducing, on H = L,(I; du), the operators

h(u), " 0
(Th)(pu) = wlp) h(u), (Q+h)(y)={ (1) w(p) >

0, wiu) <0,
and
_ h(p), w(u)<0
(© M) = {0‘ AN
d
(Ah)(u)=— a (p(p) K’ (1)) + q(p) h(p) + self-adjoint b.c.,

it is easily seen that (1)-(4) reduce to an example of (8)-(10) and the above
existence and uniqueness result on H,= L,(I; |w(p)| du) can be proved
along the same lines.

The second variant involves operators 4 which are compact pertur-
bations of the identity and was developed by van der Mee [26,27]. (In
these works T is bounded but the result can be generalized to unbounded
T; cf. [18]). For injective 4 the operator V is invertible and Egs. (8)-(10)
are uniquely solvable on H and D(T). Although in this case the result can
also be obtained in a somewhat weaker sense in H, (using [6]), the major
importance of the present variant is that the boundary value problem
allows reformulation as a vector-valued Wiener—-Hopf equation and
therefore a solution by Wiener—Hopf factorization. In this way he
generalized a plethora of concrete results in various applied fields of kinetic



258 KLAUS, VAN DER MEE, AND PROTOPOPESCU

theory and obtained an explicit expression for the albedo operator E of the
form

|7 = odu) B Hi— ) H () mold) 9 . (16)
o V—H

0
Ep, =0, +J

—oc(p)
(see [28]). Here o(-) is the resolution of the identity of 7, B=1— A has
finite rank and j: Ran B — H and n: H — Ran B are the natural embedding
and orthogonal projection, respectively. The matrix functions H, and H,
are Wiener—Hopf factors and can be computed using a generalization of
Chandrasekhar’s H-equation [13].

In this article we present two methods to compute in principle the
albedo operator £ for the Sturm-Liouville problem (1)—(4). The first
method, when formulated for strictly positive 4, is based on the vector
equation

I+K_ )g=K, 0., (17)

where K =-Q P, Q : Q [H;]-0Q [H;] and K, =Q P, Q,:
Q.[H;]> Q_[Hy], which has g=Q_ E¢, as its unique solution. Using
an explicit representation for the resolution of the identity of T7'4, we
obtain an equation to be solved for g in Q_[H ], whence Eo . =¢, +g.
For neutron transport and rarefied gas dynamics this procedure leads to
singular integral equations as appearing in [11, 12].

The second method will yield a generalization of (16). The key step is the
following well-known observation: We may add such self-adjoint boundary
conditions at the sign changes c,,.., cy (a<c,<' - <cy<b) of the weight
w(u) that (i) the resulting Sturm-Liouville operators Ay, A,,...., Ay on the
spaces L,(a, ¢,), Lo(cy, ¢3),.., Ly(cn, b) are strictly positive self-adjoint and
(ii) the operator 4 '—A~', where A4 is assumed strictly positive and
A= /30(49 e (—B/f,v, has finite rank N. By construction, T, = A-'T will have
0, as its positive-negative spectral projections and Egs. (8)-(10) (on H)
will be equivalent to the boundary value problem

T\Wx)=—-41¥(x), (0<x<oo), (18)
Q+l//(0):§0+, (19)
Y (x)-=0(1) or  o(l) asx— oo, (20)

where A, = A~ 'A. Since also A;'T,=A"'T, the albedo operator E and
the semigroups involved in the solution (13) coincide. As a result,
Eqgs. (18)-(20) are uniquely solvable on Hj,= L,(I; |w(u)|du). The finite
rank of C=A4"'T— A~ 'T is our major gain, since we may now refor-
mulate the problem as an integral equation. However, since 4, is unboun-
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ded (in Hy), the reduction to a formula of the type (16) is more com-
plicated than it is to be expected from [27, 28]. Introducing the function
o(x)= —y/'(x)= T~ 'Ay(x) we first derive the integral equation

d re
o)+ [ Hi(x=y) Coly)dy=Hi(x)p,. O<x<w, (21)
0

where, in terms of the resolution of the identity ¢,(*) of T 'A= T .

+fjc ue g (du), O<x<w

0

Hi(x)= . (22)
—~J ue "o (du), —oo < x <0.

— o0

If j and = are the natural embedding and orthogonal projection (with
respect to (14)) satisfying Cjrn = C, we shall then derive a (finite-dimen-
sional) equation for {(x)=mne(x), which we solve by Wiener-Hopf fac-
torization. However, the existence proof for the Wiener—Hopf factorization
will make essential use of the strict positivity of 4 and is, in fact, based on
the geometric factorization principle of Bart er al. [4, 3]. For the latter case
we shall obtain a complete analogue of (16). At present the second method
does not work for noninjective 4, such as needed for Eqs. (6) and (7).
The paper will be organized as follows. In Section 2 we explain in detail
the first method. In Section 3 we construct 4 and arrive at the equivalent
problem (18)-(20). In Section 4 we prove the equivalence of the latter
problem to the integral equation (21) and its finite-dimensional reduced
form. In Section 5 we establish in a formal sense the Wiener—Hopf fac-
torization associated with the integral equation and construct the albedo
operator explicitly. In Section 6 we shall specialize our results for indefinite
weights with one sign change and work out some illustrative examples.

II. AN EIGENFUNCTION EXPANSION FOR
COMPUTING THE ALBEDO OPERATOR

The first method of computing the albedo operator has an analogue in
neutron transport, radiative transfer and rarefied gas dynamics known as
the method of singular eigenfunction expansion (cf. [11,12]). We shall
work out the details for the abstract problem (8)-(10), state our
assumptions on the indefinite Sturm-Liouville problem and then specialize
the method for these problems.

Let T be an injective self-adjoint and A4 a positive self-adjoint Fredholm
operator on a Hilbert space H, and let Q. denote the orthogonal projec-
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tion of H onto the maximal positive/negative T-invariant subspace. We
denote by H the completion of D(T) with respect to the inner product
(14), and put H,=D(A"?). Then H , is densely and continuously embed-
ded in H. Let us assume that H , < D(T) and T is a bounded operator from
H, into H. (In [8] this was, in fact, assumed.) Then we have the decom-
position

H,=2Z,®@Z,,

where Z,=Ker(T~'4)?>>Ker 4; this decompsition reduces the operator
T7'4, and S,=(T"'4|,) " is bounded and self-adjoint on Z; with
respect to the inner product (11) (cf. [19] for the most general result; first
result of this type in [25]). If P, denotes the projection of H, onto Z,
along Z, and {P,, P, P_} is the triple of complementary projections of
H, such that P, |, is the (..),-orthogonal projection of Z, onto the
maximal (.,.) ,-positive-negative S,-invariant subspace, then H¢ will denote
the completion of Z,@® D(S,)( <= H,) with respect to the inner product

(h k)s= {Poh, Pok} + (| Sy |(I— Po) hy (I— Po) k)
= {Poh, Pok} + (T(P, — P_) h, k).

Here {.,.} is an arbitrary inner product of Z,. We shall assume that (.,.),
and (.,.)s are equivalent and therefore H, and H may be identified. This
assumption is known to be satisfied if 4 is bounded (cf. [6]) or in the case
of a Sturm-Liouville problem of the type (1}-(4) (cf. [8]). If Ker 4=0,
then P, =0 and (.,.)s is given by (15). Finally, the projections Q , , Py, and
P, allow continuous extension to Hr= Hj.

Tueorem 2.1 (cf. [6,19,8]). If Ker A= {0} or if Ker A=span{gp,}
with (T, ¢o) =0, there exists a unique solution of the differential equation
(8) with boundary conditions (9) and | W (x)}| = O(1)(x - o). This solution
satisfies

M, r>0: g (x) Y llr<Me™™ (23)

for some Y .ecKerA. On the other hand, if KerA={0} or if
Ker A =span{@,} with (T@,, o) <0, there exists a unique solution of
Eq. (8) with boundary conditions (9) and ||y (x)|+=0(1)(x - o). This
solutions satisfies

IM,  r>0: JY(x)| < Me "™ (24)

In all cases one may write (0)=E_ ¢, where E_ is the (H-bounded)
projection along @ _[H;] onto P, [Hs]@® Ker 4 in the former situation,
and onto P,[Hg] in the latter situation. For injective 4 we have
E.=EQ, where E=V ' We define on Hy:
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P, if Ker A=1{0}or (Tp,, ¢,)<0
~ P if (T 0
P+= P++ 0 1 ( Do (P())> (25)
('7 Tl//O) .
P+ if (T, ¢o)=0.
T (@0, To) o (T90. ¢

[In the latter case there exists ¥, such that Ay ,=Ty,. We then have
(0o, TWo)= (Ao, Wo)>0 and we may select ¥, in such a way that
(To, Wo)=0. As a result we find P, ¢,= ¢, and P, ,=0.] Next, put

K,= i‘Q——F+Q¢3 Q.[H]1-Q [Hr)

Lemma 2.2, The vector g=Q _E, @ is the unique solution in Q _[H ]
of the equation

I+K_)g=K,0.. (26)
Proof. One easily calculates
K, o, Ang:Q—F+((»D+ +g)=Q—13+(Q+E+(p+ +Q_E,0.)
:Q—P+E+¢+:Q—E+(P+:g’

using P, E, =E, . Conversely, if g is a solution of (26) in @ _[H,], we
have

0 (g—P (¢p.+8)=g—K, 0, +K g=0.
and therefore there exists ¢ , € Q , [ H] satisfying
g—P.o.+te)=—9, +¥,.
The latter implies
Y.eQ [Hyln(I—P.)[Hs]= {0},

whence ¢, +geP [Hg]. As a result we necessarily have g=
Q. E,o.. 1

We may compute E . in principle by solving (26), putting
E+(p+:g0++(1+K,)”lK+(p+ (27)

and applying the method to Sturm-Liouville diffusion problems. Let us
consider the Sturm-Liouville differential operator

d dh
(Ah)(p)= i (p(u) d—“) +q(p) A(p)
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defined on a domain where it is self-adjoint and positive with 6(4) = {0} U
[e, o0) for some & > 0. We shall make the usual assumption that p is locally
absolutely continuous and positive on / and g is continuous and positive
on I [In fact, we may require less, e.g., {p ', g} = L'**(I).] A more specific
description of the differential operator will follow in the next section. Next
let us assume that the indefinite weight function w(u) has the following
properties:

(i) w(u) is continuous and nonzero on 7, except possible at c,,..., ¢y;

(it) for each j=1, 2,.., N there is neighborhood U, of ¢; and a num-
ber a,> —1 satisfying w(u)= tsgn(u—c;) |u—c;|*v(u) for pe U\{c;}
with v(c;) #0 and v(u) continuously differentiable on U}, and

(iii) the operator

(Th)(u) = wlp) h(u)(ue )

satisfies the condition

J 0 7 a4 A0 d+ ] 1T 0G0 i,

where C is some fixed constant and I, is the orthogonal projection of
L,(I) onto Ker A.

As a result, if we define H , as the direct sum of the finite-dimensional
subspace Ker 4, with some inner product, and {he D(4'?)|(h, g)=0 for
all ge Ker A4}, the latter endowed with the (complete) inner product

(h, k) 4= (A", A'7k) =J (A" 2h)(u)(A' k) () dp,

!

the third hypothesis means that H,< D(T) and T is a bounded operator
from H, into H. Moreover, T and 4 meet the assumptions at the begin-
ning of this section and Theorem 2.1 holds true in full, where in this case

(h, k)p= [ lw(p)] - A V() dp

We shall consider the more elementary situation where 7~'A has a com-
pact resolvent. Let 1, be the (simple) eigenvalues of T !4 with
corresponding eigenfunctions ¢,, numbered according to the following
convention:

(i) if Ker 4= {0}, the index n runs through the nonzero integers and

((pn’ (pm)A=5nm3 nin>09 (28)
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(ii) if Ker A# {0} and Ker 4 =span{¢,}, the index n runs through
all integers and (28) is valid for 0#n, me Z;

(iii) if (and only if) (T@,, o) =0, there is a generalized eigenvector
o which can be chosen uniquely by requiring (7, Y,) = 0. We then have

P,.=P, ,+P, (29)
where
P1.+h: Z (h’ l)vlll/z (pn).\‘ i/"v’lll,"z @,
n>0
and
0 if KerA=1{0}or(Tog, ¢,)<0
(ha T¢0) .
~ —_— if (Te,, >0
Poh=( (9o, Toy) o 90, 9o) (30)
(h, T,) .
—_— il (To,, pg)=0.
(@0, To) *° Po- Po

We shall now use the identity [21, Eq. (2.8); 19, Sect. 3]

(£ 8)s=UQAV=Dg)r=(Q,—Q (P, =P, )2,

where {f,g} = Z,c Hg~ H,. As a result we obtain for Ker 4 = {0}:

K h==3% 4(Q,=0 )0 h(P. =P )o,);

n>0

=Y Lh0_0,):0 o,

n>0

Koh=+YF 5,(0.-Q )0 h(P.~P ),

n>0

= Z ’ln(h’ Q+ (pn)T Q,, Q,.

n>0

For nontrivial Ker 4 we obtain the same formulas if (T¢,, ¢y) <0, and a
correction term if (T¢q, ¢, =0, which is easily derived from (29) and (30).
The equation (26) for g=Q _ EQ, ¢, now has the following form:

(l) g+z:;>{)/1n(gs Q*(pn)TQf(pn:Zn>0’1n((p+aQ+(pn)TQ—(f9n 1f
Ker 4= {0} or (Te,, ¢,) <0,
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(1)

(8, TO _@o)
g+"§oin(g,Q_%)QJPmLWQJPO
((p+5TQ+(p0)
= i T — % T /1
ngo APer B 0n) Q-on+ (94, Toy) Q-9
if (Too, @) >0, and
(iif)
(g7TQ~¢0)
)” L —-¥Yalr - %n T —_ @9
g+n§0 800,70 o0,+ (oo Tho) Q o
( +’T + Y0
= T 402 Qu0n)rQ g, + Lol g

if (T, ¢o)=0. Finally, if T~ '4 has continuous spectrum on parts of
(0, 0) a similar integral equation for g can be derived involving
integrations over a continuous rather than a discrete measure.

As an example we consider the Fokker-Planck equation (7) for which
the eigenvalues and eigenvectors of 7 'A have been computed by Pagani

{321,

han=t/n  Ag=0,
(;DO(U)= 15
Puv) =@ _(—v)=(n""* /nl2mn)) ' "D, (v —2/n),

where n=1,2,3,.., and D, are the Weber functions. As in this case
(Too, 9o) =0, we use the above formula (iii) for the albedo operator and
obtain the solution (0, v), where y(0, v)=¢ . (v) for v>0, ¥(0, v)=g(v)
for v <0 and g(v) has to be computed from the integral equation

g0)+ Y x/ﬂf ve V0, (1) g, (—v) g(—v') dv

n>0

- (1/\/2_7Z) J;)OO (U’)2 e *(1/2)(U')2g( __vl) dv/

= T Jn[ v, 0) 9,0 ¢, () dv

n>0

+(1/3/27) fow (') e~ 0P (0') dv,
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ITI. FIRST REDUCTION:
Twve MODIFIED STURM-LIOUVILLE PROBLEM

Let us consider the Sturm-Liouville differential equation

—(pg') +qp=ig+f (32)

on the interval I=(a, b) (cf. [14, 15, 1, 23, 16] for the general theory).
where it is assumed that p is locally absolutely continuous and positive on
I, g is continuous on I and f'e L,(I; du). The endpoint a (or b) is called
regular if it is finite, p and g extend continuously to [a, b) (resp. (a4, #]) and
pla)>0 (resp. p(b) > 0). Otherwise it is called singular. If both endpoints
are regular, we may turn the Sturm-Liouville operator g+— —(pg’') + gg
into a self-adjoint operator on L,(I; du) by imposing the boundary con-
ditions

cos ag(a) — p(a) sin ag'(a) =0, (33)
cos Bg(b) — p(b) sin Bg'(b) =0, (34)

for certain «, fe [0, 7). If @ is a regular and 4 is a singular endpoint, we
have to distinguish between the limit-circle (at b) case where for some (and
hence all) complex Z all solutions of the differential equation

d d
(p(u) ——glu, 1)) +q(u) glp, 4)=1g(u, 4) (35)

du du

are square integrable near b, and the limit-point case where for some (and
hence all) nonreal 4 there is only one linearly independent solution of
Eq. (35) that is square-integrable near ». In the limit-point case a self-
adjoint boundary value problem arises by only imposing condition (33),
while in the limit-circle case one needs condition (33) as well as a condition
for y— b in order to ensure self-adjointness. If ¢ is a singular and b is a
regular endpoint, we have a similar distinction as before with g and b
interchanged. If both endpoints a and b are singular, we choose ce (a, b),
impose the boundary condition

cos yglc) — p(c) sin yg'(c) =0 (36)

and consider the limit-circle versus limit-point classification at each of the
endpoints ¢ and 4. Depending on the four possibilities as to each of the
dichotomic classifications, we impose self-adjoint boundary conditions for
Eq. (35) on I The classification is independent of the particular choice of ¢
and y. In particular, if the differential equation (32) meets the limit-point
condition at both endpoints ¢ and b, no boundary conditions are to be
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imposed to guarantee self-adjointness. If 4 denotes the self-adjoint

Sturm-Liouville operator (with boundary conditions), then the resolvent
(A—4)~"is given as g(u, 2) = [(4—A) " f1(u), where

£ 4) =375 i D [ o0 00

W)
rolu ) | W 2)10) o 37)
Here
WAZ) = Pl 0t 1) (e 2) 0o ) (s 1)} (38)

is a constant relating to the Wronskian and ¢(u, 1) and ¢(u, A) are non-
trivial solutions of Eq. (35) satisfying the boundary conditions at a and b,
respectively. [In the limit-point case the condition is square integrability
near the endpoint.] The isolated eigenvalues of A correspond to isolated
zeros of W(2) and are simple. The resolvent set of A consists of the open
upper and lower half-planes and that part of the real line to which W(1)
has the same analytic continuation from above and below leading to a non-
zero value. The remaining part of the real line is continuous spectrum. Next
let us see what happens if one decomposes the self-adjoint Sturm-Liouville
problem (32) on I'=(a, b) into a problem on (a,c) and a problem on (¢, b).
We shall give a detailed discussion of basically well-known material, since
the precise details are required for the subsequent construction of the
albedo operator. Let y(u, A) be a nontrivial solution of Eq. (35) on (a, b)
that satisfies the additional boundary condition (36). The resolvents of the
Sturm-Liouville problems on (a, ¢) and (c, ) have the respective forms

1 u
8k )= (e ) [ 0 ) f )
+oln ) [ (0 D) e, (39)
m
where
W) =p(w){e (1 A) x(u, 1) — X' (1, 1) @(u, 1)}, (40)
and

i )= s Lt [ )

+aln 2 [ Wi 2110y o, (41)
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where

W(A)=p(p) {1 A) Y, 1) =¥ (s ) 5 A) - (42)
Writing
A A) = cfA) @(p, 2) + ¢ () ¥(p, £) (43)
and using the formulas
cfA)= W (L)/W(A), c(Ay=W\(A)/W(A) (44)
obtained by substituting (43) into (40) and (42), we finally get

W.(i ¢ .
e 1) = i 1) = ~ g ol [ o Dy, (4)

where pe(a, ¢) and fe L,(a, c), and

W.(4)
W.(4) W(4)

2l A) =g, 7) = — W 1) [ WL D, (d6)

where € (c, b) and fe L,(c¢, b). Thus if 4 belongs to the resolvent set of all
three Sturm-Liouville operators and 4 denotes the direct sum of the
Sturm~Liouville operators on L,(a, ¢) and L,(c, b) (viewed as an operator
on L,(a, b)), we have for fe L,(a, b)

(A2 (A= A)7"1/)w)

= vﬂ%(—{) K, A) J: Kk(v, 4) f(v) dv, (47)

where

u/l('l)_l (P(Ha ;')s ,ue(a, C)

. 48
W) W A),  peleb) (48)

Kt l)={

Hence, the difference of the resolvents is an operator of rank one.

If 4 is positive self-adjoint with spectrum ¢(A4) < {0} U [¢, o) for some
e>0, it is possible to choose the constant y in condition (36) in such a way
that the resulting operator A is strictly positive self-adjoint. Let us nor-
malize y(u, A) by requiring x(c, )= p(c) siny and y'(c, A) =cos y. We then
easily derive the identities

W\(4) = +p(c){ ple) sin yo'(c, ) —cos yo(c, 1)},
W(A)= —p(c){ ple) sin (¢, 4) —cos pi(c, 1)},

SR80 70 2-4
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from (43) and (44) and the derivative of (43) with respect to u (for A real
and W(1)+#0) and observe that W ()= W (1)=0 implies W(1)=0. The
latter implies the existence of unique and distinct y,=7,(1) and y, =7,(4) in
[0, n) satisfying W (1)=0 for y=y,(4) and W, (41)=0 for y=7y,(A). This in
turn gives the existence of an interval of values of y where W (1) W (A)
W(4)~'>0 and an interval of values of y where W,(4) W.(1) W(4)~ ! <0.
On inspecting (47) it appears that we may choose y in such a way that
(A— 1)~ "> (A4— 1)~ as self-adjoint operators. If 6(4) <= (0, o) and =0,
we get A~ '>A4-'>0 for an interval of values of y. If 4 is positive with
isolated (simple) zero eigenvalue, then W(0)=0, W, (0)s0 and W, (0)#0,
except for the unique y =y, satisfying the equality

plc)sin po0'(c, 0)=cos y,9(c, 0)

with ¢(-,0)=d(-, 0) the zero eigenfunction of 4. Because of the usual
oscillation theorems we have ¢(u, 0) #0 for uel and therefore yq € (0, m).
However, for every A<0 we have an interval of values of y where
(A—24)"'>(4—2)""'=0. Thus if we exclude y, from this interval, we find
an interval of y (the same or a smaller one) where o(A4)c (0, c0). Hence,
the constant y in condition (36) can be chosen as to make A strictly
positive.

THEOREM 3.1. Let us consider a self-adjoint Sturm—Liouville operator A
and a weight function w(u) on (a, b), both of which satisfy the previous
assumptions. Let A be either strictly positive or positive with an isolated zero
eigenvalue. At the sign changes c,..., ¢y of the weight function we may add
boundary conditions of the type

cos y,glc;)—plc;)sinyg'(c)=0,  j=1,2,., N,

and obtain strictly positive Sturm—Liouville operators Ay, A,,.., Ay on the
respective subintervals (a, ¢,), (¢y, ¢3),(Cx, b). Then the direct sum

A=A0@21®"'@A‘N (49)

is strictly positive self-adjoint on L,(I). If the original Sturm-Liouville
operator A is strictly positive, then C=A"'T— A~'T is a bounded operator
on Hy= L,(I; | w(u)| du) of rank N.

The proof follows easily by induction on N if the weight function is
bounded. First we construct 4, by using Eq. (47) for c=¢,. On (¢, b) we
further split up the Sturm-Liouville operator obtained at ¢=c, and apply
(47) again. After N steps we have constructed Agyy Ay, and (4—2)"" —
(A—2)"" is an operator of rank N for A¢a(d)ua(d)=a(d)u
o(Ay) U+ Ua(Ay). If the weight function w(u) is bounded, then C(4)=
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(A=A '—(A—1)""} T (A¢a(4)ua(Ad)) is bounded on H,. If
the weight function w(u) is unbounded, it must be unbounded near
either a, ¢y,..,cy or b. Let @(u) be a positive C*-function on I with
compact support within N\{c,,..,cy}. For each of the functions
KA, A(A¢a(A)uo(A)) constructed in (48) the function o(p) kp, 4) is
continuous and has a compact support on which w(u) is bounded; hence,
[riw()? lo(p) x K(, A)|? dp < c0. The function (1 — @(u)) K (p, 4) is square
mtegrable on I with weight |w(yu)| for the following reasons:

(1) (1 —e(u))x{p, A) is continuous on (a,b) and w(u)=
0(] . —¢;1*) for some «,> —3,
(1) (1 —@(u)) xp, 4) satisfies the boundary conditions (or local
square integrability conditions) at ¢ and b, and
(iti) D(A)= D(T). Hence, C(A)={(A—4)"' —(/3A—)L)" T is a
bounded operator on H, and has rank N if Ada(4)ua(A).

As a result of the above theorem, the operator T, = A~ 'T is bounded on
L,(I} and compact if 4 has a compact resolvent. Also, T, commutes with
the projcctions Q . defined above (following Eq. (15)). If we denote by
H ;= D(A"?) the completion of D(A) with respect to (.,.) ; = (4.,.), then T,
is self—adjomt on H;, O, and Q _ are the H j-orthogonal projections onto
tbe maximal H j-positive and negative T,-invariant subspaces and |T,| =
A" |T|is the H ;-positive absolute value of T,. Therefore, by analogy with
H ., we have

(hok)p = (Tl k)a= (A" | T hk)i=(h k), (50)
Also, defining 4, = A4 ~'4 as an H ;-positive operator, we have
T4, =T '4 (s1)
and, if Ker 4 = {0}, and S, =4,'T|,
(h kYe,=(A AT Ty | hk)j= (A7 'T\(P, —P Yh k)= (hk)s. (52)

Hence, the boundary value problem (8)-(10) on H;~ H has precisely the
same solutions as the modified problem

TWix)=—-Ay(x) (0<x<oo) (53)
Q+l//(0):(p+v (54)
(g () r=0(1) or o(1) (x— w), (55)

and the existence and uniqueness properties of the latter problem can be
described by Theorem 2.1. We have obtained the problem (53)—(55) of the
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same type and with the same solutions as (8)-(10), but now the resolvents
of T7'4 and T;'= T-'A have a rank N difference. As we shall see, it is
exactly this rank condition which guarantees a further reduction to a
matrix integral equaton and factorization.

IV. SEcoND REDUCTION:
WIENER-HOPF EQUATION AND FACTORIZATION

In this section we shall reduce the (modified) boundary value problem
(53)-(55) further. As a result, we shall obtain a Wiener-Hopf integral
equation which can be solved by factorization. Throughout we assume A
strictly positive self-adjoint. (At the end of this section we shall indicate
how to relax these assumptions.) We shall need the following technical
condition:

0<a<l: Ran Cc T, [* (H 1A 'TI* [H], (56)

where |T,|=A4 " |T| and |4~ 'T| are the absolute values with respect to
the inner products (14) and (15). In the Appendix we show that condition
(56), respectively, the equivalent conditions (80) to be defined below, are
valid for a large class of operators 4 with one sign change in the weight.
We believe that the extension to more than one sign change can be done by
the same methods. We shall make use of the estimates

T A ()] = O 171,

| (57)
1A' T== e P = O( x|* )

as x — 0. Here 4#;(x) is the propagator function defined by (22).

THEOREM 4.1. Let o, €Q . [H;]. Then the vector function
o(x)=T 'de T Eq, is the unique solution of the integral equation

d o
o)+ [ Hi(x=y) Coy) dy=H(x) .. 0<x<o0, (58)
0
satisfying [* €™ || ¢(x)|  dx < oo for some r>0, where C=A"'T— AT
Proof. Using (56) and (57) one easily proves that for every e <x < a0,

|7 1ix =) Cotlr dy < Me) < o, (59)
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so that {g #{(x —y) Co(y) dy is an absolutely convergent Bochner integral
for 0 < x < o0. We compute

T, [ Hix—y) Coly)dy

< d
_J oo Qe MEg. jdy

= d ; :
_{ dy femTQ e T MEp  }dy

=y(x)—e T p,, O<x<m,
P+

where we used the identity @, EQ, =@, . By differentiation and using
¥'(x) = —o(x), we get (58).

Conversely, putting ¢(x) = [Z ¢ (well defined since
jx " (x)| rdx < 20 for some r>0) we may mtegrate (58) and obtain

l/l(X]——JA. H(x—p) Co(y)dy=e T o . O<x<oo, (60)
Q
where the integral term is strongly differentiable for x e (0, c0). Let us write

Tfl//(x)—f Tie ..'\‘)TF'Q+ Co(y) d},Jri' Tie ' )7 lQ Co(y)dy
0 X
— TQle .\'TI_1 o, .
Because of the estimate (59) and by dominated convergence (for Bochner

integrals; cf. [34, Sect. 31, p. 30]) we may differentiate this equation in the
following manner:

T+ [ e om0, Coy) dy =T, Cotx)

“J e “TITQ Co(y)dy—T,0 . Colx)
= ‘Tleir‘r(](p‘{»’
whence

T(x) = Colx) + [ Ai(x—y) Colp)dy=—¢ o, O<x<o

(61)
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On adding (60) and (61) we obtain
T\ (x)—Co(x)+(x)=0, 0O0<x<oo.

By virtue of Y'(x)= —¢(x) and T, + C=A"'T, this in turn implies (53).
Using (60) we conclude

0. bx)=e T g+ | Ai(x—y) Coly) dy,

whence (54). |}
Let C' denote the H,-adjoint of C, i.e.,

=@, -0 )CQ,—0) (62)

Let j denote the natural imbedding of Ran C' into H,, and = the
H -orthogonal projection of H, onto Ran C' (as an operator =:
H;— Ran C"). Then j and = are adjoints and

Cin=C. (63)

It is then clear that {(x) = n¢p(x) satisfies the finite-dimensional convolution
equation

d e
() +o [ =) Gl dy=nhix) o, O<x<oo. (64)
The function ¢(x) may be computed from {(x) by putting

d e
0(x)=Hi(x) 0. — 7= [ " Hilx=y) Ci(y) dy (65)

Clearly, [ e™ |{(x)lldx <o for some r>0. Conversely, if {(x) is a
solution of Eq. (64) satisfying [ e™ || {(x)| dx < oo for some r >0 and ¢(x)
is given by (65), then we may multiply (65) by = from the left and subtract
the resulting equation from (64). As a result, we get {(x)=mne(x). Sub-
stituting the latter into (65) and utilizing (63) we find (58). Hence, Eq. (58)
is equivalent to the pair of equations (64) and (65). The latter pair of
equations, however, is defined on the finite-dimensional space Ran C'.

Let us transform (64) into a Riemann—Hilbert problem, as arising from
the application of the classical Wiener-Hopf method. Using (59) it is not
difficult to establish that [ ns# (x —y) Ci{(y)dy is (strongly) differen-
tiable for x € (— o0, 0). Let us put

()= o [ R RV by xe(—w,01 (66)
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Since {(x)=nT"'Ae *""'Ep_ (sec Theorem 4.1 in combination with the
equivalence of Eq. (58) and Eqs. (64), (65)) and (56) holds true, we have
fe e I1(x)]l dx < oo and therefore

o
J e — 5| x]

o0

J, mA =) G dy lar<a

for some s> 0. Let us define the Laplace transforms

2 . doo
C=x [ ey,
0
R =[" e nhin) Gdx,  (2)= j A (x) @, dx,

where Re 4 =0. Using the formula

|7 e de=[e (010 L + e (0]

-

] j © e (x) dx,

we obtain the Riemann-Hilbert problem
[I- AR, (M +C (W)=d(4), Rei=0. (67)
The right-hand side is easily computed and reads
HA)y=n(I-AT)) 'T\¢@,, Re A=0. (68)

Equation (67) has to be solved by factorizing the so-called dispersion
Jfunction

AN =T—iRA)=I1—in(I—iT,) 'Cj, Rei=0,

into matrix functions which are analytic and invertible on appropriate half-
planes.

Finally, let us consider the case when A is positive self-adjoint with an
isolated (simple) eigenvalue zero. Recalling the definitions of P, and S, in
Section 2, we define

C=(S,~A'TYI-P,),

which is an operator of rank at most N. We rephrase the regularity
assumption (56) as

HV<a<l: RanCc|T,|*[H,], Ran(I— Py) C<|S,|* [H+].
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By construction, and for E defined in Section 2, the function
p(x)=T 'de " “E, ¢, 0<x< o0,

has its values in (/— Py)[H,]@® Ker A. We may then repeat the proof of
Theorem 4.1 and the derivation of (64) and (65) with the sole adaptation
that

W(x) =)= o(y)dy
(and similarly for {(x)). We then obtain the Riemann-Hilbert problem (67)
as a result. Unfortunately, as will become clear shortly, the existence proof
of the factorization of A(1) will break down if 4 has a zero eigenvalue.

V. WIENER-HOPF FACTORIZATION AND ALBEDO OPERATOR

Let us again assume that A4 is strictly positive. It is then easily seen that
A =T-n(¢~T)) ' G (69)

has the form of a transfer function of linear systems theory. For such
functions a factorization principle has been developed by Bart, Gohberg,
Kaashoek and Van Dooren [4; 3, Chap. 1]. In the terminology of [3] we
have Ran C' as the input-output space, H, as the state space, the identity
as the external operator, T, as the main operator and T, + Cjin=A4 " 'T as
the associate operator. Let us consider EQ, where E is the albedo
operator. Then E= V! with V defined by (12) and satisfying Q . V=VP
implies that EQ, maps H; onto P, [H;]. The boundary condition
Q. v(0)=¢, with Yy(0)=FEp, implies Q@ EQ, =0, and therefore
(EQ,)=EQ., Q,(I-EQ,)=0 and Q_=(I-EQ,)V(P_—P,)
hence (/— FQ  )[H+]1=Q _[H,]. It is then clear that EQ , is a bounded
projection on H, with range P [H,] (which is invariant under the
associate operator 4 'T) and kernel @ _[H;] (which is invariant under
the main operator T,), whence, in the terminology of [3], EQ . is a sup-
porting projection. As a result we immediately obtain the factorization for-
mula

A1)~ = H(—1/¢) H(1/¢), (70)

where
H1)¢) '=I-n(¢-T))" ' UI-EQ,)Cj, (71)
H(—1/8) '=1-nEQ . ((-T,)"' Cj, (72)
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H(=&)=I+n¢—A"'T) "EQ,C (73)
H(1/8)=1+n(I~EQ N~ A~'T) ' Cj. (74)
A1) =1+ -4 (75)

The factors obtained have the following properties:

(i) H(z), H(z)"', H,(z), and H,(z) ' are continuous in the closed
right half-plane (except possibly at infinity) and analytic in the open right
half-plane.

(ii) H,(0%) and H,(0%) are the identity operators where the limits
to z=0 must be taken from the closed right half-plane.

(iii) At infinity we have the estimates
|H(z)l=o0(z) and  [[H(z) "[=0(z) (z— %, Rez>0),
| H.(2)]| =ofz) and | H.(z) ' =0(z) (z— o0, Rez=0).

Property (iii) follows from the following fact: If S is a strictly positive self-
adjoint operator on a Hilbert space H, then for every he H we have

lim  1¢&E-S) "hl=0.

¢—0,Re <0
The dispersion function itself has the property

IA(z)l=o(z) and | A(z)""] =0(z) <:—>00,

T <
——arg z| s w
P e

for all w e (0, 4). This property is based on the fact that if S is an injective
self-adjoint operator on a Hilbert space H, then for every #e H one has

lim [E(E—=S) "h| =0, we (0, 3m).

-0, {12n—argé|<w

LemMMa 5.1.  If the dispersion function has two factorizations of the type
(70) with the factors satisfying properties (i)—(iil), then the factorizations are
connected by the formulas

H®(z)= HV(z) I+ zA4), H®(z)=(I+zA4) HV(z),

where A2=0 and for i=1,2 the expressions | HiNz) A, |H{"(z) '4ll,
| H(z) A|| and | H™(z) 'A|| converge to zero as z — o from the closed
right half-plane.

Proof. We easily obtain

F(z)= H?(—z)"" H(—z)= H?(z) H(z) ',  Rez=0.
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Using Liouville’s theorem it appears that F(z) is an entire function satisfy-
ing

[F@)l=0(z*),  [1F(z)""l=0(z") (z— 0, Rez<0),
IF) =0(z*),  IIF(z)""|=0(z") (z— o0, Rez>0),

whence F(z)=1I1+zA and F(z) '=I+zB. We easily find B=—A4 and
A2=0. |

As we shall see shortly, the fact that in the case when the weight w(u)
has more than one sign change the factorization (70) with factors having
properties (i), (ii), and (iii) may be non-unique, does not affect the formula
for the albedo operator E. The non-uniqueness may affect a computational
algorithm to obtain the factors.

Using a factorization of the type (70) we easily reduce the algebraic
equation (67) to the Riemann-Hilbert problem

H(-2)"'"{ () +HMA){ ()=H()é(4), Rel=0. (76)

LemMMA 5.2. The Riemann—Hilbert problem (76) has precisely one
solution of the following type:

(i) ¢ + (4) is analytic in the open left-right half-plane and continuous
on the closed left-right half-plane;

(i) lim,_ . Al, () exists, as A approaches infinity from the closed left
half-plane;

(iii) lim;_ . AC_(A) exists for all 0<c <1, as A approaches infinity
Sfrom the closed right half-plane.

This solution leads to the unique solution of the boundary value problem
(53)-(55).

Proof. Put h, =lim;_ il +(4) with the limit computed as in the
formulation of the lemma. Then the conditiors on H, and H, imply

lim  H(—4)"'{,(A)=0, im  H,(A)f_(A)=0.

i—o, Re A0 i—o0,Reiz0
From (68) we also have

lim  i6(l)=—o,, lim  H,(A)&(4)=0.

i—0,Rei=0 i—o0,Rei=0

Given a Holder continuous function A(A) on the extended imaginary line
satisfying A( +ico) =0, we can find unique functions h, (1) that are analytic
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in the open left-right half-plane, continuous in the closed left-right half-
plane and satisfying A +(icv)=0 (when approached from the appropriate
half-plane), such that

MAy=h,(W)+h (), Rei=0
(cf. [28]). We therefore obtain
(L (A =H(=A)H0)(2),  { (A)=H() " (Hao)_ (4)
As a consequence of Lemma 5.1, these formulas do not depend on the
particular choice of H, and H,.

Finally, the relevant solution of the problem (76) (for which we are now
going to prove (i), (i1), and (iii)) is given by

fg}.):[‘e*i—"ne TUEe  dx=a(I—-AA"'T)"' A 'TEp,, Rei=0,

Y0
and

4 (A):jo P tx)dx= —n(I—iT,) "' QO Eo ., . Re =0,

x

In the latter formula we have employed the expression

. —d = , d v T B )
=2 [ mix - ) Colyydy =" [me © Qe T ME, TE
dx Jo dx
d g ,
=-—n ""'Q Ep,=—n#(x)Eop,, —oo <x<0.

From these expressions the properties (i), (ii), and (ii1) are clear, because
IH ()| =0(z' "*}(z > o0, Re 22 0). 11

THEOREM 5.3. The albedo operator is given by

v

0 o
Eop,=¢.+] | o \(du) CiH\(— ) H(v) noy(dv) @ o, (T7)

oo UV
() (v)

where ¢ , € Q, [Hy] and o,() is the resolution of the identity of T~ 'A.

Proof. Choose ¢, € Q,[H;] and some factorization of the type (70).
Then



278 KLAUS, VAN DER MEE, AND PROTOPOPESCU

=[T e, - [T -n ctn dr} as

0 -~
=o.+] (—waidn O () (78)
The right-hand side of (76), with 4=y, can be written as

Ho) () = H(w) |~ e |~ ve™"no () o,
(v)

=Hp) [ o) o,

)

[ {Hr(v)_Hr(V)—Hr(u)
- v—u v—u

v—p

}nol(dv)qu,

0
)

whence

H(v)

(=0 =]

v)

na(dv) @, . (79)

The identity (77) now immediately follows from (78) and (79). 1

We remark that the factorization formulas (71)-(74) are not valid if 4
has a zero eigenvalue. Therefore, it is not clear whether for this case the
albedo oprator can be written in the form (77).

VI. ALBEDO OPERATORS FOR MODELS WITH ONE SIGN CHANGE

In addition to previous hypotheses, we shall assume that (i) the weight
w(p) has one sign change only (say at ce(a, ), where w(u)<O0 for
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pe(a, c)and w(u)>0 for pe(c, b)), and (ii) T 'A has discrete spectrum.
If we now add a boundary condition at ¢ as to make the resulting direct
sum A of Sturm-Liouville operators strictly positive, the rank one dif-
ference of the resolvents of T~ '4 and T '4 implies that T~ '4 has discrete
spectrum. Let (4,) ... » be the nonzero (simple) eigenvalues of 7' A with
corresponding real eigenfunctions (@, )., ., satisfying

"'</-___2</1 l<0<}"1<)“2<'“ (A(r/)nﬂ (pm):(snm'

Let ({,)oxncz be the (nonzero, simple) eigenvalues of T "4 with
corresponding real eigenfuctions ()., » satisfying

<C 2<C--l<O<C1<C2<”" (A\bn’ l//m):(snm'

Then v,(1) =0 if n(u —¢) <0. It is readily seen that
(wn’ l/jm)'l‘=(|"‘i 1T|lpnv wrn)/i: lC;z‘ : 5/!:71*

and therefore (|{,1'"?¥,)oxnc, 1s an orthonormal basis in H,=
Ly(I; |w(p) du). In the same way we see that (|4,]'"? @,)oxncs IS an
orthonormal basis of (I — Py)[H].

Let us define x(u)=r(y, 0) by (48). and let us compute its expansion
coefficients

K’l = (K’ |£}1 | 12 lpn)Tﬂ ’:'II = (K' 1/:’111 : (pn)S‘

where 0 #neZ. Then ke |T\|*[H;] and (/—Py) ke |S,|* [Hg] if and
only if

Z |Crr‘za|".n|2<ma Z 1/‘“n|21‘i€n!2<1" (80)

O#ned O#neZ

We shall assume the existence of 0 <« < 1 satisfying (8).

THEOREM 6.1. Let A be strictly positive self-adjoint. Then the albedo
operator E is given by the formula

¢ . (u), ue(c, b)

& - C"MC’I r 4 2
(Sgn K) Z Z E——_K ,,,K,,gl,,,g,,(P+,,!L_. fmll_lp m(:u')9

(Ep () =
| =

I m=1

we (a, c).
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Here ¢ ,,= (9, , 10,1 ¥,)r. Moreover, g\,=H(—{_,) and g, =H.((,),
where H\(z) and H(z) are the unique functions appearing in the factorization

~ o~

H\(—2z) H(z)

1 o —1
:(sgnK)[T(+z ) {Cgizlxnlz*gfizlknlz}] ., (81)

n=1
where K= (K,(0) K .(0))/K(0), and having the following properties:

() Hyz), H(z)"", B.z), and H,(z)~" are continuous in the closed
right half-plane (except at infinity) and analytic in the open right half-plane.

(i) A0Y)=HA0%)=1//|K]|.

(iii) At infinity all four functions H\(z), H(z)~", H,(z), and H,(z)™’
are o(z) as z — oo from the closed right half-plane.

Proof. The uniqueness of the factorization (81) is a direct consequence
of Lemma 5.1 if there is only one sign change. We then easily compute

S z Kl(o) Kr(o) {n 2 1/2 ~)
A(Z)k_K ”’zHZT —K(O) "§0<C"_ZKH “K”T|Cn| l»bn’K -

KO K0) = | &, ‘. )
[‘” X(0) E]{,,—z" ‘cn—z"‘"'H’

and we may therefore put A,=|K|"*H, and A,=|K|"? H,. We now
easily obtain

© & (—KI(O)K,(O) . 2 )
‘E .= > —m —m
Q-Eo mzzlngl ~m~Ca k(o) Bl !

KT g gt 1P,

which reduces to the stated expression for E. |I

Let us consider the special case where ¢, (u)=1{,|"* ¥,(n) for some

leN. Then ¢, ,=4,,, as a result of the orthonormality of the functions
{1802 ¥ }oxnez in Hy. We then obtain for pe(a, ¢),

= {0
(Ep . )u)=(sgn K) ¥ 7 ’Cx,mxlg:ng;|cﬁm|”w,m<u).
m=1%—-m_ 5/
Clearly, we must have
a (: 2
C?= "k gl = E )2 du < o0,
= LTIk |c,x,g,| Ergr e ), W (Be )1 du
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and therefore
(kg C=0(1) (I- +o0)

Next, let us consider the special case (arising from most applications)
where I=(—N, N) is a (finite or infinite) interval symmetric about the
origin and the weight and Sturm-Liouville operator satisfy the conditions

(1) w(—p)=wu),
(i) (Af)(u)=(Asgn(p) ) —p).

The ecigenvalues and eigenfunctions will then satisfy {_, =, and

¥ (1) =y,(—u), whence k(—p)=—x(u) and g, =g, =g,. We obtain the
simplified expressions

{ 1 x
—Alz)=— 2 k2 82
and
i &, CMCH
(Ep  Nu)=(sgnK) Y Y

XKmKngmgn(p+n(Cm) & l//m(_.u)’ lie(”“N90) (83)

Here we have the summability condition (where g, > 0)

e g 2712
sup£n|x,,|gn[z( n x,,,gm” <. (84)

-
neN m=1 Cm+gn

ExaMmpPLE 6.2. For ae [0, in] we consider the operator Ah= —h" on
I=(—1, 1) with boundary conditions

cosah(+1}+sinah’(+1)=0

and indefinite weight w(u)=sgn u. Then A is strictly positive for a e [0, in)
and positive with simple zero eigenvalue for a=1in. To construct 4 we
impose the additional boundary condition 4(0)=0; we obtain a strictly
positive A. As special solutions of the equation —4" =0 we have

o, 0)=p+1+tana, uel =(-1,0), cosap(—1,0)=sinap'(—1,0),
Y, 0)=pu— 1l —tana, pel, =(0,1), cos oaf(1,0)= —sin (1, 0),
¥, 0) = u, pel=(—1,1), x(0,0)=0.
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As p(p) =1, we find

K(0)= —-2(1+tana), L(0)=K,(0)=—(1+tana), K= —i(1+tana),
whence (cf. (48))

r(pu)=(sgn p){1—(1 +tana)™" [p]}.

For the H j-normalized eigenfunctions y,, n > 1, we obtain

2 —1712
w,,(u)=[c—(1—(sin2\/i_n/2\/i_n)> ] sin(uy/T). w0, (85)

where (tan \/C—,,)/\/C_,,= —tana and (n—i)n< \/Z <nan. For n=1 it then

follows that
9 12
N NN

As conditions (80) are satisfied (cf. Appendix), we may immediately write
down the expression

A(z)=1—22%(1 + tan a) f (1= (sin 2 /L,/2/5)) F%zz

n=1

and compute |K|=2(1+tana) and sgn K= —1. The estimate (84)

simplifies to
o 2172
Mg m
sup < o0,
o g"[ 2 <m2+n2)]

m=1

and the albedo operator can be written down using (83). For « =0 we have
{,=n*n? (neN) and therefore (cf. [17, Egs. 1.421(3), (4)])

ILKlA(Z):%\/E (cot/z+coth \/;).

For a = in we have {,= (n—31)*n*=1im {,(«) as a | n. We then find

. 1 1
azll(llrgmm/I(z)—i\/;;, {—tan./z + tanh \/;).

For the =0 case the example was presented by Kaper er al. [24] as a
way to illustrate the existence and uniqueness theory of Sturm-Liouville
diffusion equations. For this example they proved the existence of F in a
way different from [8]. Here we have been concerned with an explicit
construction of E.
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VII. CONCLUSIONS

We have presented two different methods of constructing explicit
representations of the solution (albedo) operator for a class of indefinite
Sturm-Liouville problems, culminating in the formulas (27) and (77),
respectively. Problems of this type have been shown to have a unique
solution [8], which ensures automatically the equivalence of the two
representations whenever they can be constructed. So far, the second
method has only been developed for Ker 4 = {0}, since the existence proof
for the factorization (70) breaks down for Ker A4 # {0}. The first method
works for both Ker 4= {0} and Ker 4 # {0}. The practical advantage of
having two different methods appears when trying to solve concrete
problems, when one method may be considerably more expedient than the
other. If the original Sturm-Liouville problem (7~ '4) is easier to handle
than the modified one (7" 'A), the first method should be preferred and
viceversa. The situation is acutally illustrated by the examples given in
Sections 2 and 6, respectively.

APPENDIX

Verification of condition (56) (resp. conditions (80)). We consider the
eigenvalue problem

Ah = iwh, (A1)
where A4h= —h"+ g(u) h with boundary conditions

h(—a)=h(b)=0  (a, b>0) (A2)
and
w(p)=sgnpu|u|”v(p), >4 (A3)

The boundary conditions (A2) are used for simplicity only. Other boun-
dary conditions can easily be accomodated. For pue [ —a, b] suppose that ¢
and v” are continuous, and v > 0. Moreover, let ¢ be such that A4 is positive
with Ker 4 = {0}. Of the two conditions (80) we first consider

Y AR, P <0 for some 0 <o < 1, (A4)
O#nelZ

where 1, denotes the eigenvalues of problem (A1). It suffices to prove (A4)
for n>0. We have
~ ___(lA\lTIKs (pn)A_ (Ka W(P,,)

K, = AS
Tonls (onwo )™ (A3)

580 70 2-5
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with

u+a
—a

—asu<0
k=k(w)=1
E—b_’ O<pu<h

On introducing the variables
0 1/8
{p)=— {f !w(t)l‘/zdt} ,  —a<u<o,
“
u /8
wo={[ wanal . osuse
0

where = (o +2)/2, and letting

_ [yl
TS

H(L) = 6"*(u) h(p),

(k)

Eq. (A1) can be rewritten as

d*H

A 2 - .
F:{iz(oﬁ-ﬂ Iq +R(g)}H

with

(0 +2)* qlu)

BT

)L ()
e’ '

(A6)

(A7)

(A8)

(A9}

(A10)

(A1)

(A12)

The upper (lower) sign in (All) pertains to the case —a<pu<0
(0 < u < b). Equation (A11) has two linearly independent solutions of the

form

Hy(O)= L1 LA 107 +e0(4 0,
Hy(O) =1L KA 117) + a4, D)},

for —a<u<0, and

HAy(0) =PI (A ) + 634, O) ),
H () =T (A7) + ea(4, 0) s

(A13)
(A14)

(A15)
(A16)
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for 0 u<b; v=(2+0)"". For the construction of these solutions and a
discussion of the magnitude of the remainders &4, () relative to the
corresponding Bessel-functions we refer to Olver [30].

We put @,(¢)=5"4(u) ¢,(u) and impose the initial conditions

@,({(—-a))=0, D, ({(—a))=1 (A17)

If we then write
D(()=c H({) + e, Hy(), —{(—~a)<<0, (A18)
D,(0)=c3Hy({)+cHy(C),  0<{<{(b), (A19)

the conditions (A17) and the requirement that @, and @&, be continuous
across { =0 determine the coefficients ¢; uniquely. It follows from the work
of Olver cited above that the leading behavior as 4 — oo of these coef-
ficients 1s not affected by the remainders ¢4, {) (see [30, pp. 233, 235,
238]). This is not surprising since one expects the potential ¢ to become
negligible as 4 — co. By using the familiar asymptotics of Bessel functions

we find
i lC(—ﬁa)l”z (2_1_)‘6 (A20)
AL —ﬁan vz (2niij)”’2’ o)
c3~l—q—‘2—;ﬁr(1-v)(;:n), (A22)
C4~IC(~G)|'/22FB(V)F(1 —V) (27;“:)1/2’ (A23)

where x, = 4,|{(—a)|?. Hence

lia R rm) 2 e

?,(0) 5 nx 7 ATV, (A24)
, C _ l/zr e 2'7V71 Xp .
oo~ HEH Tt A (a2s)
and
@060~ 4,50 (3, -7 ). (A26)
®,(c(b)~8,5in (7,5, (A27)
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where

_ (=)' (L))" e

" xV2 Y128 sin(n/2v) (A28)
Bx,
n=— Ana A29
) (A%)
Va=272L(b)). (A30)
Solving the equation @,({(6)) =0 yields
2.2
ir n— . (A31)

To proceed with our investigation of &, we write

1 1
(5,00 = 2, (590,) + 22, 010+ 4 (5= 2) 2,0), (A3

where we have used (Al), (A2), and an integration by parts. Since
max _,<.<s |@al =0(e™) it follows that the second term on the right
dominates the others as n — oo and thus

(1, W, ) = O(4;2= 5% ™). (A33)

Next we turn to the denominator in (A5). We note that

&
0

(uwo)=—p[ NI @+p[ GO L (AN

0
{(-
To find the large-n behavior of these integrals we employ the identity

d% {Ba, 0 Or+ (D~ @, @)} = +4,5%(a +2)|{]° @2, (A3S)

where the + (—) sign is taken if { > 0({ < 0). Therefore, by using (A17),
we obtain

B(o +2) (@, wo,) = A7 ' ({(b) 4,(L(b))* + {(—a))= O(4, ' &*™) (A36)
and hence by (A33) and (A36) we see that

2,(0)
@,({(b))

K,~const. 412 (A37)

1e.,

R, = O(A2~4), (A38)
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Thus (A4) holds for 0 <a < (1 +6)/2(2 + o). Checking the other condition
in (80) is now easy if we note that

_(K|Cnll/2 '//n)Tz (Kv |Wl‘lln) {A39)

T LN R T P

Considering n>0 we know that y, (u)=0 if p<0. If we let
¥ (()=10"", (1), then ¥, is just a multiple of H5({). The analogs of (A32)
and (A36) are readily worked out and it is found that (A38) remains the
same. A similar argument works if n < 0.
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