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Abstract: The recovery of the coefficient H(z) in the one-dimensional generalized Schrédinger equation
22715 + k2 H(x)* = Q(x)v, where H(x) is a positive, piecewise continuous function with positive limits H
as ¢ — =£00, 1s studied. This equation describes the wave propagation in a one-dimensional nonhomogeneous
medium in which the wavespeed 1/H(z) changes abruptly at a finite number of points and a restoring force
Q(z) is present. When there are no bound states, the uniqueness of H(x) in the inversion is established for
a proper choice of scattering data. When the transmission coefficient vanishes at £ = 0, it 1s shown that the
scattering data consisting of @(#) and a reduced reflection coefficient uniquely determine H (), and neither
H, nor H_ need to be given as part of the scattering data. If the transmission coefficient does not vanish
when k& = 0, then one needs to include either H; or H_ in the scattering data to obtain H(z) uniquely.
A simple algorithm is described giving the travel times from # = 0 to any discontinuity of H(z) and the
relative changes in the wavespeed in terms of the large k-asymptotics of a (reduced) reflection coefficient. Tt

is also shown that H; and the transmission coefficient alone do not determine the number of discontinuities

of H(x), let alone the travel times between them. Some examples are given to illustrate the algorithm.
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1. INTRODUCTION

Consider the one-dimensional generalized Schrodinger equation
(1.1) W'k, )+ E2H (2) 20k, ©) = Q) vk, 2), r€R,

where the prime denotes the derivative with respect to the spatial coordinate and the coefficients are assumed

to satisfy the following conditions:

(H1)  H(x) is strictly positive and piecewise continuous with jump discontinuities at #, forn =1,--- | N

such that 1 < -+ < xpn.

(H2) H(x) — Hy as ¥ — oo, where Hy are positive constants.
(H3) H — Hy € LY(R*), where R™ = (—00,0) and Rt = (0, +00).

(H4)  H’ is absolutely continuous on (2,,z,4+1) and 2H"” H — 3(H')?> € Li(xn,2n41) for n = 0, N,
where 2y = —o0 and zy41 = +00, and Lé([) denotes the space of measurable functions f(#) on I such

that [, dx (1+ |2|)? |f(2)] < oo.
(H5) @ € Li,,(R) for some « € [0,1].

Eq. (1.1) describes the propagation of waves in a one-dimensional nonhomogeneous medium where k?
is energy, 1/H(x) is the wavespeed, and Q(z) is the restoring force per unit length. The discontinuities of
H{(x) correspond to abrupt changes in the scattering properties of the medium in which the wave propagates,
the relative changes H(x, — 0)/H(x, + 0) correspond to the jumps in the wavespeed at the interfaces z,,
and y, = Ox" dx H(z) correspond to the times required for the wave to propagate from the fixed location

z = 0 to the interfaces y, forn=1,--- | N.

In [AKV95] we described a solution to the inverse problem of recovering H (x) in terms of the scattering
data consisting of Q(x), a (reduced) reflection coefficient, H; or H_, the bound state energies, and the bound
state norming constants. In the present paper, for simplicity, we assume that there are no bound states and
that o = 1 in (H5). This will cover in particular the case Q(x) = 0. Under these assumptions the main steps
in the procedure used in [AKV95] are the following: (1) Use a (reduced) reflection coefficient to formulate
a singular integral equation, (2) solve this equation uniquely, (3) obtain y(z) as the solution of an algebraic
equation also containing as input the solution f;(0, z) of (1.1) for k = 0 satisfying fi(0,2) — 1 as x — +o0,
(4) put H(z) = ¢/ (z). A similar procedure was given by Grinberg [Gr90,Gr91] when Q(z) = 0, in which
case the unique solvability of the singular integral equation is immediate and the third step 1s trivial to

implement.

After introducing the scattering and reduced scattering matrices and reviewing their small and large
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k-asymptotics in Section 2, we will study two problems associated with the recovery of H(#) in (1.1): The
first problem deals with the inclusion or exclusion of Hi in the scattering data. The second problem deals
with the recovery of the discontinuities of H(z) in terms of the large k-asymptotics of the scattering data.
As for the first problem, an example was given in [AKV95] where a unique H () was recovered although
neither H; nor H_ was included in the scattering data. We now understand the general theory concerning
that surprising result, and in Section 3 we investigate the proper choice of the scattering data that lead to
a unique H(z). In the exceptional case, i.e. when the transmission coefficient associated with (1.1) does not
vanish at £ = 0, we show that one needs to include either H; or H_ in the scattering data; otherwise, as the
example in (3.1) indicates, a one-parameter family of H(z) with different Hy leads to the same scattering
data. In the generic case, i.e. when the transmission coefficient vanishes at & = 0, if one uses a reduced
reflection coefficient in the scattering data, then neither H; nor H_ need to be included in the scattering
data, and in fact Hy are determined by using the condition (3.40) without including either Hy or H_ in
the scattering data. On the other hand, in the generic case, if one uses a reflection coefficient instead of
a reduced reflection coefficient, in order to determine H(x) uniquely, one can omit Hy from the scattering
data if and only if (3.41) is satisfied. All the details are given in Section 3, and some examples are provided

to illustrate the proper choice of the scattering data.

The inversion method described in [AKV95] is based on a singular integral equation whose solution
eventually leads to H (). From this method it is not clear how simple properties of the medium, such as the
number of and the travel times between discontinuities of H(z), can be found in an elementary way without
solving an integral equation. In Section 4 of the present paper, we describe an algorithm that allows one to
find the number N of discontinuities of H (), the travel times y1,- -, yny to these discontinuities from the
fixed location # = 0, and the jumps H(z, —0)/H (2, +0) in the wavespeed at the interfaces by using the large
k-asymptotics of a (reduced) reflection coefficient. This algorithm does not involve any integral equations
and, as some illustrative examples show, can be implemented by hand. An algorithm to recover the travel
times yn4+1 — yn and the jumps H(z, — 0)/H (2, + 0) in terms of the large k-asymptotics of the modulus
of the transmission coefficient was described by Grinberg [Gr90,Gr91] under certain technical restrictions.
Our algorithm given in Section 4 does not have these restrictions. As Example 4.2 indicates, H; and the
transmission coefficient alone do not in general determine even the number of discontinuities of H(z), let
alone the travel times between the successive discontinuities of H(z). When the function H(z)f;(0,x)? is
known to be piecewise constant, the algorithm described in Section 4 allows us to recover H(x) exactly.
When the conditions (H1)-(H5) are satisfied, the large k-asymptotics of a (reduced) reflection coefficient are
given by an almost-periodic function of k. In Section 5, we characterize those functions H () that satisfy
(H1)-(H4) and for which the corresponding (reduced) scattering coefficients are almost periodic functions of

k.



Concerning scattering and inverse scattering problems with discontinuous coefficients, we remark that
Sabatier and his co-workers [SD88,5a89,DS92,MS94] studied the scattering for the impedance-potential
equation and that Krueger [Kr76,Kr78] studied the inverse scattering problem for wg, — wy + e1(2)uy +
ea(@)ur + es(x)u = 0, where 2,¢t € R and the coefficients ¢1, ¢c2, c3 are piecewise continuous functions with
support in a finite interval. Krueger [Kr82] also considered uyy; — e(2)uyy = 0 when () is constant for
2 < 0 and piecewise continuous for > 0, and he developed an iterative method to recover £(x) when the

incoming and reflected waves are given.

2. PRELIMINARIES

In this section we review the small and large k-asymptotics of the scattering matrix associated with
(1.1). The reader is referred to [AKV95] for the details and proofs. The scattering coefficients associated
with (1.1) are defined in terms of the Jost solution from the left fi(k, z) and the Jost solution from the right

fr(k, 2), which satisfy the boundary conditions

eFH+T 4 o(1), r — +o0,
(2.1) Jilk,z) = 1 m L(k) _inm
K3 - K3 - 1 _
T 17 S U
U iemge | BE) iemrw
— 1
Loy =4 TR Tmme T e
e"tRH-2 4 5(1), r — —00,

where Ti(k) and T, (k) are the transmission coefficients from the left and from the right, respectively, and
R(k) and L(k) are the reflection coefficients from the right and from the left, respectively. The scattering
matrix associated with (1.1) is defined by

Ty(k) Rk
=1 7]

For brevity, the entries of S(k) are also referred to collectively as scattering coefficients. The bound states
associated with (1.1) are given by the square-integrable solutions of (1.1), and such solutions can occur only

at certain discrete negative values of k? known as bound state energies; k = 0 is never a bound state.

As in [AKV95] we introduce the reduced scattering matrix

T(k k
@ 0=[7 1)
where
(23) b = R0 = [T 0l = RIS k) = L
+oo
(2.4) Ay :i/ ds[Hy — H(s)], A=A_+A4.
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We will refer to 7(k) as the reduced transmission coefficient and to p(k) and £(k) as the reduced reflection
coefficients from the right and from the left, respectively. The entries of (k) collectively are also referred

to as reduced scattering coefficients. The matrix o (k) is unitary for ¥ € R and we have

(2.5) det o (k) = 7(k)? — (k) p(k) =
where det denotes the matrix determinant.

As in [AKV95] we distinguish between the generic and the exceptional cases for (1.1). The generic
(exceptional) case is said to occur if 7(0) = 0 (7(0) # 0). Equivalently, the exceptional case occurs if the

zero-energy Jost solutions f1(0,z) and f,(0, z) are linearly dependent, i.e. if we have

(26) f,(O,x):yfr(O,x)

for some nonzero constant v. In the generic case fi(0,#) and f,(0,z) are linearly independent and hence

[f1(0,2); £-(0, )] # 0, where [f; 9] = fg' — f'g denotes the Wronskian.

Let C* denote the upper and lower half complex planes, respectively, and C* = C* UR. The following
theorem proved in [AKV95] summarizes some properties of the reduced scattering coefficients that are

relevant to us.

Theorem 2.1 (i) 7(k) is meromorphic in Ct and continuous on R. In the generic case 7(k) vanishes
linearly as k — 0 in C*+. The bound state energies correspond to the (simple, finitely many) poles of 7(k) in

C*, and such poles may occur only on the imaginary axis in C*.

(ii) p(k) and £(k) are continuous for k& € R. In the generic case we have |p(k)| = |€(k)| < 1 for £ # 0 and
p(0) = £(0) = —1, whereas in the exceptional case we have |p(k)| = |¢(k)| < 1 for all k € R.

The detailed asymptotic behaviors of 7(k), p(k), and (k) as k — 0 with error terms depending on «
[cf. (H5)] were given in [AKV95]. Using the small k-behavior of the reduced scattering coefficients, it is
possible to show that when Q(#) and p(k) are known, H, can be obtained from H_ and vice versa. This

can be seen as follows. In the exceptional case we have [AKV95]

_ [+ p(0)]
(2.7) Hy = 0 H_,

where 7 is the constant in (2.6), and this constant is determined by @Q(x) alone. In the generic case we have

(2.8) i, = ORI

where ¢ := limg_g %kﬂ Note that f;(0,2) and f.(0,z) are determined by @Q(z) alone, and hence their

1 — |p(k)?
12

(—1)N_1c > 0, NV being the number of bound states. Hence, c is solely determined by p(k) and N

Wronskian in (2.8) is also determined by @Q(z) alone; furthermore we have ¢ = limg_g , while
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The local Liouville transformation on each interval (z;,z;11) given by

(29) v=o)= [ st v = T )
transforms (1.1) into the Schrodinger equation

(2.10) dzfl(iy]z’w + k2 ¢(k,y) = V(y) ¢(k, ),

where

.11 Vi) = V(ua)) = o - ST 2

Hence V(y) is defined for y € R\ {y1, -+, yn}, where y; = y(z;). Since H(z) > 0 and has positive limits H4
as & — £00, we have ¥y = yo(20) = —o0 and yny1 = y(xn41) = +00. Note that, since the functions ¢ (k, z)
and ¢'(k, z) are continuous at «;, the functions ¢(k,y) and dé(k, y)/dy will not be continuous at y;. From
the continuity of ¢¥(k,z) and ¢'(k,z) at z; for j = 1,--- | N, we obtain the following (internal) boundary
conditions for ¢(k,y) :

(2.12) ok, y; — 0) = /aj ¢y; +0),
(2.13) dothyi =0) _ up ey 0y — 90U +0)
. dy J » Jj \/ﬂidy )
where
_ H(z; —0)
@1 b= T
(2.15) v; L H'(z; —0)  H'(z;+0)

T2 /H(x; +0) H(z; —0) | H(z; —0)  H(zj +0) ]

It is straightforward to check that the boundary conditions (2.12)-(2.13) are self-adjoint. So we can think
of (2.10) as a Schrodinger equation with potential V(y) given by (2.11) on the intervals (y;, y;j41) for j =
0,---,N and supplemented by the boundary conditions (2.12)-(2.13) at the points y;. As shown in the
following proposition, although V(y) is undefined at y; for j = 1,---, N, we can still associate a scattering

matrix with (2.10).

Proposition 2.2  The scattering matrix for (2.10) with the boundary conditions (2.12)-(2.13) is precisely
the reduced scattering matrix o (k) defined in (2.2).

PROOF: From (2.4) and (2.9) we have

(2.16) ylo) = Hy o — Ay + o(1), r — +00,
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(2.17) ylo) = H_x+ A_ + o(1), r — —0o0.

Hence, by using (2.16), the Jost solution from the left for (2.10) [i.e. the solution of (2.10) such that
e~ g (k,y) = 14 o(1) as y — +oc] is given by

H{(x)
VHy

Therefore, as y — —oo, from (2.1) and (2.17) it follows that

¢l(kay): e_ikA+ fl(ka$)

H_ emika H_ L(k) .
k — M- iky M- th(A_—Ay) —iky 1).
¢l( ’y) H_|_ ﬂ(l{') € + H_|_ jwl(k)e € +O( )
By using (2.3) we see that
1 0k _;
2.1 koy) = —~ e 4 ——L e 4 o(1 -
(2.18) TR TR

and thus 7(k) is the transmission coefficient and £(k) is the reflection coefficient from the left for (2.10).
Similarly, by considering the Jost solution of (2.10) from the right, one shows that the reflection coefficient
from the right is p(k). B

Later in the paper we need to know how the (reduced) scattering matrix changes when we perform a

shift y — y + £ for a fixed £ € R.

Proposition 2.3 For any £ € R, let V(y;€) = V(y + £). Consider (2.10) with V(y) replaced by V(y;€)
and boundary conditions of the form (2.12)-(2.13) at the points y; — &, where the numerical values of ¢; and
; are independent of £&. Then the scattering coefficients for V(y) and V(y; &) are related by

(2.19) T(k;&) =71(k),  p(k;&) = p(k),  L(k;€) = e FU(k).

PROOF: The Jost solution from the left associated with V(y;€) is given by ¢;(k,y; &) = e~ *€ ¢;(k, y + €).
Then (2.19) is obtained by using (2.3), (2.4), and (2.18). I

Let V; ;+1(y) be the potential defined by
V(y), v €W yi+),
(2.20) Vij+i(y) =

0, elsewhere.

As a consequence of hypothesis (H4) we have
(2.21) Vij+1() € Li(R),  j=0,--- N.

Let g1 i+1(k,y) and gr; j+1(k, y) denote the Jost solutions from the left and right, respectively, associated
with the potential V; j41(y). Then the functions defined by

1 1
(2.22) njj+1(k, r) = NGIE) gijiviky), &k )= NG griji+1(k,y),



become solutions of (1.1). Let us introduce the matrices

- _ [ mg+r(k,w) &gk, @) N
F],]+1(kax) = |:77‘;'7]'+1(ka$) €}7j+1(k’x) ) Jj=0, N,

N
(2.23) G(k) = [ Tnormlk, 20 = 0)7 ' T ga(k, 2, + 0).
n=1

Let ¢ ;j41(k), rj j41(k), and [; ;41(k) denote the scattering coefficients for the potential Vj ;41(y). It was
shown in [AKV95] that

(2.24) % _ toyll(k) (1 01G(k) [é] = m[o 1G(k)™! m ,
@ . lo,1(k) 1
5=l ew]o]

plk) _ ryN+1(k) 1[0

(229) oo e e [V

Moreover,

22]6‘ to 1(]6’)
ettt == w = ®

Let

(2.26) an:%<¢q_n+¢1q_n), &z%(@—jq_n),

(2.27) E(k,x,) = [ﬁn;?kyn ﬁ”e;iky] ,

with ¢, as in (2.14); let us also define a(k) and b(k) by

a(k) bk al

(2.28) [b((_k)) a((_li)] :nl;[lE(k,xn).

From (2.26)-(2.27) we see that

(2.29) la(k)]* = [b(k)]? =1, kE€R.

Let APY (almost periodic functions with Wiener norm) stand for the algebra of all complex-valued

functions f(k) on R which are of the form f(k) = > .- fje'" i where f; € C and A; € R for all j

j=—0c0
and 3. |f;| < oo. By letting k — oo in (2.23) and using (2.24) and (2.25) we obtain the following theorem
proved in [AKV95].



Theorem 2.4 We have

1 . =
(2.30) =) = a(k)[1+ o(1)], k—oo in Ct,
(2.31) sy = =M o) ki in R

- 1 bk
Moreover, |a(k)] > 1 on C* and the functions a(k), b(k), m, and % belong to APW.
a a

3. SCATTERING DATA AND UNIQUENESS

The motivation for this section comes from some observations made in [AKV95] concerning the unique-
ness of solutions to the inverse problem. The question of uniqueness is closely related to the choice of an
appropriate set of scattering data. Recall our assumption that there are no bound states. We will show
that in the generic case the scattering data consisting of @(z) and a reduced reflection coefficient uniquely
determine H (z);in the exceptional case either H or H_ must be specified in addition to @(z) and a reduced
reflection coefficient to determine H(z) uniquely. There is no loss of generality in using p(k) as the reduced
scattering coefficient in the scattering data, and without further mentioning it we will simply use p(k); one
can easily modify the proofs if £(k) is used instead of p(k) in the scattering data. We will also give the
appropriate modification if one uses a reflection coefficient instead of a reduced reflection coefficient in the
scattering data; it then turns out that in the generic case when (3.41) fails one also must include either H
or H_ in the scattering data. Since the proofs essentially remain the same whether one uses R(k) or L(k) as

the reflection coefficient, without loss of generality we will state and prove our results by using only R(k).

We recall that in the absence of bound states the inversion procedure described in [AKV95] requires
two key ingredients: the potential Q(z) and the reduced reflection coefficient p(k) (or, alternatively, R(k)). In
the exceptional case one also needs to know H, in order to determine H(z) uniquely. For example, consider
the scattering data given by Q(z) = 0 and p(k) = po, where pg € (—1,1) is a constant. Corresponding to

this set of data we have

H+, l‘>0,

3.1 H(x)= 1-—

(3.1) () P eco
T+p

and hence a one-parameter family of functions H(x) corresponds to the same scattering data. In general, in
the exceptional case no conditions on H arise during the inversion procedure, and hence one always ends
up with a one-parameter family of functions H (), parametrized by Hy. However, the parameter I, will
generally not be a multiplicative factor in H(z) as in (3.1). The proof that, in the exceptional case, there
exists a one-parameter family of functions H(z) depending on Hy, having the same p(k), and satisfying

(H1)-(H4), was not given in [AKV95]; it will be given here in Theorem 3.2.
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On the other hand, in the generic case, we learned from Example 6.2 in [AKV95] that H, is not a
free parameter as in the exceptional case but is determined by p(k) and Q(z). We have since realized that
this is generally true in the generic case, and we will prove this fact in Theorem 3.1. It is possible to modify
the inversion procedure of [AKV95] and use the reflection coefficient R(k) instead of the reduced reflection
coefficient p(k) in the scattering data. Somewhat surprisingly, it then turns out that in the generic case
there is one special situation, where H, also becomes a free parameter; this special case occurs when (3.41)

fails and 1t will be described in Theorem 3.3.

We will first show that in the absence of bound states the scattering data appropriate for the unique

solution of the inverse problem associated with (1.1) are:
1. In the generic case:  {Q(x), p(k)}.
2. In the exceptional case: {Q(x), p(k), Hi}.

In preparation of the proof of our first theorem we recall some results from [AKV95]. The function
Q(z) enters into our formalism through the zero-energy Jost solution f;(0,z) and its k-derivative fl(O, z).

These two functions satisfy the following integral equations:

oQ

(3.2) fi(0,2) = 1—1—/ dz (z —2) Q(2) f1(0, 2),

xr

(3.3) £1(0,2) = iH+x+/oo dz (2 —2) Q(2) fi(0, 2).

Incidentally, (3.3) shows that fl(O, z) is also a zero-energy solution of (1.1) and is linearly independent of

f1(0, z), since it grows as « — +o0o. From (3.2) and (3.3), the estimates

(3.4) 1710, 2)] < (14 max{0, —z}) e @ OHDIQEN

(3.5) |fl(0,l‘)| <Hi(1+ |x|)e(fjo°° dz(1+|z|)2|Q(z)|)

follow by iteration. Since @ € L3(R), from (3.3) and (3.5) we conclude that

(3.6) fi(0,2) = iHyx 4+ o(1), r — +00.

Since we assume that there are no bound states, we have f;(0,2) > 0 for all x € R. On letting # — —o0 in

(3.2) and using (3.4) we find

(3.7) fi(0,2) = —qz + di + (), r — —00,
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(3.8) ¢ :/_Oo dzQ(2) fi(0, 2),
(3.9) di =1+ /_00 dz z Q(z) f1(0, 2),
(3.10) a(z) = —/_x dz (z —2) Q(2) f1(0, 2).

From (2.15) of [AKV93] it follows that ¢; = [fi(0, z); £(0,2)] > 0. The detailed asymptotics stated in (3.7)
will be needed at the end of this section. We denote by j;lyl(O, z) the unique solution of (3.3) for H; = 1.
The ratios defined by

fi(0,2) f11(0,2)

(3.11) G(x) i 710,2) G1(x) i 710.2)
will play an important role in the sequel. By (3.3) we have
(3.12) fi(0,2) = Hy f11(0,2),  G(x)= HiGi(x),
and (cf. (2.27) in [AKV95])
(3.13) G2) = —— >0

. ! B fl(oa $)2 .
Moreover, using (3.6) and (3.10) we obtain
(3.14) Gi(z) =z + o(1), r — +00.

We now return to the inversion method of [AKV95]. The solution of the inverse problem leads to the
following implicit equation (cf. (5.24) in [AKV95]):

(3.15) y+ AL+ X(0,y) = HiGy(x),

where y = y(z) is the function defined in (2.9) and )N((k, y) is the solution of the singular integral equation

(3.16) X (k,y) = Xo(k, y) + (O, X)(k, ),

with

(3.17) Kotk = 5y [ e el
(3.15) OF)kw) = g [ -9 K s ).
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Note that the function )N((k, y) is related to the solution X (&, x,y) of (5.21) in [AKV95] by

The existence and uniqueness of solutions of (3.16) in the Hardy spaces H” (R) with 1 < p < oo was proved
in [AKV95]. Recall that the Hardy spaces HY(R) are the spaces of analytic functions F(k) on C* for
which sups [ dk|F(k=ie)|? is finite. The constant Ay in (3.15) is determined uniquely by the condition
y(0) =0, i.e.

(3.19) Ay = HLG1(0) — X(0,0),

and thus (3.15) can be written as

(3.20) y+ X(0,y) = Hy[G1(x) — G1(0)] + X(0,0).

Theorem 3.1  For a given set of scattering data, if a solution H(x) of the inverse problem exists, then it
1s unique.

PROOF: In the exceptional case, fi(0,2) — v as @ — —oo, where 7 is the constant defined in (2.6); since
f1(0, ) is bounded and strictly positive, using (3.13) we conclude that the range of G(z) is the whole real
line. In the generic case, by using (3.7), (3.11), and (3.13), we see that

: 0 1
(3.21) xl}r_noo Gi(z) = Gi(—o0) = G1(0) — /Oo dz W

is finite. Therefore, in the generic case, by using (3.12) and (3.13), we see that the range of G(x) is the interval

(HyG1(—o0),400). A solution y(x) of (3.15) is assumed to exist and y(x) is monotonically increasing; hence
the left-hand side of (3.15) must also be monotonically increasing as a function of y. In fact, by differentiating
(3.20) and using (3.13) and dy/dx = H(x), we see that the function )N((O, y) is continuously differentiable

except possibly at the points y; = y(z,), and

dly+ X(0,y)] I
dy - H(gﬁ)fl-l(_o,x)? >0, yeR\{y1,--,yn}.

Since the ranges of both sides of (3.15) must be equal and limg;_ 1o y(#) = £00, we conclude that in the

exceptional case

lim [y + )N((O, y)] = foo.
y—+oo

In the generic case we have

lim [y + X(0,y)] = +o0,
y—4o00

and from (3.20) and (3.21) we conclude that the limit

(3.22) w:= lim [y+ X(0,y)]

Yy——00
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exists and is finite, and that
(3.23) w= H[G1(—o0) — G1(0)] + X(0,0).

Hence, solving (3.23) for H; we obtain

 w—X(0,0)
o Gl(—OO) — Gl(O)’

which shows that in the generic case Hy is determined uniquely by p(k) and Q(#). This is the reason why

(3.24) Hy

we do not include Hy in the scattering data for the generic case. In the exceptional case both sides of (3.15)
have infinite range and hence there is no restriction on Hy arising from the implicit equation (3.15). From
the monotonicity of the two sides of (3.15) it is clear that (3.15) is uniquely solvable for y(z). The constant
A4, the function )N((O, y), and, in the generic case, the value of 7} are determined uniquely by the scattering

data. Hence the proof is complete. i

In the rest of this section we will obtain some further results on the function )N((O, y). The first piece
of information comes from the fact that the two expressions for Ay, (2.4) and (3.19), must agree. Let us

temporarily denote the constant in (2.4) by AS}) and the constant in (3.19) by AS_Z). Then

oQ

(3.25) Ay = / s [y — H(s)] + / ds[Hy — H(s)] = Hyx — y(x) + of1),

where o(1) stands for terms that go to zero as # — +oo. Replacing Ay by Af) in (3.15), from (3.14), (3.15),
and (3.25) we obtain
1 2 o
AW = A% 4 X(0,9) + o(1).

Hence, AS}) = Af) if and only if

(3.26) lim X(0,y) =0.

y—4o00
This amounts to a condition on p(k). For example, (3.26) holds if p(k) has an analytic continuation into
C* and obeys the estimate |p(k)| < ¢y exp(c2Ilmk) on C+ for some constants ¢; and 5. This follows from

(3.16)-(3.18) by contour integration and iteration. The examples discussed in [AKV95] have this property.

The fact that in the exceptional case the constant Hy is not restricted by (3.15) suggests that it is a
free parameter in the sense described in the introduction to this section. The next theorem will make this
notion precise. We will distinguish a particular function Hy(x) satisfying (H1)-(H4) and denote its reduced
scattering matrix by og(k) and the corresponding solution )N((O, y) of (3.16) by )N(O(O, y). A subscript zero will
be used also on other quantities to indicate that they are associated with Hy(z); e.g. we will write og(k),
po(k), and Ay 4 for the quantities o(k), p(k), and A4 defined in (2.2)-(2.4), etc. Then we consider (3.15)
with )N(O(O, y) in place of )N((O, y), but on the right-hand side we leave H; > 0 and view it as a parameter (so

H . need not be equal to Hy 4); in other words, we consider
(327) y+A++X0(0ay) IH+G1(1‘),
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In the following, the quantities that do not carry a subscript zero are associated with the solution y(x) of
(3.27) for a given H,. The following theorem shows that, in the exceptional case, there is a one-parameter

family of functions H(x) with parameter Hy, which corresponds to the same scattering data {Q(x), p(k)}.

Theorem 3.2  Suppose we are in the exceptional case with @ € Li(R) and that Ho(x) obeys (H1)-(H4).
Then for any Hy > 0, the function H(z) = ¢/(x), where y(x) is the solution of (3.27), also obeys (H1)-(H4).
Moreover, o(k) = oo(k).

PROOF: We will first verify (H1)-(H4) in the order (H2), (H3), (H1), and (H4). Differentiating (3.27) with
respect to z and using G (z) = 1/f1(0,2)? [cf. (3.13)] we get

(3.28) X5(0,y) = T F(0,2)7 L,

where the prime on )N(O(O, y) denotes the y-derivative. Replacing in (3.28) H(z) and H4 by Ho(z) and Hy 4,

respectively, and letting £ — Zo0, we obtain

bl

. - . - Ho 4
3.29 lim X{(0,y) =0, lim X{(0,y) = —= 1
(3.29) ,Jim X5 (0, y) ,Am Xo(0.9) = 775

where we have also used (2.6). Since Hy(x) is bounded and bounded away from zero by (H1) and (H2), we
see from (3.28) that )N(()(O, y) must obey an estimate of the form

(3.30) 0<Cy <1+ X50,y) < Cy < o0,

for some constants C and Cy. Now return to (3.28) with an arbitrary H(z). By using (3.29) and (3.30) we
conclude that H(z) must approach finite limits as # — +o0; in particular limy_ 400 H(2) = Hy. Moreover,

from & — —oo, we obtain

Hy _ Hog

31 =
(3.31) =

i.e. the ratio H;/H_ is the same for all solutions of (3.27). This shows that H () obeys (H2). In order to
deal with (H3) we recall that from (3.2) and the assumption @ € Li(R) it follows that (cf. [DT79], Lemma
1, p.130)

(3.32) 1-£i(0,) € L"(RY),  v—fi(0,) € L'(R7).

Now write (3.28) as

Hy —H(z) 1= Ji(0,2)*
H(x) fi(0,2) ~ fi(0,2)?

Since Hy(z) obeys (H3), using (3.32) we have )N((’)(O, )€ LY(RY). Using (3.33) we see that H— H, € L*(R™").

(3.33) X4(0,y) =

Similarly, when z < 0 we write

He || Hi [ Ho—H@) 300
H_~2 ~ H_ | H(z) f1(0,z)? fi(0,2)242 |7

X(/)(Oa y) -
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and, since for H(z) = Hy(x) the right-hand side is in L' (R ™), the left-hand side must be in L!'(R ™). Hence
H—H_ € LYR7),ie. H(x)obeys (H3). Next we consider (H1). Solving (3.28) for H(x) we obtain

H
(3.34) H(z) = . .
f1(0,2)?[1 4+ X5(0, y)]
The points #q 1, - - - , #o,5 where Hy(z) has discontinuities determine, via (2.12), the points g1, - - - , yn, where

)N((’)(O, y) has discontinuities. Then, for an arbitrary H(z) the discontinuities z; are given by y; = foxj ds H(s).
Thus the number of discontinuities is the same for all functions H(z) given by (3.34). The estimate (3.30)
guarantees that H(z) is bounded from above and bounded away from zero. Thus H(z) obeys (H1). The
verification of (H4) and p(k) = po(k) will be done together, by using the Liouville transformation given in
(2.9)-(2.11). By differentiating (3.34), after lengthy calculations, we obtain for the potential V(y) in (2.11)

(3.35) V) =3 - . weR\{u. - ,uv)

X7(0,y)° X¢'(0,y)
+X5(0, )] 2[14+ X(0,9)]
The boundary conditions at y; are given by (2.12)-(2.13) with

1+ X450,y + 0
(3.36) gj = fj( i +0)
1+ X5(0,5; — 0)

bl

337 =l | 0w+ X0y -0
2 |14 X505+ 02 [14 X450,y — 0)]2

Since Ho(z) satisfies (H4), V(y) satisfies (2.21) and, in turn, this implies that H(x) satisfies (H4). The
essential point of (3.35)-(3.37) is that V(y) and the boundary conditions depend only on po(k) and not on
H . Therefore, the scattering matrix for (3.35) does not depend on Hy, i.e. by Proposition 2.2 we have

o(k) = oo(k). 11

We remark that in the case when Q(z) = 0 we can obtain H(z) from Hy(x) by a scaling transformation,
namely

H
H(l‘) = ﬁHo(H+I/H07+).

Furthermore, from (2.7) and (3.29) it follows that

: % 2p0(0)
1 X4 = —F
y =Tk 0(0,9) 1 — po(0)’

which complements (3.26).

Next we discuss the extensions of Theorems 3.1 and 3.2 to the case when R(k) is known instead of p(k)

as part of the scattering data. In view of (2.3), (3.15) assumes the form

(3.38) v+ Ar+ X000,y + Ay) = HiGi(a).
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Here )N(l(O, y) is the function obtained by solving (3.16) with p(k) replaced by R(k). We have used the fact
that, if in (3.16)-(3.18) we replace p(k) by p(k)e?*? with § € R, then this amounts to a shift y — y +0; in

our case § = A;. The constant A, is determined by
(3.39) Ay + X1(0,A4) = Hy G1(0).

Since both sides of (3.38) are monotonically increasing functions of their respective variables, Ay is deter-

mined uniquely. In the generic case, we let [cf. (3.22)]

wo = lim [z + X1(0, 2)].

Then, by (3.38), H is given as

wo
3.40 H, = ’
( ) + Gl(—OO)
provided that
(3.41) G1(—00) # 0.

If G1(—o0) = 0, then Hy remains undetermined. Note that if Gi(—oc0) = 0, we must also have wy = 0 in
order for (3.38) to be solvable for y as a function of . We will show below that if G1(—o0) = 0, then Hy
is a free parameter as in the exceptional case. Tt is interesting to see that in the construction of H(z) from
R(k) one may encounter this special situation which does not arise if one starts from p(k) [the denominator
in (3.24) is never zero]. Hence, if p(k) is replaced by R(k), then the scattering data should be redefined as

follows:
1. In the generic case:

(a) I Gi(—o00)#0: {Q(z), R(k)}.

(b) I Gi(—00)=0: {Q(x), R(k), Hy).
2. In the exceptional case: {Q(x), R(k), Hy}.

Theorem 3.3  Suppose that @ € Li(R) and that there are no bound states. Then the solution of the
inverse problem with the above scattering data is unique. Moreover, in the generic case with G(—o0) = 0
and in the exceptional case, the constant Hy is a free parameter in the sense that for any choice of Hy > 0,

the function H(z) resulting from the solution of (3.38) corresponds to the same reflection coefficient R(k).

PROOF: The uniqueness follows as in the proof of Theorem 3.1 from the monotonicity of both sides of (3.38).

The proof that in the exceptional case Hy is a free parameter and that the reflection coefficient does not
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depend on Hy is similar as in the proof of Theorem 3.2, the only difference being that the potential V(y)
in (3.35) is now replaced by V(y + Ay). If po(k) denotes the reduced reflection coefficient for a particular
function Hy(z), then, by Proposition 2.3 with &§ = AL — Ay 4,

plk) = A= 0) k),
and thus, by (2.3),
(3.42) R(k) = Ro(k).

It remains to deal with the generic case when Gy(—o0) = 0. We first show that for any H, the function
H(x) arising from the solution of (3.38) obeys (H2) and (H3). Tt suffices to consider # < 0, since for > 0
the reasoning is the same as in the case of Theorem 3.2; there is no difference between the generic and
exceptional cases when 2 > 0. Since in the generic case, fi(0, ) does not approach a finite limit as x — —oo,
the arguments based on (3.28) have to be refined. We first describe the idea behind the proof and then
fill in the technical details. Again we assume that there is a solution yp(z) with a corresponding function

Hy(x) obeying (H1)-(H4). We can think of Ho(x) as the function H(x) that, via its reflection coefficient,
determines X1 (0,) in (3.38). Now define = n(x) such that

(343) H_|_ Gl(ﬁ) = H07+ Gl(l‘)

Due to the monotonicity of Gi(z), n(x) is uniquely determined, and it satisfies n(z) — —oo as © — —oo. In
order to avoid possible confusion we mention that the relevant function is y(n) and not y(n(x)); in fact, we

have y(n(x)) = yo(x). From (3.38) and (3.43) we have
y(m) + Ag + X100, 5(n) + A4) = yo(@) + Ao 1 + X1(0,y0(2) + Ao 4)-
Consequently, by the monotonicity of the function z + )N(l(O, z), we conclude that
(3.44) y(n) + A = yolx) + Ao+
Differentiating (3.44) with respect to x we obtain
(3.45) vo(x) =y (n) ' (2).

Let us assume for the moment that 7/(z) has a limit as £ — —oo. Then ¥'(n) also has a limit as n — —o0,

which we call H_, and (3.45) implies that

(3.46) lim 7'(z) = =




Moreover, we can write

v [ )

This suggests that in order to verify (H3) for H () we must show that

Ho,

(3.47) 7

—1'() € Li(R7),
since the difference yj(z) — Hy — satisfies (H3) by assumption.

Next we turn to the justification of the steps leading to (3.47) and of (3.47) itself. Integrating (3.13)
and using G1(—o0) = 0 and (3.7)-(3.10), we obtain

¢ dz 1 d; 2 " a(z) 1

A4 = =+ — d — — 0.
(3.48) G (x) /_Oo e m o met s | eiReo(m). e
Let

¢ alz
(3.49) o(z) = /_ dz 2(3)
Using (3.48) in (3.43) we have
H

(3.50) n(x) iy O(1), T — —00,

= H07+
and then using (3.50) we obtain

H di(Hoy — H 2H
— O+ 1(Ho+ +) + +T
Ho 4 crHoy cHoy

(3.51) n(w) [p(x) — no(n)] + 0 (1) L e

We have left an n-dependent term on the right-hand side in order to combine it with another term later.

From (3.51) we obtain

an—d _ Hy | 2Hy x[ve(x) —ne(n)] 1
3.52 = O —00.
( ) cre —d; H07_|_ + H07+ cx —d; * ’ T

Differentiating (3.43) and using (3.13) we get
1_ a(n) ]2

oo Hog (0  Hoy (an—di)° [ an—dp
(3.53) n'(x) = Hy f1(0,2) - Hy (cjz—dp)? [1 alz) ]2

cr — dl
Expanding the right-hand side of (3.53) with the help of (3.51) and (3.52), we find

Hy 2H, alx) e(n) 1
- ki 0 — (2 — —oo.
Tor "oty rp(z) + — ne(n) + R e R

From (3.54) we see that

(3.54) 0 (w)

(3.55) lim /(z) =



and hence the steps leading to (3.46) have been justified. Moreover, comparing (3.46) and (3.55) we obtain
(356) HO,— H07+IH_ H+.
By (3.54) and (3.56), in order to verify (3.47) it suffices to show that

I(e) = 2p(e) + 2 ¢ ymy.

X

Using (3.10), (3.49), and integration by parts we obtain

I(x) =« / dssiz / dzQ(z) f1(0, z).
Hence

o)< [ " a1 170, ),

and thus after another integration by parts, we obtain

/ dir | I(2)) < / 0z 2] [Q(2)] 1£(0, 2)] < .

This proves (H3). Property (H1) is clear from (3.45). The verification of (H4) and of R(k) = Ry(k) is done

as in the exceptional case. |

We remark that, in addition to (3.42), we have from (2.3) and (2.19)
L(k) = e~ 2(A=40) [ (k).
Moreover, in the exceptional case, using (3.31) we get
Ti(k) = e (A=D1 (), T (k) = ei* A=y (),
and in the generic case, using (3.56), we have

H : H
Ty(k) = —2F A=V (), To(k) = —F

ik(AD—A)T k).
H+ H07+ € 077'( )

Hence unlike Theorem 3.2, the scattering matrices S(k) are not the same for all potentials H(#) resulting

from the solution of (3.38).

The following example illustrates the case GG1(—o0) = 0, in which case Hy needs to be specified as part

of the scattering data in order to obtain H(x) uniquely.

Example 3.4 In order to avoid lengthy formulas we assume that Q(z) = é(x — 1), where § denotes the
Dirac delta function. This Q(#) does not satisfy (H5), but it can be approximated by Q(«) that do, without

affecting the conclusions of the example. For the reflection coefficient we take

_ 1+ ik —4ik
(3.57) R(k) = — e
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Such reflection coefficients were considered in [AKV95] (Example 6.2, with 4 = 1/3,& = 1/3 and § = —4),
where we solved (3.16). We have

R 0, y>2,
X1(0,y) = —9)(y—1
1(0,y) (y—2)(y )’ <o,
3—y
1, x>1,
0,z)=
Ji0,2) { 29—2, <l
. x, x> 1,
— 0,7) =
i1.(0,2) { 1,  ae<l
Therefore
x, x> 1,
G =
1(#) L , r <1
2—=x
Thus we are in the generic case with Gi1(—oc0) = 0 and we also have wg = 0. From (3.39) we obtain

Ay =Hy/2if Hy >4 and AL =3 — (4/Hy) if Hy < 4. Solving (3.38) we obtain

(i) itHy >2:
H+, l’>1,
Hy 4—-Hy
1
Hz)={ (@2-2) 5 TS
2 4—-Hy
H_-|—’ r < 9 ’
(i) if0< Hi<2:
2
H 2
+> x> H+a
H 2 <<
= X ——
($) H+l‘2’ +’
2
_—, xr <1,
Hy
(i) if Hy =2:
2, x>1,
H(z)=
1, r <1

The functions H () all have the same reflection coefficient given by (3.57), independently of the value of
H, . Note that the product of limg;_,_o H(2) and H; does not depend on H4 [cf. (3.56)].

4. AN ALGORITHM TO RECOVER DISCONTINUITIES

In this section we first show how certain characteristic quantities associated with the discontinuities
of H(x) can be recovered knowing only the leading asymptotic behavior of p(k) for large k. Among these
quantities are the number N of discontinuities, the values y;, and the ratios ¢; given by (2.14). Later in the
section we will study the recovery of these quantities when the large k-asymptotics of R(k) is used instead

of the asymptotics of p(k).
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According to (2.31) the leading term of p(k) as k — oo is given by

paS(k) = _a(k)’

and from (2.26)-(2.28) we see that pa(k) is completely determined by N, y;, and ¢; for j = 1,--- ,N. In
particular, @(#) has no influence on pag(k). In order to recover the locations 1, - - - , x5 of the discontinuities,
further information about H(z) is required. For example, if H(z) is known to be piecewise constant, given
pas(k) and either Hy or H_, the points @1, -+, zny can be determined uniquely; hence in this special case,
H(x) itself is recovered uniquely by our algorithm. As we will see in Section 5, when p(k) = pas(k), the
product H(z) f1(0,z)? is a piecewise constant function; in that case our algorithm also yields H(z) in terms

of p(k) and either H; or H_.

We first observe that |a(k)|? = 1/(1— |pas(k)|?) and that one can construct a(k) from |a(k)| as described
in [AKV94]. Hence b(k) = —pas(k) a(k) is also known. Therefore, we may assume that a(k) and b(k) are
known separately. Note that in an application pas(k) might not initially be available as the ratio —b(k)/a(k)
with given functions a(k) and b(k). However, as indicated in Theorem 2.4, pas(k) is almost periodic, and

hence from a given p(k) we can always find pas(k) in the form

pas(k) = Y pue

n=—oQ

Wlth Z;.Lo:—oo |pn| < OO, Mn € Ra and

I "
— : —IRNn
=l op /_Ldkp(k)e '

Note that p, are real because of the symmetry pas(—k) = pas(k) for k& € R. For later reference we list the
expressions for a(k) and b(k) when N =1,--- 4

IfN=1:
(4.1) ak) =ay,  EMbk) =75,

IfN=2:

(4.2) a(k) = ayay + By fae? Wm0,

(4.3) ePRY2p(k) = oy By + Brane®hWamy1),

IfN=3:

(4.4) a(k) = arasas + B Paage® W27V o) B, Bae 2R amY2) 4 g oy B PR Wa—Y1),
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(4.5) Y (k) = ayasfs 4 B B2 Bse? WY 4 o) By age R WaTY2) 4 ) g Ry

a(k) =ajasazay + 515204304462ik(y2_y1) + 041525304462ik(y3_y2) + 51Oé25304462ik(y3_y1)
(4.6) + ayasfaBae? W1V 4 o) BragBae? R W1V 4 B g B e VamYL)

+ 5152535462ik(y4—y3+y2—y1)’

2 hap(k) =ayasasfy + PiPacsBae 2TV ooy By B By R WemY2) L B) vy B By WemY1)
(4.7) + Oz1a2630z462ik(y4_y3) + a162a3a462ik(y4—y2) + 61a2a3a462ik(y4—y1)

+ 515253a462ik(y4—y3+y2—y1).

The expressions for a(k) and b(k) when N is arbitrary can be obtained from (2.28); the expression for
a(k) was also given in [Gr91]. In the following we will make certain statements about the general form of
a(k) and b(k). These can all be easily proved by induction on N noting the fact that in view of (2.28) adding
a discontinuity on the right corresponds to a multiplication from the right by a known matrix. For example,
we note that a(k) and b(k) are exponential polynomials having at most 2V~ nonzero terms. Note also that

for a given N, e?*¥~p(k) is obtained from a(k) and vice versa by interchanging a and By. We write

(4.8) a(k) =ap+ Z apetFrn,

b(k) =" bue”ten,

where ag > 0 and a,, b, are nonzero real constants. It is evident from (4.1)-(4.7) and can also be proved by

induction on N that A, > 0, and that the &, are of the form A, — yn.

Next we list the steps of the algorithm allowing us to recover N, y;, and ¢; from pas(k). Recall that a(k)

and b(k) are known when pys(k) is given.

1. From b(k), we obtain yy as yy = —min, &,. Note that the coefficient of that exponential term is

aras - -an—10N.

2. The constant term in a(k) is equal to ayas - any_1an.

3. From the ratio of the coefficients in steps 1 and 2 above, we obtain 2—]; and hence
14+ p6n/an
IN=717—"% 7
1 —Bn/an

4. We construct the matrix E(k, xy) defined in (2.27) by using yn and gqn.
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5. From (2.27), we obtain the matrix F(k,zx)~" and then define

al =1k pIN =1k a(k b(k 1
oy = [ olh] Eee

Note that al¥=1(k), when not constant, has again the form (4.8) with ag > 0 and a,, b, nonzero real

constants, but with fewer terms.

6. We replace a(k) and b(k) by al¥=1(k) and 6[N=1(k), respectively, and repeat steps 1-5. This results in
functions alN=21(k) and sIN=2I(k). We repeat the procedure until the matrix in step 5 no longer contains
any exponential terms on the diagonal, i.e. until we arrive at the matrix E(k, ;). From it we find 4

and q1.

Note that it is possible to determine y; right after step 1 of the algorithm as follows: From (4.8) we
obtain yy — y1 as yy — y1 = max, A,; note that there 1s a unique term for which this maximum occurs and
that the coefficient in front of this exponential term is Fias - an_18n; hence, having obtained yy from
step 1, we also have y;. This determination of y; can help us to check the correctness of the computations
since y; 1s also determined as explained in step 6. There are also ways to speed up the algorithm if further
information on H(x) is available. For example, if @Q(x) = 0, H is given, and H(x) is known to be piecewise
constant, then Theorem 5.1 implies that p(k) = pas(k). We can therefore use p(0) = —b(0)/a(0) in (2.7) with
v =1 to determine H_ = H(z; — 0). Then we can use the fact that under a reflection + — —z the function
a(k) remains invariant, whereas the function b(k) changes to —b(—k). Using this property, we can determine
g1 at the same time we determine . Then, we can carry out the algorithm by working from both ends. As

we will see in Section 5, whenever p(k) = pas(k), our algorithm gives us H(x) in terms of p(k) and .

In the following example we illustrate the above algorithm (without the improvements mentioned in the
previous paragraph). Assuming () is piecewise constant and H, is given, we also determine the values

L1, TN

—T6ik
Example 4.1 Assume a(k) = hi(k) and b(k) = e fa(k)
1008v/2 1008v/2

f1(k) = 1625 4 130eF — 50e*?F 4 2544k _ 958k | 950k _ 130860k _ 6592k

, where

fa(k) = 325 + 26e5% — 10e2F 4 125e1F — 5% 1 10°0% — 650e50'F — 32567,
—76ik
From the term 00573 in b(k), we see that

082
325

gy = =76,  ay---ay 18y = —2_
YN 1 N-1/N 10053

and from the constant term in a(k) we obtain

1625
Q1 AN_1Y = .
LN T 0082
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Hence yny = 38 and fy/an = 325/1625 = 1/5, and so gy = 3/2. Next we construct E(k,zy) =
an Bre=2ikyn

By etikux . ] by using (2.26) with n = N and obtain ay = %, Oy = ﬁ, and thus

1 5 o= T6ik

E(kal‘N)—m[emm 5 ] .
a(k)  b(k)
b(—k) a(—k)
gn—1 = 7/6. A further repetition gives yny_» = —5 and gy_2 = 3/7. We also obtain

Then we form the matrix [ ] E(k,zy)~! and execute step 6. We obtain yy_; = 16 and

N-3 .
1 5 _616zk:|
F k,l‘n = —F — 163 .
nlzll ( ) /—24 [—6 164k 5

Since there are no exponential terms on the diagonal, this must be the matrix F(k,z1). Hence N = 4,

y1 = —8, and q; = 2/3.

If we further assume that H; = 4 and that () is piecewise constant, using H (x4 +0) = H; =4 and
qq = 2/3, we obtain H(xz4—0) = H(23+0) = 6; then using ¢z = 7/6 we obtain H(zs—0) = H(z2+0) = T7;
from g2 = 3/7 we have H(zy —0) = H(x1 +0) = 3; finally, using ¢1 = 2/3 we obtain H(x; —0) = H_ = 2.

Hence we have

2a y< _8a
3, —8 <y < —b,
H(z)=<T1, —b <y <186,

6, 16 < y < 38,

, y > 38.

Finally, by using y; = foxj ds H(s), we obtain 1 = —12/7, x5 = =5/7, 3 = 16/7, and x4 = 125/21.

An algorithm for finding N, ¢;, and the differences T; := y;j 41 —y; for j =1,--- , N—1 from |a(k)]| alone
was given in [Gr90,Gr91]. Below we will only refer to [Gr91], where a more detailed account was given.
In [Gr91] there is the additional restriction that T;/7; has to be irrational whenever i # j; this restriction
implies that the exponents of the 2V~1 terms in a(k) are all different. Without this restriction some of the
terms in a(k) or b(k) may have the same exponential factors and hence the number of distinct terms in
a(k) or b(k) may be less than 2V~1 in which case the algorithm of [Gr91] cannot lead to a unique H(z).
Since the coefficients of the exponential terms in b(k) may be positive as well as negative, it is possible that
sometimes the number of terms in a(k) may be different from that in 6(k). In general, one cannot even obtain
N from |a(k)| and Hy alone [or even from a(k) and H, alone]. Our algorithm described in this section does
not have such restrictions; furthermore, it only involves simple algebraic matrix operations and hence it is

easy to implement.

In the following example we show that one cannot even determine N from a(k) and H; alone.
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Example 4.2 Let

45 5 oaik 15 ok Lo i 15
a = ——— - —— "M b = ——c¢ - ——e -—.
=506 16v6 )= 58 2./6 16v/6
Assuming that H(xz) = Hy(x) is piecewise constant and H; = 3/2, our algorithm gives us
1, x <0,
2, 0< <3,
Hy(x) =
3, 3 <z <h,
%, x > h.

We have a1 = %, ay = %, a3 = ;)W’ B = —ﬁ, B2 = —ﬁ, and (3 = ﬁ Note that in this example
N=3,y =0,y =6, and y3 = 12. Also, 81823 = —a1 3203, and thus the second and third terms on the
right-hand side of (4.4) cancel. Now let

—4 =241 o N —4 ++/241
——— _—.
1616 1616

Assuming again that I (x) = Hy(x) is piecewise constant and Hy = 3/2, our algorithm gives us

Clz(k‘) = Cll(k'), bz(k‘) =

1, x <0,
25 — /241 1

Hy(x) = — 1 - .5922..., 0<ze< 5(25 +v/241) = 20.2620...,
3

1
5 > 525+ 2d0).

Note that now N = 2, but that a(k) is the same for H;(x) and H(z).

Finally, we discuss the modifications needed in our algorithm when Rag(k) is known instead of pas(k).

By Ras(k) we mean the almost periodic part of R(k) given by [cf. (2.3)]
(4.9) Ras(k) = pag(k) e 2154+,

In order to deal with the factor e=2%4+ we consider for a moment the shifted functions Q(z; k) = Q(z + )
and H(z;k) = H(z + &). It follows that the corresponding potential V(y; ) in (2.11) satisfies V(-;x) =
V(- + y(x)). Therefore, Proposition 2.3 implies that

plki r) = ¢4 o 1 )
and thus

(4.10) paslhi i) = F S B o,
Now choose xg such that

(4.11) / ds H(s) = —A,.
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Then we see from (4.9)-(4.11) that pas(k; K0) = Ras(k). Hence we can use the algorithm with Ras(k) because
it can be viewed as the reduced reflection coefficient associated with Q(#; ko) and H(z; ko). Note that the
parameters ¢; and N are invariant under the shift, and so are the differences y; — y;. The values z,, ; and

Yo ,j, Where H(z; ko) and V(y; ko) have discontinuities, are given by

Ko
Ty = T — Ko, Ykoj = Yj —/ ds H(s).
0

Thus it is the values of N, ¢;, and yx, ; that we obtain as a result of applying the algorithm to Ras(k). Of
course, if p(k), Q(x), and Hy are known, then A, is also known [c¢f. (3.19) and (3.39)], and hence &y can
be determined from (4.11).

If H(x) is known to be piecewise constant, then given Ras(k) and H,, our algorithm allows us to
determine H(z; ko), including the points ., 1, - -, Zx, . Furthermore, we can find x¢ by using (2.4), (4.11),
and the fact that H(x) = H(x — ko; ko). This leads to the equation kg = —A, +/H4, where A, 4 is given
by (2.4) in terms of H(x; &p). Consequently, we can completely determine a piecewise constant H(x) from

Ras(k) and H .

5. INVERSION FOR ALMOST PERIODIC REFLECTION COEFFICIENTS

In this section, when there are no bound states, we characterize those functions H () that satisfy (H1)-

(H4) and whose scattering coefficients are almost periodic functions of k. We first determine the functions

H{(z) for which

(5-1) p(k) = pas(k) = —

By Theorem 2.4, if (5.1) holds, then p.s(-) € APY due to Theorem 2.4. Conversely, if p(-) € APY | then
() + %—% € APW . Then the o(1)-term in (2.31) must be identically zero and (5.1) follows. In other words,
p(k) = pas(k) if and only if p(-) € APW . Next note that when p(k) = pas(k), by using (2.29) and the unitarity
of the matrix o(k), we have 1/|7(k)| = |a(k)|. Hence 7(0) # 0, and we are automatically in the exceptional

case. Using 7(—k) = 7(k) and a(—k) = a(k) for k € R, we obtain
(5.2) r(k)alk) = —————~ keR.

Note that a(k) and 1/7(k) are analytic in C+, and in the absence of bound states 7(k) is analytic in C*.

Thus, in the absence of bound states, using (2.30), (5.2), and Liouville’s theorem, we conclude that

—_

(5.3) (k) =




A close inspection of the origins of the o(1)-terms in (2.30) and (2.31) suggests that the condition V(y) = 0 for
y € R\{y1, - ,yn} will be part of any necessary and sufficient conditions for (5.1) to be valid. So it is natural
to investigate this in more detail. If V; j11(y) given in (2.20) vanishes, then we have g; j ;+1(k,y) = ¢**¥ and
grji+1(k,y) = e7*¥ in (2.22), and therefore

Fn—l,n(ka Tp — 0) =

L 1
H(zn, —0) H(zy —0)
H'(z, —0) ’

, . H(zn—0) , . .
_ ihyn _ = TR ) ikyn _ —tky, _ T\ T —ikyn
ik/H(xn —0)e T (= 0)3/26 ikr/H(xn, —0)e (e — 0)3/26

e—ikyn

Fn,n+1(ka Tn + 0) —

1 pikyn 1 e~ ikyn
H(zp +0) H(zn +0)
] . H(z,+0) ) ; H'(zn +0)
tkyn _ n tkyn _ —ikYyn _ n tkyn
ik/H(xp + 0)e —QH(xn +0)3/26 ik/H(xp +0)e —QH(xn—I—O)?’/ze
Hence
(54) Fn—l,n(ka Tpn — 0)_1Fn,n+1(ka Tp + 0) = E(k‘, $n) + ;Z_nkB(k’ $n)a

where FE(k, z,) is the matrix defined in (2.27), v, is given by (2.15), and

1 e—2ikyn

B(]C,l‘n) = _eZikyn -1

Note that v, = 0 if and only if H'(z)/H () is continuous at #,. Hence if H'(x)/H () is continuous at each
Zp, then by (2.25) and (5.4), we have 7(k) = ﬁ and p(k) = —%%. So Vang1(y) =0forn=0,--- N
and the continuity of H'(x)/H (z) are sufficient for (5.1) to hold. Now we ask what functions H(z) lead to

Vant1(y) = 0, or equivalently

') 3 H'(2)? ~
(5:5) 2H (@3 4 H(x): | H(z)

Substituting H(z) = ¢/h(x)? in (5.5) we obtain

(5.6) h"(z) = Q(z) h(z),

that is, h(z) can be any zero-energy solution of (1.1). Since we allow H(z) to be discontinuous, we are
looking for different solutions on each interval (z;,;41). For & > zx we must choose h(z) proportional to
f1(0, 2); this is because f,.(0, ) is a constant multiple of f;(0,x) and there are no other linearly independent
solutions of (5.6) that remain bounded as # — +oo. Hence, in order to have H(x) approaching a positive
limit as  — +o00, we need to choose

H(z)= 70,272 r>xN.
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Let us now impose the condition that H'(x)/H(x) be continuous at each z,. Beginning with z, since
H'(x)/H(x) = =2f/(0,2)/fi(0, z), we see that the logarithmic derivative of f;(0, ) has to be continuous at
zn. Therefore, on (xy_1,2n), the solution H(z) of (5.5) must be a constant multiple of 1/f;(0, z)?. Arguing

similarly on every interval (#,, 2,41) we obtain recursively

hnn
(57) H(l;)zyi-l—l $E($n’xn+1)’ n:0,1,~~~,N,

fl(oa $)2’

where Ay vy = Hy and

(58) hn—l n — ; hn,n+1 = {n hn,n+1a n= 1, s ,N~

So we have constructed a class of functions H(#) for which (5.1) holds. Note that the algorithm described in
Section 4 can be used to obtain A, ,41 in terms of Hi and pas(k). The next theorem shows that any H(z)
satisfying (H1)-(H4) and for which p(k) = pas(k) must be given by (5.7).

Theorem 5.1 In the absence of bound states, for a given Q(x), consider all H(xz) satisfying (H1)-(H4).
Then, p(k) = pas(k) if and only H(x) is of the form (5.7).

PROOF: If H(x) is of the form (5.7), then from (2.11)-(2.15) we see that v, = 0 for n = 1,--- | N, and
V(y) = 0 everywhere except at y,. Hence (5.1) follows from (2.25) and (5.4). Conversely, suppose (5.1)
holds. From pas(k) by means of the algorithm in Section 4 we can determine the parameters N, y;, and ¢;
of H(z) for j =1,---, N. Then we use Hy and the parameters ¢; in (5.8) to construct a function H(z) that
is of the form (5.7). We then know the form of the function H () on each interval (y,, yn+1) and all we need
to do is find the points 1, -+, zy that correspond to yi1,--- ,yn, respectively. If N = 1 and y; = 0, then
21 =0.If N =1 and y; # 0, then we can proceed as in the case N > 2. If N > 2, then at least N — 1 of the
points yi, - - -, yny must be nonzero. If at least one of these is positive, we can pick the smallest of them, say

Yp. Then z, is uniquely determined by

xr

Yp rodz
(5.9) 5 = / 0.2

p—1,p o Ji(0,2)
and we recursively determine xp11,---, 2y using

Yp+1 — Yp /xﬁ'l dz
hp p+1 o, i1(0,2)%

Similarly, we can determine xp_1,Zp_2,---,21. If all y; are nonpositive, then we pick the one with smallest

absolute value that is nonzero (either yx or yn_1) and find the corresponding «; by using the appropriate
integral of the form (5.9). We know that for the resulting function H(x), (5.1) is satisfied, because V(y) = 0
fory € R\ {y1, - ,y~} and H'(z)/H(x) is continuous. By construction, this H(x) is uniquely determined
by Q(x), p(k), and Hy. Hence, by Theorem 3.1, it is the only possible H(z) for which (5.1) holds. I
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We remark that we can prove an analog of Theorem 5.1 when p(k) = pas(k) is replaced by R(k) = Ras(k),

by arguing as in the proof of Theorem 5.1 using (2.3) and (4.10).
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