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KINETIC EQUATIONS WITH COLLISION OPERATORS

OF SPECTRAL RADIUS LESS THAN ONE
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ABSTRACT

The unique solvability of a class of abstract kinetic equations
with applications to multigroup neutron transport and polarized light
transfer is established for the case when the collision operator differs
from the identity by an operator of spectral radius <I for a semi-in-
finite medium and <! for a finite slab medium. Some applications to the
critical slab problem are discussed.

1. INTRODUCTION

In recent years much progress has been reported on abstract kine-

tic eguations of the form

(TYY(x) = —A¥P(x), 0<x <1, (1.1}
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with nonreflective boundary conditions of the type

Q) = ¢, (.2
Q wlr) = o_ if 7 is finite
} (L3
Ew(x)ﬁH - O(1) {x—roc} if T is infinite

where T is an injective self-adjoint operator, Q:i: is the maximal T-inva-
riant projection on whose range +<T,> is positive, and A=I—B is a com-
pact perturbation of the identity, all three of them defined on the Hil-
bert space H. These abstract equations model a variety of stationary
transport equations in homogeneous plane-parallel media of {optical) thick-
ness T in radiative transfer, nsutron transport, rarefied gas dynemics and
other fields'™. In order to impose positivity assumptions on T and B we
observe that Egs. {1.1)-(1.3) with T=cc are uniquely solvable if IBll<t (ef.
Ref. [t], Th. VII 3.4). The proofs given in Refs. 1 and 2 and many of

their predecessor references involve the minor regularity assumption

3@ > 0: Ran B < Ran [T N DYTP)

and special cases where this condition obviously holds true, though re-
cently® it has been shown to be entirely redundant. Thus we will not
make such an assumption. However, in & number of concrete applications
in neutron transport theory®™® and polarized light transfer’ it appeared
possible to prove the unique solvability of the half-space problem if the
spectral radius spr(B)<l. The purpose of this article is to prove this re-
sult within the context of the abstract theory and thus to unify and ex-
tend the existing material. As an ancillary result we shall prove the
unique solvability of the finite slab problem {1.1)-{1.3) with 7<oo for
spr(B)<l. We will also obtain new applications® to multigroup neutron
transport with anisotropic scattering. Throughout we will assume positi-
vity of the operators involved so that the criticality problem makes

sense.
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2. MAIN THEOREMS AND PROOFS

It is well-known that T is unitarily equivalent te a direct integral
of operators [u], of multiplication by the independent variable on Lxln,)

with £, positive Borel measures supported by the real line™:

H=U J Lo(p), T = U I (221, L™ (2.1)
D, &,

In applications we almost always have a direct sum or integral of multipli-

cation operators [u], so that in this case U=1, In any case, the decompo-

sition (2.1} can be used to turn H into a complex Banach lattice on which

f(T}, for all bounded nonnegative continuous f, is a positive operator.

With respect to this lattice structure we will assume B positive,

LEMMA 1. Let C, and C, be two bhounded lattice positive operators on
H. Then

uclk(k—"{)*can(H) < ﬂc]czﬂL(H), Re h=0.

Proof: Considering the inequality

P o @NCC, > < <CLClhini,

<C A=l hns) < [
[MP+t7]

(T}
where |hi is the lattice absolute value of h, we obtain the lemma, since
Jmij-ink o

THEOREM 2. If spr(B)<1, the half-space problem is uniguely solvable.

Proof: Recall that B is lattice positive. Using an obvious generalization

of the lemma to k positive operators Ciy -y we find

IMA=TY"'BFl < BMA—T)"'B---BAA—T)'Bll < B4, Re A = 0,
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so that

spr (\—T)"1B) < spr (B) < 1, Re A =0

Chooging & constant re(l.spr(B)'l) and constructing the squivalent Hilbert

space norm'’

put, - (£ =) 22

on H, we obtain immediately

MA-T)'BI, < ¢ Ihl,, Re A =0

Now recall that the half-space problem is equivalent to the Wiener-Hopf

operator integral equation

= -1
P(x) — j. H{x—y)Bu(yldy = e"XT 0y, 0<x < oo {2.3)
[e]

where H(Lx)=+ &= 1'e*/"o(dt) [Cf. Ref. 1, Ch. 6} The symbol of

this eguation, whlc?.h is given by

40
W) = 1 — J ™M p(x)Bdx = 1T — Ma—T)'B, Re h =10,

—oa

gatisfies

sup [wo—1] <1
Rea=0 L

with respect to the operator morm of the Hilbert space (H,II-EI.). Using &

factorization result of Gohberg and Leiterer!!, we obtain the unique s0l-

vability of Fg. (2.3) and hence the well-posedness of the half-space pro-

blem, O
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We may now exploit Theorem 2 plus an analyticity argument to de-

rive the following result.
THEOQREM 3. If spr(B)<l, the finite slab problem is uniquely solvable.

Proof: Observe that the convolution equation

T —1 -1
P(x} — [ To(x—y)BU(y)dy = e %1 w, + &t o, 00X LT,

o
is equivalent to Egs. (1.1)-(1.3) with T<ec. When rescaled to the interval

0<x<1, the convolution operator

(L,9)x) = r TH(T{x—y))BYly)dy
o
on the Banach space X of stromgly continuous functions Pe[0,11=H with
supremum norm depends analyiically on the parameter 7, while the positi-
vity of its kernel implies that its spectrel radius is monotonically nonde-
creasing from G (if 7i0) to spr(B) (if Tie). Since this convolution opera-
tor is compact for T<e and lattice positive, its spectral radius when non-
zerc is an eigemvalue which is monotonically nondecreasing'? and analy-
tic'® in 7, except Tor algebraic branch points. This prevents the spectral
radius from matching or exceeding spr{B) if 7 is finite, Hence, the [i-

nite-slab problem is uniguely solvable if spr(B)<l. O

3. APPLICATIONS AND DISCUSSIONS

In Sec. 1X.4 of Ref. | we have discussed the existence of critical

eigenvalues of the multigroup neutron transport equation

uglb(x,w) + Zpixw) = —l—j CRP(w-wdw’,
X 4m Q

where [A®BL,=[A],[Bl,, @ is the unit sphere in R° and X, C and Plww’)

are nonnegative NXN-matrices, the first one of diagonal type. Writing
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2=diag{o{}3\l=l we may treat this eguation on the Hilbert space of all Le-
besgue measurable vector functions h:{hg}gilﬂ—-ﬁEN which are bounded

with respect to the norm

N i 14z
i - (2 o i)
£

i=1]

Following the reasoning of Section [X.4 of Ref. 1, in particular of the
proof of Corollary IX 4.5, we may prove that for (order) irreducible B
the finite slab problem with nonnegative ¢ does not have nonnegative
solutions for r(B)>1, uniess ¢, =p_ =0, Th_i:s snswers in the affirmative
a question left opem when writing Ref. 1 (cf. its Theorem iX 4.1). For
other criticality results we refer to Sec. 1X.4 éf Ref. 1. Following the
reasoning of this section we may easily extend Thecrems 4.1-4.3, Corolla-
ry 4.4 and the above improvement of Corollary 4.5 to the abstract set-

ting.

The equation of transfer of polarized light reads [Cf. Ref. 1, Sec.
I¥.2]

1 T
ugl o+ Krue) - 4%] J Zlo s — @ T u 0 e du,

—iJo

where ac(0,1] and I={,Q,U,V} is a real four-vector satisfying

I (QP4U7vHY? 5 0, (3.1)

This inequality expresses that the intensity of the light, I, be nonnega-
tive and its degree of polarization, {(Q°+U°+V?)'/?/l, belongs to [0,1]. We
now obtain unigue solvability of the finite slab problem for ac(Q,1] and
the half-space problem for a€(0,1), because spr(B)}+a. The functional
space to be used is H=@::1L2(Q) with £ the unit sphe.re in R

Strictly speaking the results of Section 2 do not apply to the e-
quation of transfer of polarized light on H, since the L;-norm on H is not
monotonic with respect to the cone of vectors 1={I,Q,l,V} satisfying (3.1).

However, one may replace H by a different functional space, namely
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L,{Q)@(EE::QLQ(QJ), where the norm is monotonic with respect fo the par-

tial order induced by the positive cone of vecters I={,Q,U,V}, and use a

compactness argument“1 to prove the spectral radius of the convolution

operator I, to be independent of the functional space. A similar compact-

ness argument will yield the independence of the unique sclvability and

criticality properties of the multigroup neutron transport operator on

the functional space.

t
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