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EXPLICIT WIENER-HOPF FACTORIZATION
FOR CERTAIN NON-RATIONAL MATRIX FUNCTIONS

Tuncay Aktosun, Martin Klaus, and Cornelis van der Mee

Explicit Wiener-Hopf factorizations are obtained for a certain class of nonrational
2 x 2 matrix functions that are related to the scattering matrices for the 1-D Schrédinger
equation. The diagonal elements coincide and are meromorphic and nonzero in the upper-
half complex plane and either they vanish linearly at the origin or they do not vanish.
The most conspicuous nonrationality consists of imaginary exponential factors in the off-
diagonal elements.

1. INTRODUCTION

In this article we obtain explicit Wiener-Hopf factorizations of certain nonrational
2 x 2 matrix functions which arise as (modified) scattering matrices for the 1-D Schrédinger
equation [20,21,22] and some related Schrodinger-type equations [6,8]. These matrix
functions have the form

_ o2ikz
(11) Gtka) = (_p W ),

where, for any real parameter z,

1. T(k) is nonzero on C+\{0},! is meromorphic on C* with continuous boundary values
on the extended real axis, either T(0) # 0 or T'(k) vanishes linearly at £ = 0, and
T(oo) =1,

2. R(k) and L(k) are meromorphic on Ct with continuous boundary values on the
extended real axis and vanish as k — oo in C¥,

3. G(k,z)"! = qG(~k,z)q for k € R, where q = ((1] é), and

4. G(k,z), as a function of ¥ € R, belongs to a suitable Banach algebra of 2 x 2 matrix
functions within which Wiener-Hopf factorization is possible. This may be the Wiener
algebra or the algebra of functions f(k) such that *(§) = f(z %) is Holder continuous
with exponent a on the unit circle where @ € (0,1). We will define these algebras
shortly.

Wiener-Hopf factorization problems of the above type arise as an offshoot of the
inverse scattering problems for the 1-D Schrédinger equation [20,21,22] and some related

1 Throughout this article we denote by C* and C~ the open upper and lower half-planes
and by C*t and C~ the closed upper and lower half-planes including infinity.
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Schrédinger-type equations [6,8]. T(k) is usually called the transmission coeflicient, R(k)
and L(k) the reflection coefficients from the right and the left, respectively, and

T(k) R(k
(12) S(k) = (Lgkg Tgkg)

is the scattering matrix. The solution of the inverse scattering problem is achieved by
obtaining the potential of the Schrodinger equation when the scattering matrix is known.
Such an inverse scattering problem can be posed [20,21,22] as a Riemann-Hilbert problem
which can be solved by various means, such as the methods due to Gel'fand and Levitan,
Marchenko, Faddeev, and Newton [11,12,13,20,21,22], where the Riemann-Hilbert prob-
lem is transformed into a nonhomogeneous Fredholm integral equation. When the reflec-
tion coefficients have meromorphic extensions to CT, the resulting integral equation has a
separable kernel and thus its solution can be obtained explicitly by solving a system of lin-
ear algebraic equations. It is then possible to obtain the solution of this Riemann-Hilbert
problem by a contour integration [1] without solving the Fredholm integral equation when
T(0) # 0; if T(0) = 0, one can find a scattering matrix S (k) such that its transmission
coefficient does not vanish at k = 0 and S.(k) — S(k) as ¢ — 0. Then the Riemann-Hilbert
problem can be solved using S(k) as the input matrix, and then letting € — 0 one obtains
the solution of the Riemann-Hilbert problem where the input matrix is S(k) {1,2]. When
T(k) has a zero at k = 0, the factorization of G(k,z) becomes noncanonical; in this case
the solution of the inverse scattering problem becomes nonunique unless R(0) = L(0) = —1
and the zero of T(k) at k = 0 is a simple one. Explicit examples of nonuniqueness of the
solution of the inverse scattering problem for the 1-D Schrédinger equation can be found
in [3,4,5,7,10].

For many years it has been customary to view explicit Wiener-Hopf factorization of
nonrational matrix functions as a Herculean task well-nigh impossible to carry out. In
recent years there have appeared some papers [16,17,19,24] in which nonrational 2 x 2
matrix functions within special classes are factorized explicitly. The present article is
devoted to a completely different class of 2 x 2 matrix functions and our factorization
method differs significantly from the ones adopted in [16,17,19,24]. In this paper we
will obtain the Wiener-Hopf factors of the matrix G(k,z) given in (1.1) by the contour
integration method.

This article is organized as follows. In Section 2 we give the preliminary results needed
for the factorization. In Section 3, assuming T(0) # 0, we pose the inverse scattering
problem for the 1-D Schrédinger equation as a matrix Riemann-Hilbert problem and obtain
the canonical Wiener-Hopf factors of G(k,z) by solving the Riemann-Hilbert problem
posed. In Section 4 explicit canonical factorizations of G(k, ) are obtained by the contour
integration method when the reflection coefficients have meromorphic extension to C¥
with continuous boundary values as k approaches the extended real axis. In Section 5 we
treat the case T(0) = 0 and the case where the extension of T(k) to C* is meromorphic,
and we obtain the noncanonical Wiener-Hopf factorization of G(k,z). In Section 6 some
instructive examples are presented. Finally, in the Appendix some special functions needed
in Section 4 are defined.

Acknowledgements. The authors are indebted to Roger Newton for his comments. The
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2. PRELIMINARY RESULTS
A 2 x 2 matrix function W(k) for k£ € R has a (right) Wiener-Hopf factorization if
there exist matrix functions W (k) and W_(k), complementary rank-one projections Q4
and Q_, and integers p; and py such that
1. W4(k) can be extended to a matrix function that is continuous and invertible on C¥,
2. the extension of W (k) is analytic on C*, and
3. the equality

ey wo=w-m[(E) e+ (E2) a]wim,  ker,

holds true.

The partial indices p; and p; are uniquely determined by W(%). Their sum, the sum index,
is the winding number of det W (k) with respect to +4. If p; = p2 = 0 so that (2.1) reduces
to W(k) = W_(k) W, (k), the factorization (2.1) is called (right) canonical. It is possible
to choose the factorization (2.1) in such a way that Q4 = (é 8) and Q_ = (g (1)>
For general information on Wiener-Hopf factorization of matrix functions, we refer the
reader to [9,14].

In inverse scattering theory the matrix function W(k) usually satisfies W{co) = I,
where I is the unit matrix. In that case, we will require that W(o0) = W_(o0) = L
It may then no longer be possible to choose Q4+ and Q- as the coordinate projections.
Instead, we will choose Q4 as in (5.1).

The Wiener algebra W?*? is defined as the Banach space of all complex p x ¢ matrix
functions f(k) for k € R of the form

f(k) = f(oc0) + / - dy e*¥E(y),

-0

where ffooo dy ||f(y)]| is finite, endowed with the norm

(2.2) [Ellywrxe = 1£(c0)]| + / " ay i)

Further, for 0 < a < 1, H2*? denotes the Banach space of all complex p X ¢ matrix
functions f(k) for & € R such that f*(¢) = f(zi—i'g) is Holder continuous on the unit circle
T with exponent a, endowed with the norm

* £ (6) - £l
9. fllypxe = T AT
(2.3) 115z I?ea’f‘(”f ©l+ areer 16— &°
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In (2.2) and (2.3), || - || is a suitable p x g vector norm. We write W and Hq for W?*! and
H1X! respectively.

Let W (k) € H2*? for some a € (0,1). Then if W(k) is invertible for all £ € RU {o0},
W(k) has a (right) Wiener-Hopf factorization of the form (2.1) where W7 (¢) = W+(z}—f§)

is Holder continuous of exponent & on Ty and WX (£) = W-(z%—t—%) is Holder continuous
of exponent & on T_ ([9], Theorem II 6.2). Here T is the set of all { € C with |¢| <1,
and T is the set of all £ € C with |¢| > 1 including cc. Similarly, if W(k) is invertible
for all k € R U {co} and W € W?*? W(k) has a (right) Wiener-Hopf factorization of
the form (2.1) where W, (k), W_(k), and their inverses belong to W2*2 ([9], Theorem II

6.3).
PROPOSITION 2.1. Suppose

1 q(k))
24 W(k) = —— , keR,
) ® =g
where g(0o) = 0, and ¢ € W or ¢ € Hy for some o € (0,1). Then W(k) has a unique
(right) canonical factorization

W(k) = W_()W4(k), k€ER,

where Wy € W?*2 or Wy € H2XZ, respectively, and W1 (o0) = I
Proof: Let {-,-) and || - || be the usual inner product and L?-norm on C?, respectively.
Then

Re (W(k)n,n) = |ln|*, neC’ keR,

which, according to Lemma 1.1 of [15], implies that sup;cp [|YW (k) -] < 1forallk e R
and a suitable constant 7. Since W € W2*2 or W € H2*? for some « € (0,1), the result
is clear from Theorem 1.1 (for W2*?) and Theorem 5.1 (for H2*?) of [15]. =

COROLLARY 2.2. Suppose

_ T(k) —R(k)e¥**
G(k,z) = <_L(k)e—2ikz T(k) )

18 a unitary matriz for all k € R such that

1. T(k) is nonzero for all k € R,

2. T(k) can be continued to a meromorphic function on Ct with continuous boundary

values on the extended real azis, and T'(c0) = 1,

3. T(k), R(k), and L{k) belong to either W or Hq for some a € (0,1).
Then G(k, ) has a (right) Wiener-Hopf factorization with equal indices py = pa = p, where
p is the number of zeros minus the number of poles of T(k) in CT. -
Proof: From the unitarity of G(k,z) it follows that T(k)R(k) = —T(k)L(k), and thus
G(k)/T(k) coincides with the matrix function (2.4) with ¢(k) = —R(k)e***/T(k). So
G(k,z)/T(k) has the (right) canonical factorization

G(k,z)
T(k)

=W_(k,z)Wi(k,z), keR,
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where Wi (o0,2) =1. Also, the scalar function T'(k) has the Wiener-Hopf factorization

k—z
E+i

T(k) = T_(k) < )pT+(k), k€R,

where Ty (o0) = 1. Hence,

E—i)’
o) TWahaT(h),  FeR,

G(ky) = W_(h, ) T-()- (

is a Wiener-Hopf factorization of G(k, z). =

In the scattering theory for the 1-D Schrédinger equation one has a more special case
than that given in Corollary 2.2, namely T_(k) = 1 and T'(k) does not have any zeros in
C™; the poles of T(k) in CT correspond to the bound state energies for the Schrodinger
equation (3.1).

3. INVERSE SCATTERING PROBLEM
Consider the 1-D Schrédinger equation

(3.1) ~p"(k,z) + V(z) Yk, z) = k*p(k, z), z€R,

where the prime denotes differentiation with respect to z, k2 is energy, and V(z) is the
(real) potential assumed to satisfy [°°_dz (1 + |z])|V(z)| < co and is allowed to con-
tain delta distributions. Being a second-order differential equation, (3.1) has two linearly
independent solutions, which we will call ¢;(k, z) and ¢,(k,z), satisfying the boundary
conditions

T(k)e** + o(1), z — 400
e*® + L(k)e™™*= 4 o(1), T — —00,

(32) ik, z) = {

—ikz ikx
(3.3) n(k,z) = {e TR Foll), @ oo
T(k)e + o(1), z — —00,

where T is the transmission coeflicient, and L and R are the reflection coefficients. The
inverse scattering problem is to obtain the potential V(z) from the scattering data S(k).
Let my(k,z) = ﬁlk)—e".kzzﬁl(k,x) and m,(k,z) = ﬁ e*2p.(k,z). We will call my(k, z)
and m,(k, z) Faddeev solutions of the Schrodinger equation. They satisfy the differential
equations

m{(k,z) + 2ikmi(k,z) = V(z) mi(k, z),
my(k,z) — 2ikmi(k,z) = V(z)m.(k,z),
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with boundary conditions
mi(k,z) =1+ o(1), my(k,z)=o(1), z — +o0,

me(k,z) =14 0(1), m(k,z)=o0(l), T — —00.

In the Schrodinger equation (3.1), k appears as k* and hence {¢i(k,z),¥-(k,z)} and
{¢1(—k,z),%¥r(~k,z)} each form an independent set of solutions of (3.1). Thus, the first
set can be written as a linear combination of the second set. As a result we are led to
[21,22]

an  (W0) (00 1) (W), rem

my(k, z)

In terms of the Faddeev solutions m(k, z) = (m (E.2)

> and G(k,z) defined in (1.1), we

can write (3.4) as
(3.5) m{—k,z) = G(k,z)qm(k,z), ke R.

When T(k) has analytic extension to CT, for the class of potentials specified in the be-
ginning of this section there is a one-to-one correspondence between that class and a class
of scattering matrices [12,18], and it follows that if T'(0) # 0, then m(k, z) is continuous

on C*, analytic on C*, and m(k,z) = 1 + O(1/k) as k — oo in CF, where { = i

If T(k) vanishes linearly at & = 0, these properties of m(k, z) are retained except for the
continuity at k& = 0; however, when R(0) = L(0) = —1, the continuity of m{k,z) is also
valid at k = 0 [12,18]. The vector m(k,z) can then be obtained uniquely by solving
(3.5) provided T(k) is analytic in C*. Hence, if T(k) has analytic extension to C* and is
nonzero in C+, the Riemann-Hilbert problem

(3.6) n(—k,z) = JG(k,z) I qn(k,z), keR,

where J = diag (1, —1), is also uniquely solvable for the vector n(k, z) possessing the same
analyticity and continuity properties as m(k,z). In fact, defining

L my(k,z) +nik,z) my(k,z)—ni(k,z)
(3.7) Mk, z) = 9 <m:(k,z) - nlr(k,x) mTlEk,z) + nlr(k, x)) ’

where

3.8  mk) = (Z‘((’;z))) = M(k,2)i, n(ko)= (Z‘E’;ﬁ) = IM(k,z)é,

and é = <j1>, from (3.5) and (3.6) one obtains the matrix Riemann-Hilbert problem

{3.9) M(-k,z) = G(k,z)qM(k,z)q, ke R.
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Hence, if T(k) has analytic extension to C* and is nonzero in Ct, (8.9) is uniquely solvable
and the solution matrix M(k,z) is continuous on C¥, analytic on Ct, and M(k,z) =
I+ O(1/k) as k — oo in C*. Since the scattering matrix S(k) satisfies the property
S(—k) = qS(k)™1q, it follows that

(3.10) det G(k,z) = det S(k) = TT(L_%

Hence, from (3.9) and (3.10) we obtain
T(—k)det M(—k,z) = T(k) det M(k, z), keR,

and from Liouville’s theorem it follows that

det M(k,z) = —T—(la k € GF,

Thus, if T(k) is nonzero in C¥, the matrix M(k, x)_:l_is also continuous on C¥, analytic
on C*, and M(k,z)™! = I+ O(1/k) as k — oo in C*. Hence, from (3.9) it follows that
G(k,z) has the canonical factorization

(3.11) G(k,z) = M(—k,z)qM(k,z)"* q

with factors G4(k,z) = M(—k,z) and G_(k,z) = g M(k, z)~! q. Thus, the Wiener-Hopf
factorization of G(k,z) given in (1.1) can be achieved by solving the inverse scattering

problem for the scattering matrix S(k) given in (1.2).
Let us start the process of evaluating of M(k,z) when G(k,z) is given. Defining

< dk _;
(3.12) B(z,y) = — e Y [M(k,z) - I],
oo 2
from the analyticity properties of M(k, ) it follows that B(z,y) = 0 for y < 0 and hence
M(ka) =T+ [ dyeBiz,)
0
Writing (3.9) in the form

M(—k,.’t) ~I= [G(kam) - I]qM(kvx)q'*' Q[M(k7x) - I]qa ke Ra

and using (3.12), we are led to

(3.13) B(z,y) = [—00 g% eiky[G(k,m) —IqM(k,z)q, y > 0.
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Using (3.8), from (3.13) we obtain

b(z,y) = (bl(m,y)> = = -d—]ieiky [G(k,z) - Tjqm(k, z)

bT("I:’ y) —0 27(
(3.14) © Jk 0 R(k)eik(2z+y) L
/_oo 2 (L(k)eik(—2z+y) 0 ) qm(k,z), y>0,
and
© dk
e(z,y) = (ff%‘;g) = /_m 5 ¢V (1 G(k,2) T ~ T an(k,2)
(3.15)

= dk 0 R(k)eik(z+y)
Z/_ by (L(k)eik(——2z+y) (k) 0 qn(k,z), y >0,

where we have defined b(z,y) and c(z,y) as

b(z,y) = B(k,z)i = /°° gﬁ e m(k, z) — 1),

~co 2T

> dk

c(z,y) = IB(k,z)é = / 5 e n(k, ) - 1).

In the special case where R(k) extends to a function meromorphic on Ct with con-
tinuous boundary values on the extended real line and only simple poles, say Ng of them,
bi(z,y) and ¢{z,y) for z > 0 can be computed from (3.14) and (3.15) by performing a
contour integration and solving a linear system of order Ng. Fourier transformation then
yields mi(k, z) and n;(k, z) by using

(3.16) m(k,z) =1+ / dy e*¥b(z,y),
0

(3.17) n(k,z) =1 +/ dy e*ve(z,y).
0

On the other hand, if L(k) extends to a function meromorphic on CT with continuous
boundary values on the extended real line and only simple poles, say Nz of them, then
b.(z,y) and ¢.(z,y) for x < 0 can be computed from (3.14) and (3.15) in a similar fashion.
From (3.16) and (3.17) one then finds m,(k, z) and n.(k, z). From (3.5) and (3.6) it follows
that

(3.18) mi(k,z) = {m.(=k,2) + e ¥ L(k)m (k,z)}/T(k),

(3.19) ni(k,z) = {n.(—k,z) — e 2 L(k)n,(k,2)}/T(k),
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(3.20) me(k,z) = {mi(=k, z) + e*** R(k)my(k, )}/ T (k),

(3.21) ne(k,z) = {ny(=k,z) — 2% R(k)ny(k, )}/ T(k).

Thus, using (3.18)-(3.21) one obtains M(k, z) for z € R. In the next section we will use this
procedure to obtain M{k, z) explicitly when the reflection coefficients have meromorphic
extensions to C%, and thus the canonical Wiener-Hopf factorization of G(k,z) will be
obtained as in (3.11).

4. EXPLICIT FACTORIZATION

In this section we will obtain explicit expressions for the Faddeev solutions m(k, z)
and n(k, z) of the Riemann-Hilbert problems (3.5) and (3.6) for a certain class of G(k,z).
Then, the canonical Wiener-Hopf factors of G(k,z) can be determined as in (3.11). The
function Fy_,(k, z, ) appearing in (4.1)-(4.4) below will be defined in the Appendix.

THEOREM 4.1. Suppose

1. T(k) is nonzero for allk € R, T(c0) = 1, R(o0) =0 and L(co) =0,

2. T(k) is continuous on C* and analytic on CT,

3. T(k), R(k) and L(k) belong to either W or H, for some o € (0,1),

4. S(—k) = qS(k)"1q, k € R, where S(k) is the matriz defined in (1.2),
and G(k,z) is defined by (1.1). In addition, assume that R(k) is meromorphic on C*
with principal parts gf__;l (k— inj)’(""l)Rjys at the poles ix; (j = 1,--- ,Ng) and with
continuous boundary values on the extended real azis. Suppose m(k,z) and n(k,z) are
solutions of the Riemann-Hilbert problems (3.5) and (3.6) which are continuous on C+, are
analytic on Ct and approach 1 as k — oo in C¥. Then forz >0

Ng p;—1

(41) mka)=1+> 3 é[(%)gml(k,x)} pjf iRy By (b, 2, 55),

j=1 8=0 k=iK; y=g

42)  mkz)=1- ZTEPS = [(E‘%) n;(k,:z)} pf R, P (b, 7, 5).

j:] =0 k=ii€j t=s

Similarly, if L(k) 1s meromorphic on CT with principal parts Z":Bl (k—1iX;)~CHL; | at
the poles tA; (7 = 1,--- ,Nz) and with continuous boundary values on the extended real
azis, then forz <0

(4.3)  ma(k, I)—1+§L:q’zl ; {(——)sm’(k’x)] | qz__:l i*=L; F,_(k,~z,),),

7=1 s=0
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Np ¢;—1 g;i—1
1 o
44) nplk,z)=1- E E a [( ) ne(k, m)}k . E it SL; i Foo(k, 1, );).
j=1 s=0 =1Aj t=s

Conversely, any pair of vector functions m(k,z) and n(k,z) satisfying (4.1), (4.2), (3.20)
and (3.21) {for x = 0], or (4.3), (44), (3.18) and (3.19) [for z < 0] are solutions of the
Riemann-Hilbert problems (3.5) and (3.6) and are analytic in CT.

Proof: By calculus of residues, we get from (3.14) and (3.15)

Ng

(4.5) bz, y) = (—z)z Res {R(K)ymy(k,z) e* @2} z >0,
Ngr

(4.6) efz,y) = +Z)Z Res {R(k)ny(k,z) e FyF2)} z >0,
NL )

(4.7) be(z,y) = (—i) Z kf;%sj (LK) mo(k,z) =22} 5 <o,
NL )

(4.8) cr(z,y) = (+i)Z kli?f, (L(k) no(k, o) ¥ 2y ¢ <0,

Further,

Res {R(k) mu(k,2) e’}
pi—1 8
“E w3[(4) o]
— —m(y+2z) Z ” ‘Z t' ! 5= t(y+2m)s t[(%) ml(k,.’t)}

s=0

2z - 2
— il )Z i K—) my(k, z)} Z Rga—%%)—!)*—.

k=ik; $=t

k=ix;

Using (4.5)-(4.8) in (3.16) and (3.17) and using (A.2), we find (4.1)-(4.4).
Conversely, let m(k,z) and n(k,z) be vector functions satisfying (4.1), (4.2), (3.20)
and (3.21) ffor ¢ > 0], or (4.3), (4.4), (3.18) and (3.19) [for = < 0]. Then m(k,z) and

n(k,z) are continuous on C+¥, are meromorphic on Ct and approach 1 as k — oo in C+.
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Further, mi(k, z) and n(k, z) do not have poles in C* for £ > 0 and m,(k, z) and n,.(k, z)
do not have poles in C* for z < 0. We now compute
me(—k,z) + e 2% L(k) m (k, z)
_ [mu(k,z) + e PR R(=k) mu(=k, )] | g2ike L(k)

[k, ) + ¥ R(E) mu(k, 2)]

T(—k) T(k)
1 L) R() e (RE) | L(R)
=(T(—k>+ (k) )m‘(k’”“ (T( )*T(k)> (=, 2)

= T(k) mu(k,z),

which yields (3.18). Here we have employed condition 4 of the statement of this theorem.
In a similar way we prove (3.19).

It remains to prove that m,(k, z) and n,.(k, ) [for z > 0] and m,(k, z) and ny(k, z) [for
z < 0] do not have poles in C*. For example, let us prove that, for z > 0, m,(k,z)T(k)
does not have a pole at ixj, by showing that the coeficients of (k — ir;)~(*+1) (u =
0,1,--+ ,p; — 1) in the Laurent series of m,(k,2)T(k) all vanish. Using (4.1) one verifies
that, for v = 0,1,--+,p; — 1, the coefficients of (k — ix;)~(*+1) in the Laurent series of
—my(—k,z) and R(k)e***m,(k,z) both equal

pi—1 s pj—1 —2n'z P\ E—8—
1 d I (2ag)tTeT
Z ;-'- [(E]E) ml(k'ﬂl'):i Z R],t-}-l s+ 1 (t—s—u)"

=0 k=ixj t=gtu

which, in view of (3.20), shows that m.(k,z) T(k) is analytic at ¥ = ix;. The same
reasoning may be applied to n,(k,z) T(k) [for £ > 0] and to my(k,z) T(k) and n;(k, ) T(k)
for z < 0]. w

If all poles «1,--- , kN, of R(k) in C* are simple and R; = limg_ix;(k — ix;) R(k),
we get

Ngr

e—ZK,

(4.9) mi(k,z) =1+ ; my(isj, z) Rj——— Friny’ T >0,
Nn ) 6—216_,'1

(4.10) n(k,z)=1- ; nu(inj,z) Ry el > 0.

If all poles A1, -+ , AN, of L(k) in C* are simple and L; = limg_.ix;(k—i);) L(k), we have
[Cf. (A.3)]

N Ajz
(4.11) mq(k,z) =1+ Z me(iAj, z) L"'k Ty z <0,

7=1
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Np 62/\,'.’:
(4.12) ne(k,z)=1- ; nr(z)\j,x)ij, z <0.
Substituting k = ik1,--- , kN, in (4.9) and (4.10), we obtain two systems of Ng linear
equations for my(ix;, z) and ni(ixj,z) (j = 1,--- , Ng), respectively. After we have found

mi(k, z) and ny(k, z) for > 0, m.(k, ) and n.(k,z) for z > 0 are obtained with the help
of (3.20) and (3.21), respectively. Substituting (4.9) and (4.10) in (3.20) and (3.21) we find
forz >0

(4.13) ]
Nr ) g2k 0ik Nr ) e—2n,-z:
m.(k,z) T(k) = 1—; my(ikj, z) R; Fn, +e*R(k) |1+ J=Zl my(ikj, ¢} R; pyreel
(4.14)
Nr —2Kjz Nr —2x;z 1
(k,a) T(E) = 1+ Y muing, o) Rye—r— ~ 2% R(k) 1= S mu(inj, z) Bj——r
n.(k,z)T(k) = +j=1 my(ikj, © ]k——in'j e 2 my(iK;, x) ]mJ
Hence, from (4.9), (4.10), (4.13), and (4.14), we obtain
lim (k —ik;)mp(k, 2)T(k) = Rje™%%% | —my(irj, z) + 1 + %Ii e‘Qﬁﬂzml(ins,x)Rs- =0
k—»i:ci 7 AT - ! 3 =1 l(fi:, + Kg) -
Nr _ak.z . i
) ) _ T . e Iy (iks, z)Rs |
kl_l)rir’lcj(k —ixjin{k,2)T(k) = —Rje [—nl(m],m) +1- ; (e, + 20) =0,

which implies the analyticity of m.(k,z) and ny(k,z) on C* for z > 0. Analogously,
substituting k£ = iAj,--- ,iAn, in (4.11) and (4.12), we obtain two systems of Ny, linear
equations for m,(i);,z) and n.(iA;,z) (j = 1,--- , N1). After finding mr(k, z) and n.(k, )
for z < 0, my(k, z) and ny(k, z) for z < 0 are computed with the help of (8.18) and (3.19),
respectively. The analyticity of m(k,z) and n;(k,z) on C* for z < 0 is proved in an
analogous manner.

If the poles of R(k) and L(k) in C* are simple, it is straightforward to write down
expressions for my(k, z) and ny(k, z) if ¢ < 0 and for m,(k,z) and n.(k,z) if z > 0. Indeed,
defining €(k) = L(k) — EjN:LI (k —1)Xj)71L; as the nonprincipal part of L(%) in C*, using
(4.11) in (3.18) and using (4.12) in (3.19), we obtain for z < 0

(k )_ 1 14 _Qisz(k) (k )+ = M
mik,z) = T(k) ° e =1 ki
(4.15) N P

. —2i(k—i);)x
. 2\, € ’ — !
+ D Lymg(id,,z)e { k4 i(/\j+As)}>}’

s=1

(e—Zi(k—i/\j)r -1
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ni(k = __i_ _ ——21kq;£ k k‘ L e?'A * 1~ —2i(k—iAj)z
(k) = 705 |1 (k) o w)+2 e

Lyns (i) IV !
+Z smr(ids,z)e { k+id, "i(AJ‘Ha)} '

=1

(4.16)

Note that the analyticity of mi(k,z) and n(k, z) for ¢ € C* when z < 0 is also apparent
from (4.15) and (4.16). Further, defining p(k) = R(k) — Y% (k — ix;)"'R; as the non-
principal part of R(k) in C*, using (4.9) in (3.20) and using (4.10) in (3.21), we obtain
forz 20

1 2ik eTE [ ki)
= Tk P A )T
m.(k,z) 0 [1 + e*** p(k)my{k,z) + Zl .y (e 1
(4.17) =
Ng _ e 2i(k—ixs)z 1
* ; Romu(ing,z)e { kFin,  i(k +ns)}
R e*Z'CJ . .
21k:n _ L2i(k—ik;)z
ne(k,z) = T(k) [ p(k) ni(k, x)+z = (1 e

(4.18)

] Coka e21(k—m,-)z 1
+§R“’nl(ln”m)e ’ { Ftirs “i(~j+m)} ‘

Note that the analyticity of m.(k,z) and n,(k,z) for k£ € C* when z > 0 is also apparent
from (4.17) and (4.18).

Ounce m(k, z) and n(k, z) have been determined for z € R, M(%, z) follows with the
help of (3.7). As aresult of (3.7) and (3.8), the first part of the next corollary is immediate
from Theorem 4.1. The part pertaining to unitary matrix functions follows with the help
of Corollary 2.2.

COROLLARY 4.2. Suppose the hypotheses of Theorem 4.1 are fulfilled. Then G(k,z)
has a (right) canonical factorization if and only if the two systems of linear equations
determining the unspecified constants in (4.1) and (4.2) [for z > 0] or (4.3) and (4.4) [for
z < 0] are both uniquely solvable. In particular, if S(k) is a unitary matriz, then these two
systems of linear equations are uniquely solvable.

5. ADAPTATIONS IN THE CASE T(0) =0

In this section we adapt the construction of the Wiener-Hopf factorization performed
in Sections 3 and 4 to scattering matrices of the form (1.2) where T(k) vanishes linearly
at k = 0. We will also treat the case where the extension of T(k) to C* is meromorphic.
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Suppose a 2 x 2 matrix function W(k) for k € R has a (right) Wiener-Hopf factor-
ization of the form (2.1), while W(oo) =T and
W(-k) = qW(k) q, k € R.
Then it is possible to choose the factorization in such a way that

Wai(—k) = qWx(k)'q, qQ+ = Qzq.

Since % ( :Iil ill) is the only pair of complementary rank-one projections on C? com-
muting with q, we may choose, with no loss of generality,

1/1 1 1 1 -1
(5.1) Q*“'z'(l 1>’Q'“§<—1 1)‘

As we now have W (c0) = qWz(00) 1q, W4 (co) must commute with the projections
Q- and Q_ in (5.1) and hence the factorization {2.1) may be adjusted in such a way that
(1) Q+ are as in (5.1), (2) Wi(—k) = qWx(k) !q for k € R, and (3) Wi(oo) =1. We
shall henceforth call such Wiener-Hopf factorizations special. In [23] such factorizations
were called Jost function factorizations.

PROPOSITION 5.1. Suppose

T(k) R(k
= (5 )

is ¢ 2 X 2 matriz for all k € R such that
1. T(k) is nonzero for all k € R\ {0}, T(o0) = 1, R(c0) = 0 and L(cc) = 0, and the
order of the zero of T(k) at k =0 is finite,
2. T(k) can be continued to o function continuous on C7 and analytic on C*,
3. S(k)™! = qS(~k)q, k € R,
4. T(k), R(k), and L(k) belong to either W or H, for some o € (0,1).
Then all special (right) Wiener-Hopf factorizations of G(k,z) of the form

-1

(5.2) G(k,x):G_(k,z)[(u)TQ_,_-l-(k )aq_] Gi(kz), keER,

kAt ki
are given by
(5.3) G_(k,z) = M(=k,z), Gi(k,z)=qM(k z) 'q,

where

(5.4) N .

— _(My(k,z) My(k,z)\ _ 1 [ w(k,z) +7i(k,z)  myk,z) -k, z)
M(k””)‘(ﬁs(k,x) ]T/fi(k,z)>—§ (r%:(k,:c)—ﬁ:.(k,m) ﬁz:(k,x)wl,(k,x))
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m,(k, ) n(k,z)
on Ct, and satisfy m(k,z) — 1 and f(k,z) = 1 ask — oo in C+ as well as the Riemann-
Hilbert problems

and m(k,z) = (Tl(k’z)) and a(k,z) = (fl(k’x)) are continuous on C¥, are analytic

(5.5) F(—k,c) = (:f:) G(k,z)qf(k,c), keER,
(5.6) f(—k,z) = (’“_“z) IG(k,z) I qii(k,z), kER.

Proof: The existence of the factorization is clear from [9], Theorem II 6.2 (for HZ2*?)
or Theorem 1I 6.3 (for W**?). Suppose m(k,z) and fi(k,z) are continuous on C*, are
analytic on CT, approach 1 as ¥ — oo in C¥ and satisfy the respective R}emann-Hllbert
problems (5.5) and (5.6), and let us define Gi(k,z) by (5.3) and (5.4). Writing D(k) =

[(52)" @+ (52)° Q-] we have

(G~ (k) D(E) = Gk, 2) G (k,2)

- (::) G_(F, )—(“Z) G(k,z)G+(k,z)‘l]i
- (::) M(—k,2) — (“:) G(k,x)qﬁ(k,x)q]i
- (Z;i) () - (:fi) G(k,x)qﬁl(k,w)J

[G—(kv "E) D(k) - G(k, ‘7") G+(k7 x)_llé

- [(Z;:)UG_UCJ) —G(k,a:)G+(k,z)_1} ¢

:(:;:)UJ[JM(~k,x)+(ktz:)a.](}(k,ac)qﬁ(k,z)}é
=<’£J‘rz) [n( k,z) - ("’fi) JG(k,x)Jqﬁ(k,x)J‘

As a result, (5.5) and (5.6) imply (5.2), and (5.2) implies (5.5) and (5.6). The latter
implication is most easily obtained with the help of the equalities

m(k,z) = M(k,z)1, H(k,z)=JIM(k,z)é.

This completes the proof. =
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If we define

(5.7) m(k,z) = (k:iyrﬁ(k,m), n(k, z) = (k:i>aﬁ(lc,m),

we obtain instead of (5.5) and (5.6) the Riemann-Hilbert problems
m(_k,$) :G(fc,x)qm(k,x), ke R‘a

n(—k,z) = JG(k,z) Jqn(k,z), keR,

where m(k, z) and n(k, z) are continuous on C¥ \ {0}, are analytic on C*, and approach
1 as k — oo in C*, while the limits of k"m(k,z) and kn(k, z) exist as k — 0 in C¥.
Defining

(53) Mk = M) [(E) @i+ (52 o]

we obtain the matrix Riemann-Hilbert problem (3.9) where M(k, ) is continuous on C¥\
{0}, is analytic on C*, and approach I as k — oo in C¥, while the limits of k"M(k,z)Q4
and k" M(k, z)Q_ exist as k — 0 in C*. The matrix function M(k, z) is related to m(k, z)
and n(k,z) as in (3.7).

In the inverse scattering problem for (3.1) for the class of potentials specified in the
beginning of Section 3, generically T'(k) vanishes linearly at ¥ = 0 and R(0) = L(0) = —1.
In that case m(k,z) remains continuous at k = 0. Hence if T(k) is analytic in C* from
(5.7) we see that we have 7 = 0 in the above analysis. Letting T(k) = k—’c_ﬁf(k) we have

f(k) analytic on C* without zeros and T/(0) # 0, and from (3.10) we obtain

_ T(k) _ k—1 f(k)
det Gk, z) = T(—k) - <k+l> f(—k)

Thus, we see that the partial indices of G(k,z) add up to 1, and hence o = 1 in the above
analysis, and that

o~ 1 —
5.9 det M(k,z) = =——, detM(k,z)= ke CT.
(5.9) et M(k, ) 7y (k,z)

1
(k)
COROLLARY 5.2. Suppose

T(k) R(k
““z(ﬁg ﬂ8>

18 @ unitary mairiz for all k € R such that
1. T(k) is nonzero for all k € R\ {0}, T(o0) = 1, R(00) = 0 and L(cc) =0,
2. T(k) can be continued to @ meromorphic function on Ct having finitely many zeros
and continuous boundary values on the eztended real azis, while T(c0) =1,
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3. T(k), R(k), and L(k) belong to either W or Hy for some a € (0,1), and

4. T(k) = ( ;) F(k) where T(0) # 0, and R(0) = L(0) = -
Then G(k,z) defined in (1.1) has a (right) Wiener-Hopf factorization with partial indices
p and p+ 1, where p is the number of zeros minus the number of poles of T(k) in Ct.
Proof: Let us first assume that T'(k) is analytic and nonzero on C*. Then, inserting (5.8)
with 7 = 0 and 6 =1 in (3.9) and using the fact the Q4+ commute with ¢, we obtain the
explicit noncanonical factorization

k-1
k+i

G(hz) = M(-ko) [ Qe + (157 @ | ab(k, ) 4

If the extension of T(k) to C* has zeros on C¥ or is meromorphic instead of analytic
on C*, the Wiener-Hopf factorization of G(k,z) can be obtained as follows. Assume T'(k)
has polesat k = 3; € Ct for j = 1,...,N and zeros at k =y, € Ct fors =1,--- \M
there. We can then factor G(k, z) into a scalar factor and a matrix as

(.10 Glb2) = H(k2 >HZ+§iH’Z+f
where
(5.11) H(k,2) = G(k, x)H’,jJijHk”s

s=1

The diagonal entries of H(k,z) have nonzero analytic extension to C* and hence the
Wiener-Hopf factorization of H(k,z) can be obtained by replacmg T(k) by T(k)w(k),

R(k) by R(k)w(k), L(k) by L(k)w(k) in (1.1), where w(k) = H] 1 k+ﬁ 228 [IM, &2 and by

8=1 k--y,,’
employing the method we have presented. The scalar factor in (5.10) has the factorization
(5 12)

Hk+'B]Hk 73_ H -1 Mk‘—’)’s k‘—Z N M ]
k4, k=B 14 k—i k41 i i

Hence, as seen from (5.12) the Wiener-Hopf factorization of G(k,z) then becomes non-

canonical with partial indices M — A and M — A in case T'(0) # 0, and in case T(k)

vanishes linearly at k = 0 the partial indices are given by M ~ A and 1 + M — N. The

Wiener-Hopf factors of G(k,z) are then obtained by multiplying the factors of H(k,z)
and those of w(k)™!. =

6. EXAMPLES
Example 6.1. Consider the unitary matrix function (1.2) where for 0 <e< land v >0

k + ie —iv1 — €% k + iy R(k)_—i\/1—62k+iek—i7

T(k) = -, L(k) = = : .
(k) k+e (k) = k+z k—iy’ k+i k—iek+iy
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Note that T(k) does not have any poles in Ct and T(0) # 0. The canonical Wiener-Hopf
fact . . — 1 Ay 2\~
actors of G(k,z) are then given as in (3.11). Letting M(k, z) (M;;(k,:z:) Mik.z) )

we find for £ > 0

2ie  s(z)?
Mi(k,2) =1+ = kE+iel —s(z)?’
2ie  s(z)
k
My(k,2) = k+zel—s(:1:)2’
1A (z iz(k—ie 1da(z iz i€ 14 ikz
Ma(k,z) = ()( _ eiz(k ))+k-2|—(ze)( _ griz(k+ )) kj-(z'y)2k’
tAy(z iz(k—ie iAs(z iz i€ 1As(z ikz
M4(k:l:)~—1+k4()( — e*iz(k )> k:—(ze)( — e2iz(k+ ))+k-f-(z'32k’

and when z < 0 we have

iA7(x) | 1As(x) 2k iAg(z) —2iz(k—i
k =1 (s _ iz{k—iv)
Mk, ) = +k+ze+k+ze +k—ry( ¢ )’

k + e k + e tE ey k—1vy

24y t(z)
k+iy1~t(z)?’

2ty t(z)?
Friyl—t@?

s(a:) l—-€ee~y _,.
=4/———e
Viteetn ’

My(k,z) = i410(z) + 1An(2) sk, tA12(2) ( - e*ziz(k—z’v)) ,

M3(k, .’IZ) = -

My(k,z) =1+

where we have defined

o) = YL,
=298
=099
Ay(z) = ~~—~*——(11J:?§SQ)2,

As(z) = 1—e

1—s(z)?’
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2¢ 2y  s(z)
e+ve—v1—s(z)?’

As(m) = 1—¢2

anfe)=(1-9 |14 ST
_ a2y Ha)
Ag(z) = — 1_66-}-’71—:—15?-’;)7’

2y(1+7) t=)?

As(2) = - e+y 1—t(z)?’

__2(1-¢) =)
Asol) = e+y 1—t(z)?’

An(z)=vI—e |14 L1

e+v1—t(z)2]’

_2+9) t=)
An(2) = e+y 1-—1#z)?

Example 6.2. As our second example, consider the unitary matrix function (1.2) where

k —1

iy fR) =Lk = 0

T(k) =

A Wiener-Hopf factorization of G(k, z) is then given by

o+ ().

-
DG = Qs+ (157) -

G_(k,z) = M(-k,z)

Gi(k,z) = [Q+ + (k—kﬂ) Qﬂ] aM(k,z)™ q,

Mi(k,z) Mk, z)

where M(k‘,-’ll) = <M3(k’:1:) M4(k7$)

) , and we have for z > 0

; 1
Mi(k,z)=1+ -
1k 2) =1+ oo
; 1
k)=t
My(k:2) =~ 2 1550 7 o0
P P11, 1
k __ 2ikz A _* L Zikz
Ms(k,2) = —ze™ + r -Gt e | 1o 7 o0
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NN I R I B 1
Mk o) =1t gt "3t m 8 | Troevaa

where a is an arbitrary positive parameter. When z < 0, we have

Mi(ka) =1+ %+ L—% e 8—;“} - +2Za_ —
Mk, z) = -%6_2“" + % - kl—z + -k}ie_?ikz] m%%ﬁ;
Ma(ki2) =~ g
My(kz)=1+ émg%m

APPENDIX

In Section 3 we are using functions defined in terms of the polynomials

m

Qu(z) =1, Qm(z)= Z %l'—z’ ="+ mz™ b m(m = 1)2™? 4 (m),

7=0

which satisfy the recurrence relation

d
(A1) Qo(z) =1, Qms1(2) =(z+m+ 1)Qm(z) - zg;Qm(z)
For all k with Re « > 0, k € R and z > 0 we have
) > 3 +2$ m — . N ik )
(A2)  Fulban) = (i) [y BT contvnan) — (pemtibeG o= i),
where
o + 2z)™ _ z
Gm(B, 1) =/0 dy (i’—rm—)—e Aly+2z)  Re B> 0.

We have d
%Gm(ﬂ’ :L') = —(m + 1)Gm+1(ﬁ7x)a

and hence using (A.1) we obtain

_ Qm(2ﬁ$) 6—251

Gn(B,z) = g , Re 3 > 0.
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Thus

z)e—2nz 2(I€ — Zk)-’t ok ia ij(21‘)m—j
Fo(k,z,k) = k) Zo =e " Z%j!(k Fig)iti
= I=

In particular,

—-2Kz
(A.3) Fy(k,z,5) = Py
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