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A Fokker—Planck equation for growing cell populations
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Abstract. Closed form solutions are obtained for a Fokker-Planck model for
cell growth as a function of maturation velocity and degree of maturation.
For reproduction rules where daughter cells inherit their parent’s maturation
velocity the complete solution is derived in terms of Airy functions. For more
complicated reproduction rules partial results are obtained. Emphasis is given
to the relationship of these problems to time dependent linear transport theory.
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1. Introduction

In a recent article Rotenberg [1] derived a diffusion equation which describes
the number of cells with a certain degree of maturity as a function of maturation
velocity and time. This equation is the partial differential equation
2

o + v—a—f = Dgi: , (1)

at du av
where te (0, ) is time, v e (0, 00) the maturation velocity, u € (0, 1) the degree
of maturation and D a (positive) diffusion coefficient. It was derived from a
linear integrodifferential equation describing the same quantities using the
Fokker-Planck approximation that the transition rate which specifies the transi-
tion of cells from one maturation velocity to another is symmetric and highly
peaked about conservation of maturation velocity. As boundary conditions (in
the maturation velocity v) one takes

g
é;f(luiv o, t)|u=0:0 (2)

and
lim f(u, v,t)=0, (3)

V>0
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since these are necessary to produce a continuity equation without sources,

iJ'mf(ﬁb, v, 1) dv+5% r of(, v, t) dv=0. (4)

ot Jo 0

According to Rotenberg [1], there is no known closed solution to Eq. (1) with
initial condition

S, v,0)=8(u)d(v—w) (5)

and boundary conditions (2) and (3). The purpose of the present article is to
supply such closed solutions.
On separating off the time variable ¢, by means of the Ansatz

flu, v, 8) =g, (i, v), (6)
one obtains the eigenvalue equation
of __&f
Ug;—Dﬁa=)\f(V«,v), (7)

subject to the boundary conditions (2) and (3). Further separation of variables,
viz.

e (p, v) = e, ,(v), (8)
gives the ordinary differential equation
Dgf ,(v) = A8, (v) = pvgs,, (v) )
with boundary conditions ’
8h,(0)=0, 21_)1210 Ug.)‘,p(u) =0. (10)

We shall consider Eq. (9) on the Hilbert space L,(R.; vdv). Then the Sturm-
Liouville differential operation g|-> Dg”—Ag is regular at v=0 and singular of
limit-point type at v =+00 (cf. [2,3]); a normal and, for A eR, a selfadjoint
boundary value problem arises by imposing the first boundary condition (10)
and replacing the second one by g, , € L,(R.; vdv). For fixed A one then has to
find the (regular and singular) eigenvalues p and the corresponding eigenfunctions
and eigendistributions as to obtain a complete set in L,(R.; v dv). Since this may
be done for any A the conditions (2) and (3) do not suffice to specify the solution
f(u, v, £) to Eq. (1) uniquely. In order to accomplish well-posedness, an additional
boundary condition involving w should be imposed which specifies the (regular
and singular) time eigenvalues A and allows one to solve the corresponding
initial-boundary value problem by expansion with respect to the eigenfunctions
and eigendistributions corresponding to A, given f(u, v, 0).

It is clear from the above that an additional boundary condition must be
imposed as to make Egs. (1) to (4) well-posed. For this condition we take a
reproduction rule which expresses the cell distribution of birth (u =0) in the
distribution at mitosis (u = 1). The simplest reproduction rule stipulates complete
inheritance of the maturation velocity from parent cell to daughter cell on mitosis,

S0, v, 0)=pf(1, v, 1), (11)
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where p € (0, 2] is the average number of viable daughters per mitosis. Lebowitz
and Rubinow [4] have introduced a class of more general reproduction rules
given by

vf(0,v,t)=p J k(v, v")o'f(1, v, t) dv’, (12)

0

where k(v, v') is nonnegative and satisfies the normalization condition

J' k(v,v") dv=1. (13)
0

For k(v, v') = 8(v—2v") we will retrieve (11). Other special cases were discussed
in Rotenberg [1], such as the reproduction rule assigning maturation velocities
to daughter cells independent of the velocity distribution at mitosis,

fe o]

k(v, v") = k(v), J k(v)dv=1, (14)

0

and the reproduction rule giving a fixed initial maturation velocity w,
k(v,v")=8(v—w). (15)

We also mention the separated kernel

M M ©
k(v,v')= Y k(v)l(v'), Y okli(v)=1 WhGYEszj k(v) dv.  (16)
j=1 j=1 0
For the “perfect memory rule” (11) we shall give a complete solution of the
time-dependent transport equation. Except for this rather elementary reproduc-
tion rule, where the eigenvalues A and eigenfunctions can be given without
resorting to complicated series expansions, we shall give a detailed discussion
of the completeness of the eigenfunctions and the distribution of the eigenvalues
which will appear as the zeros of a ““dispersion” function.

We attack the solution of Eq. (1), with boundary condition (2), (3) (plus one
of the reproduction rules (11), (12), (14), (15) or (16)) as follows. We begin, in
Sect. 2, by solving Eq. (9), assuming A € C fixed, in terms of Airy functions.
Having obtained the eigensolutions ¢,,,, we go on to show how arbitrary functions
of v may be expanded in terms of the ¢, , with expansion coefficients g,. Next,
we consider f(u, v, 0) = fo(, v) and expand it using the eigenvalue expansion of
Jo(0, v). If A (still assumed fixed) is an eigenvalue of the original transport
equation, (1), the function f,(u, v) has to satisfy the reproduction rule. Consider-
ing first the general rule, Eq. (12), one gets an expression for the expansion
coeflicients g,, which is a complicated equation in which A is contained implicitly,
through ¢, ,, p,(1) and C’. To study it, we consider the simplest rule, correspond-
ing to perfect memory, which leads to an explicit solution for p,, while each p,
leads to an infinite sequence of eigenvalues A,,,. For 0< p <1 the corresponding
eigenfunctions ¢, are complete (s € Z, neN). The final solution to Eq. (1) is
obtained by expanding fy(u, v, 0) in terms of the ¢, and inserting the appropriate
time exponents. For p =1, the term s =0 concerns continuous spectrum and the
sum over n must be replaced by an integral.

For more complicated reproduction rules, one can proceed in an analogous
manner, but the procedure is much more complicated and we have obtained only
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a partial answer. In all cases this leads to a dispersion formula which contains
A implicitly and must be solved for A. When the A have been obtained, the
procedure sketched above for the simplest case can be followed to obtain the
solution for the present case. This would undoubtedly require numerical tech-
niques.

The above problem has much in common with time-dependent transport
theory problems (see [5-8] for references), since for p =1 condition (11) reduces
to a so-called periodic boundary condition. Due to the complicated nature of
the equation, one usually employs semigroup techniques to study the long-time
behavior of their solutions. Only for some simplified equations and for periodic
boundary conditions, closed form results have been obtained (for instance, [9]).
The eigenfunction method itself is commonplace in transport theory (see [10]).

2. Eigenfunctions of the boundary value problem in maturation velocity

On substituting z = (pv+A)/a where a® = Dp” and p #0, into Egs. (9) and (10)
and putting G(z)=g, ,((az—A)/p) we obtain the Airy equation [11] with
boundary conditions
G'(z)=zG(z),  arg(z) =arg(p/a), (17)
G'(A/a)=0,  GeLy)(p/a)Rs;|z| dz). (18)
The Airy equation (17) has two linearly independent solutions Ai(z) and Bi(z),
satisfying ([11], 10.4.59 and 10.4.63)

Ai(z)~ia 22740 T (=1)*elF (larg z| <) (19)
k=0
and
Bi(z)~m""?z7"%* ¥ ol™*  (larg z| <(=@/3)), (20)
k=0

where co=1, ¢ =(2k+1)(2k+3)---(6k—1)/(216* - k!) and {=(2z"?/3).
Hence, if |arg(p/ a)| < (/3), then G(z) = Ai(z) where p must be chosen in such
a way that A/a is a zero of Ai’'(z). Since Ai’(z) has all its zeros on the negative
real line and these are simple and may be denoted as 0> aj>a3>- - - > —00, we
find a discrete set of values p,, and corresponding a,, with a,=Dp?, and
larg(p .o/ ano)| <(m/3), satisfying a,o=(A/a;) where neN. Next, if (7/3)<
arg(p/a) <, then G(z) = Ai(z/¢) with & = exp[2i/3], where p is chosen as to
get (A/ae) as a zero of Ai’(z); thus one must select a discrete set of values p,;
and a3, =Dp},, (7/3)<arg(p,./an:)<w and a,;=(A/ea,) where neN. If
m<arg(p/a)<(57/3), then G(z) = Ai(ez), where p is chosen such that (eA/a)
is a zero of Ai'(z); thus a discrete set of values p,, and a,, should be selected
for which a3, = Dp2,, m <arg(p,./ an,) <(57/3) and a,,, = (eA/ a;,) where n eN.
The corresponding eigenfunctions are given by

h,,’k(v) = Al(

It remains to discuss the case when arg(p/a)= +(m/3) or (). The asymptotic
expansion (19) indicates that Ai(-)£ L,(eR.;|z| dz). Since every solution of

p"’kik+ai,), neNand k=0,1,2. (21)

an,k €
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Eq. (17) is a linear combination of Ai(z) and Ai(ez) ([11],10.4.1), it is not
difficult to see that no nonzero solution of Eq. (17) belongs to L,(eR.; |z] dz),
whence no eigenfunctions will be found if arg(p/a)= +(7/3) or (w). If p=0,
we consider Egs. (9) and (10) themselves and easily derive that no eigenfunction
exists for this case. Putting B, = arg(p, /@, ) and observing arg(p, ) = 3Bx, the
eigenvalue equation

(pn,k/ an,k) = (ska;/)t)pn,kn neN and k = O’ 1a 2s (22)
yields
arg(A) =28+ 7+ (27k/3), (23)

where —(m/3) <Br+(27wk/3) <(w/3). Hence, the ecigenvalues A belong to the
region

(w/3)<arg(A)<(57/3) (24)

and Bx= = (7/3)+(27k/3) (the no eigenvalue case) corresponds to arg(i)=
+(7r/3). Thus if A # 0 satisfies the condition (24), one must consider each of the
three choices of By, all satisfying B, = Bo+ (27k/3) with |8, < (7/3) and leading
to the same [cf. (21)] sequence of eigenfunctions

def
Ona(v) = hn,o(v)=Ai<% v+a£.), neN, (25)

n

where p, = p,o and a, =a,,. For A =0 or arg A = +(#/3) the Sturm-Liouville
problem (9)-(10) has continuous spectrum p € (—0, 0]. The set of eigenfunctions
(25) has the orthogonality property

J. U(Pn,k(v)‘Pm,A(v) dU = Ci‘lanm (26)
0
and the completeness property
e © 1 =9
[ sler ao= 5 il whereg, = | " eao)rntor .
[} n=1 nJo

As a result every function g e L,(R,; v dv) may be expanded as

8(0)= £ gina(v) @)

in the sense that
o0 2 o0
lim J v dv=1lm Y Cjlg.]*=0,
L-oo Jo

L-»00 n=L+1

g(v)— ZLZI 8nPun (V)

n=

where

cz=j o ur (o) do

0
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3. Eigenfunctions of the transport operator

In our study of the boundary value problem (7)-(2)-(3)-(12) we introduce the
Banach space B of functions h:[0, 1] xR, -» C which are continuous in g €[0, 1],
measurable in v € R, and bounded with respect to the norm

© 1/2
IAlle= max“ vlh(y,v)!zdv] .
Osp=<l1 0

We may consider B to be the Banach space of continuous functions h: [0,1]-
Ly(R,; vdv) with supremum norm, the correspondence given by ﬁ(u)(v) =
h(u, v). Searching for a time eigenvalue A satisfying (22) and corresponding
eigenfunction fy(u, v)(€B), we first make the expansion

folm, v)= % g.e®pn(v), (28)
n=1
where
If6la= max ¥ CA4e**®er|g, |>< 0. (29)
O<p=1n=1

On substituting (28) in (12) we obtain

v Y gupna(v)=p ¥ gneP"J k(v, v')0 @, (V) dV', (30)
n=1 n=1 4]

whence (cf. (13))

Y gln=p Y e’g.l, (31)
=1 n=1

n

where

lz=f V' (0)) A

0

On multiplying (28) by ¢,..(v) and integrating we find

gnCh=p 3 g™ j f k(5 0)0'0up () pma (D) do' dv,  (32)
n=1 0 JO

which must be satisfied for a nontrivial sequence (g,.)m~, having the property
(29) in order that A is a time eigenvalue. For A =0 or arg(A) = +(#/3) one uses
the continuous analogs of (28) and (29) and obtains (32) where the summation
has been replaced by (another) integration.

Let us first analyze the “perfect memory rule” (11) where k(v, v') =8(v—v").
Equation (32) reduces to the algebraic equation

(1-pe)gnCrn =0, (33)
whence

p° =In(1/p)+2xis, seZ
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For every s€ Z and every 0<p=<2, exempting s =0 and 1=<p =2 where —00<
pwm=0, we find the eigenvalues

Ane=a,D"?[In*(1/p)+4x*s*]"? explie,], (34)

where

,
belongs to <_7§T’§) ifo<p<l1

¢, = arg[In(1/ p) + 2mis ] equals%r sgn(s) ifp=1

—2a — 2
kbelongs to (_3_77’ —371) U (%T, ?ﬂ.) if 1<ps<2.

In all cases sgn ¢, =sgn s and lim,_, ., ¢, = = (7/3) (exceptfors=0and 0< B <1
where ¢, =0). For 0<p=<1 none and for 1 <p=2 at most finitely many classes
of eigenvalues having the same s (exempting s =0 for p < 1) belong to the closed
left half-plane. The eigenfunctions are given by

1 s k.
¢n,s(,u> U) = (p)\n,s(:u's U) ZPT eZﬂ-w Al(U’s’U - a',,) (35)

where
o, = D7[1n*(1/ p) + 475’1V expllip, ]. (36)

For s=0 and 1= p =<2 the time eigenvalue problem in the Banach space B
has continuous spectrum. Next we shall discuss the reproduction rule (14). Putting

oo}

k= J k(0)ma (v) dv,

0
Eq. (31) reduces to the algebraic equation
' o k)\ lA

z (anm_ eP,,___M_) Clr\lgn:O, (37)
reec
which must be solved for {v Chg,}w_, € L[cf. (29)]. We easily derive

© k:\»,, 2 © k 2 © l;\l ©

5 |_I=J LICHRS l_l_J o di = 0.

A AT
m=1 Ch 0 v n=1Chn 0

n=1

Hence, on assuming |, (k(v)*/v) dv <o, we obtain A as a time eigenvalue if at
least the summability condition

- 2Rep llﬁ,
; e NP — <0

n=1 n

and the dispersion relation

(38)
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are satisfied for A. The coefficients g, must then be taken as g, = (k%/ C2), whence

A

flps o) = % %

is an eigenfunction in B if it satisfies

AN (39)

I/il3= max ¥ k3P e Ror<co, (40)
O=spu=<1n=1
Thus if condition (40) is fulfilled with the corresponding series absolutely conver-
gent, then the function given by (39) is an eigenfunction at the time eigenvalue
A if (and only if) the summability condition (40) is satisfied. For A =0 or
arg(A)= = (w/3) one must use the continuous analogue of (32) leading to a
complete analog of conditions (38)-(40) for A to be a time eigenvalue.
For the reproduction law (15) where k(v)=8(v—w) we do not have
I3 (k(v)*/v) dv <oo. Therefore we shall do a separate computation. Putting

=Y gne™l,
n=1
Eq. (32) leads to the algebraic equation

gmCom=PH" 0, (W).

Since H* #0 to get an eigenfunction, we obtain the dispersion relation
A

S et

1
= C,\ ¢n,A(W)=; (41)

to be satisfied for A, with corresponding eigenfunction

At )= 5 G 0ma(0) €40 (0), (@)

provided it satisfies the normalization condition

If6lla= max ¥ [@n\(w)]* e <co. (43)

O=spu=<1n=1

For A =0 or arg(A) = +(/3) one uses the continuous analogs of (32).
Finally, let us consider the reproduction law (16). Putting

0

Kjim = J k(D) @ma(v) dv, L= J V(v @ua (v') @V,
0

o
we may reduce Eq. (32) to the algebraic equation

s (s ( ~per f—kz—”f"—)ﬂgﬁo (44)

Jeyci

to be solved for {vCig,}x-1 €L, in a nontrivial way. One easily computes

R L N

A A
n-1 Chn n=1 Ca 0

n=1
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Hence, on assuming, for j=1,2,..., M, |3 (k(v)’/v) dv <, one obtains A as
a time eigenvalue if at least the summability conditions

2Rep 1%jnl ﬂl
ngl n
are satisfied as well as the dispersion relation
k/\ A M
det( z ePn =22 f’") =0. (45)
n— C jok=1
If the latter holds true for A and
M co khn l)‘ N
z (Sjk_p z ep,,__J’_f’_)gk___O, j=1,2a""M’
k=1 n=1 C,,
for a nontrivial vector (&)r~,, then one may choose g, =Z;\:1 &(k}n/Ch) and
K.
Jolp, v) = Z § Z "
=17 n=1 Cin
is an eigenfunction in B at the eigenvalue A, provided

Z§;

j=1

A

ep",u'q’n)\(v) (46)

© 2
Ifolla= max ¥ el < o0,

O=pu=<1n=1

For A =0 or arg(A) = + (7/3) one has to employ the continuous analogue of (32).

4. The time-dependent transport equation

In this section we discuss the solution of the transport equation (1) for f(., ., t) B
under the boundary conditions (2), (3), and (12), assuming the solution at t =0
given. Let us first treat the case k(v, v") = 8 (v — "), where all eigenfunctions have
been computed explicitly. For 0 < p <1 we expand the initial density f(u, v, 0) as

fms0= % 3 Cu ﬂ 5 Aiow+ al), (48)

§=—00 n=1

where o, is given by (36) and

1 fco [e]
Cos= J I op* e > Ai(ow+al)f(u, v,0) dv dy,/I v|Ai(ow+al)? do.
0

0J0

The cell population density at time ¢ is then given by

1
fwo0= 3 3 Cye “P ™ Ai(o0+ay). (49)

§=—00 n=1

For 1= p=2 the situation is more complicated. For the density we first write

Sp, v, 1) —~—f//(v, H+filpm, v, 1), (50)

where

1
L P*fiu, v, 1) du =0. (51)
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Repeating the previous calculation we obtain

e Ai(ov+al),

“+o0 o) 1
fJ.(I'L’ o, t) = Z Z Cn,s e)ln’St "
p

§=—0 np=1

where

1 oo ) o)
Cos= I j op* e 2™ Ai(ow+al)f (u, v, 0) dv d/.c/J’ v]|Ai(ow+al) do.
Q

0 0

For the “parallel” density one obtains the boundary value problem

2
_’f//(l) ) D 2 //(U t) ln(}l))v//(v, t)

fee)

Jy(v,0) given and J' v|fy(v, t)? dv <o (52)

0

d
2 Dloeo=0
av ﬁ/(v’ )I ]

J

which for p = 1 reduces to the heat equation. For p = 1 standard Fourier transform
techniques [12] lead to the solution

filv, )= L cos(sv) e”"ZD‘f//(s) ds, (53)

where fj(v,0)= IO cos(sv) f//(s) ds; it is then advantageous mathematically to
require [o | f(v, £)]> dv<oo, since one then has [3 |f(s)|? ds<oo. For 1<p=<2
we introduce Ci,(z) as the unique solution of the boundary value problem

Ci’(z)=—zCi/(z), Ci,(s)=1, Ci'(s)=0,

where s € (0, 00). In fact, in terms of Airy and associated Airy functions [11] we
have

Ai(—z)Bi'(—s)— Ai'(—z)Bi(—s)

Ci(2) = () B (—5) — AP (—s) Bi(—s)’

For Q =—In(1/p)>0 we have

o0

1/3
fi(v 1) =J' Cis<(—g—) v+s> exp(—D‘/3Qz/3st)f,/(s) ds, (54)

0

where fj(v,0) =, Ci,((Q/D)"v+ s)f//(s) ds. The complete cell density f(u, v, t)
then follows using (50).



Fokker-Planck equation for cell growth 71

For more complicated reproduction rules it is not straightforward to solve
the time-dependent transport equation. In the case when the transport operator
oh _&°h

Ah =p——-D— 55

(AR}, 0) =0 22= D2 (55)

defined on a suitable domain of functions heB satisfying (9h/dv)(v=0)=0

as well as condition (12) generates a strongly continuous semigroup on B,

written e (cf. [13] for semigroup theory), the unique solution may be written
formally as

S, v, 0)=[e"f(.,.,0)1(w, v), f(.,.,0)€B. (56)
For the “perfect memory” rule this procedure can be implemented without

modification for 0 <p <1. For 1< p=2 we must replace B by
1

Bo,® Q,[B] where (Q,h)(u, v)=h(, v)—j p"h(v, v) dv

[}

and B, , = L,(R.; du,(v)) for a suitable measure du,(v). If A has a compact
resolvent and its eigenfunctions and generalized eigenfunctions form a complete
set (in the sense that the span is a dense linear subspace of B), one can express
the formal solution (56) in terms of a series involving eigenfunctions of A.
A more complicated situation arises if either A has a compact resolvent but its
eigenfunctions do not form a complete set, or part of the spectrum of A is
continuous. The latter occurs, for instance, for perfect memory reproduction with
1=p=2. In the latter case one may still solve the time-dependent transport
problem explicitly if one has an explicit representation of A, possibly on a
modified solution space, as exemplified for “perfect memory” and 1<p=<2.

5. Discussion

For the simple reproduction rule (11) we have given the complete solution of
the time-dependent transport equation. For more complicated rules our result is
far from complete, since we did not solve completely three basic problems: (i)
existence and uniqueness of the solution which requires a proof that the operator
A in (55) generates a strongly continuous semigroup, either on B or on a modified
Banach solution space, (ii) a complete determination of the spectrum of A, i.e.
eigenvalues, continuous and residual spectrum, and (iii) a spectral representation
of A which allows for the solution to be written down by series and/or integral
expansion. The bulk of time-dependent transport theory (cf. [ 5-8]) centers around
the first and second problems and usually does not lead to closed form solutions.
The latter is almost solely restricted to very simple problems and in most cases
to periodic boundary conditions (i.e. condition (11) for p = 1), as exemplified by
recent work of Protopopescu [9]. Time-dependent Fokker-Planck equations are
almost virgin territory {cf. [14] for one such problem, having v € R and different
boundary conditions, for which (i) could be treated).

From the perfect memory example it is easily seen that the spectrum of A,
o(A), is contained in the open left half-plane if 0<p<1. At the same time
the solution decays in B-norm at least as fast as e where (~r)=
sup{Re A|A € 0(A)} <0. For p=1 the solution is bounded as ¢t~ +o0, while for
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1<p=2 the solution may increase exponentially in time if one of the discrete
eigenvalues belongs to the right half-plane. This is to be expected as p represents
the average number of viable daughters per mitosis. In neutron transport theory
the corresponding quantity, ¢, is the average number of secondary neutrons per
collision and, in fact, a similar phenomenon occurs.
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