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1. INTRODUCTION

Consider the one-dimensional generalized Schrodinger equation
(1.1) W'k, )+ E2H (2) 20k, ©) = Q) vk, 2), r€R,

which describes the propagation of waves in a one-dimensional nonhomogeneous, nonabsorptive medium
where k? is energy, 1/H(x) is the wave speed, and Q(z) is the restoring force density. The discontinuities
of H(z) correspond to abrupt changes in the properties of the medium in which the wave propagates. The
prime denotes the derivative with respect to the spatial coordinate, and the coefficients H(z) and Q(z) are

assumed to satisfy the following conditions:

(H1)  H(x) is strictly positive and piecewise continuous with jump discontinuities at #, forn =1,--- | N

such that 1 < -+ < xpn.
(H2) H(x) — Hy as ¥ — oo, where Hy are positive constants.
(H3) H — Hy € LY(R*), where R™ = (—00,0) and Rt = (0, +00).

(H4)  H’ is absolutely continuous on (2, r,4+1) and 2H"” H — 3(H')?> € Li(2n,2p41) for n = 0, N,
where 2y = —o0 and zy41 = +00, and Lé([) denotes the space of measurable functions f(#) on I such

that [, de (1+ [2])7 |f(2)] < +o0.

(H5)  Q(z) is real valued and belongs to L}(R).

The scattering solutions of (1.1) are those behaving like et*#%% or ¢~ Hx% 35 2 — 400, and such
solutions occur when k% > 0. Among the scattering solutions are the Jost solution from the left f;(k, z) and

the Jost solution from the right f.(k, ) satisfying the boundary conditions

eFH+T 4 o(1), r — +00,

filk,x) = L wm L(k) _ipm
k3 - k3 - 1 _
—Tl(k)e +—Tl(/€)e +o(1), z— —o0,
L ik, R(k) R H
k3 xr k3 xr 1

Loy =4 TmC Tmae T ree

e"tRH-2 4 5(1), r — —00,

where Ti(k) and T, (k) are the transmission coefficients from the left and from the right, respectively, and
L(k) and R(k) are the reflection coefficients from the left and from the right, respectively. For each fixed

r € R, the Jost solutions have continuous extensions to the upper half complex plane CT and they are
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analytic there.! The reduced transmission coefficient 7(k), the reduced reflection coefficients p(k) from the

right and £(k) from the left, respectively, are defined as

(1.2) (k) =\ /%T,(/ﬂ)ei’“‘ =, /g—;Tr(/@)e““‘,

(1.3) p(k) = R(k)e¥ A+ (k) = L(k)e2itA-
where

+oo
(1.4) Ay = i/ ds[Hy — H(s)], A=A, + A

If 7(0) # 0, which is called the exceptional case, the Jost solutions f;(0,#) and f.(0,x) are linearly
dependent. If 7(0) = 0, which is called the generic case, fi(0, %) and f,(0,z) are linearly independent, and
in this case 7(k) vanishes linearly as & — 0. Usually these two cases need to be analyzed separately, and the
small-k analysis of the scattering problem in the exceptional case requires tedious estimates. However, the
fact? that an exceptional case can always be decomposed into two generic cases is expected to simplify the

analysis of the scattering problem in the exceptional case.

In general (1.1) may have bound states, i.e. nontrivial solutions belonging to L?(R, H(x)*dr). Since
the treatment of bound states requires many separate arguments we do not consider them in this paper.
Bound states were already studied in Ref. 1 and further results may appear in the future. Thus, we assume
that (1.1) does not have any bound states. The number of bound states for (1.1) is equal® to the number of

bound states for the Schrodinger equation
(1.5) " (k,x) + k*®(k,x) = Q(x) ®(k,z), =R,
and hence our assumption can be restated by saying that (z) does not have any bound states.

The inverse scattering problem in which we are interested consists of the recovery of H(x) in (1.1) from
an appropriate set of scattering data. The analysis of the scattering problem in a discontinuous medium is
the first step to analyze the inverse scattering problem, and we mention the relevant work®~7 of Sabatier
and his collaborators on the scattering in a discontinuous medium in one and three dimensions governed
by {a(z)72V - [a(2)*V] + k? — V(x)}é(k,z) = 0. In Ref. 4 Sabatier estimated the large-k asymptotics of
the scattering data and also briefly discussed the inverse scattering problem in such a medium. Various

authors have studied inverse scattering problems for differential equations with discontinuous coefficients, as
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k%1% and the bibliography of Ref. 1. Of more direct concern to us is the work

exemplified by Krueger’s wor
by Sabatier® and Grinberg.!"'!? Grinberg, in the special (but still important) case @Q(z) = 0, developed a
method to recover H(x) using the solution of a singular integral equation; in this special case there are no
bound states, the exceptional case occurs, and the norm of the associated singular integral operator is strictly
less than one so that the integral equation has a unique solution that can be obtained through iteration. The
general case with nontrivial Q(#) and with bound states was analyzed by a similar method in Ref. 1, and
H(x) was recovered from the solution of a singular integral equation under the assumption @ € Lha(R)

for some « € (0, 1]. In Ref. 13 the scattering data leading to a unique solution of the inverse problem were

specified.

In this paper, when there are no bound states, we develop a method to obtain H () from the scattering
data consisting of Q(z), p(k), and H. As already known,'® H, must be omitted from the scattering data in
the generic case but in the exceptional case it needs to be specified in the scattering data in order to obtain
H(x) uniquely; this is also true in the method presented here. Note also that, in the scattering data, one
can use £(k) instead of p(k) and one can also use H_ instead of H,. The method given here and the method
of Ref. 1 have some similarities and differences. The method used here holds whenever @ € Li(R) whereas
in Ref. 1, for technical reasons, we needed @ € Li,,(R) for some o € (0,1]. In both methods a singular
integral equation is formulated and from its solution H(z) is recovered; however, in the present paper we
exploit the large-k behavior of the reduced scattering coefficients, thus avoiding complications encountered
in Ref. 1 as & — 0. A crucial result here 1s Proposition 2.1, which strengthens the result of Theorem 2.4 in
Ref. 1. From the solution at & = 0 of the singular integral equation one finds H(z) as the z-derivative of
the solution y(x) of a separable differential equation under the initial condition y(0) = 0. Furthermore, when
the reduced reflection coefficient p(k) is an almost periodic function, the singular integral equation of the
present paper becomes trivial, and so does the computation of H(xz); in Ref. 1 even this relatively simple

case required extensive calculations.

When H(z) and H’(z) have no discontinuities, the large-k asymptotics of the reduced scattering coeffi-
cients defined in (1.2)-(1.3) are known to be of the form 7(k)—1 = O(1/k), p(k) = O(1/k), and £(k) = O(1/k).
It is also known that each discontinuity of H(z) contributes to the almost periodic part of the O(1) terms
in these asymptotics. We refer the reader to Refs. 1, 4, 11-13 for details. In this paper we show that the
discontinuities in H'(z)/H (%) are responsible for some of the O(1/k) terms in these asymptotics; in fact, in
this paper we develop an algorithm to recover the jumps in H'(z)/H(z) from the large-k asymptotics of a

reduced reflection coeflicient.



This paper is organized as follows. In Section 2 we study the large-k asymptotics of the reduced
scattering coefficients. In Section 3 we study the large-k asymptotics of certain wavefunctions defined in
(3.1)-(3.2). In Section 4 we present a factorization formula expressing the reduced scattering matrix as a
matrix product of scattering matrices corresponding to potentials supported on a finite interval or on a half
line and those corresponding to discontinuities in H(x) and H'(x)/H (x). In Section 5 we present an algorithm
to recover the discontinuities in H(x) and H'(x)/H (x) from the large-k asymptotics of the scattering data,
thus generalizing the work of Ref. 13 regarding the discontinuities in H (x). The results in Sections 2 and 3
are used in Section 6 in order to convert a key Riemann-Hilbert problem into a pair of uncoupled singular
integral equations; in this section we also establish the unique solvability of these integral equations and
show how to recover H () from the solution of either singular integral equation. In Section 7 we show that
each singular equation can be converted into a Marchenko integral equation that is uniquely solvable, and
we describe the recovery of H(x) from the solution of a Marchenko equation. Hence, the inverse problem is
solved by recovering H(x) either by the method of Section 6 or by that of Section 7. In Section 8 we present
some examples illustrating the recovery of H(z) using the solution of a singular integral equation and using

the solution of a Marchenko equation; we also illustrate the algorithm of recovery of the discontinuities in

H'(2)/H(x).

2. SCATTERING COEFFICIENTS

In this section we analyze the large-k asymptotics of the reduced scattering coefficients defined in (1.2)-

(1.3). Under the Liouville transformation

(2.1) v=vw)= [ CdsH(s), (k) = ok, ).

1
VH ()

the generalized Schrodinger equation (1.1) is transformed into

d*¢(k, y)

(2.2) 0

+ Kok, y) = V(y) o(k,y),

where

(23 Vig() = g = 2o

Since H(z) is assumed to have jump discontinuities at «; for j = 1,---, N, the quantity V(y) is undefined
at y; = y(x;). However, V(y) is well defined in each of the intervals (y;,y;41) for j = 0,---, N; thus,

the Liouville transformation can be used on each interval (z;,z;41) although it cannot be used on R.
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Since H(z) is strictly positive with positive limits as « — oo, it follows that yy = y(#¢) = —oco and

yv+1 = y(n41) = +oo. The constants ¢; defined by

20 b=

correspond to the relative jumps in the wavespeed at the interfaces z;, and y; correspond to the times

required for the wave to propagate from the fixed location z = 0 to the interfaces z; for j =1,.--, V.

Let V; ;+1(y) be the potential defined by

V(y), Y€ (Yj, Yj+1),
(2.5) Vij+1ly) =

0, elsewhere,
where V(y) is the quantity in (2.3). From (H4) it follows that V; ;41 € LI(R) for j = 0,---, N. Let
Vi i+1(k,y) and Yy.; j11(k, y) denote the Faddeev functions' from the left and from the right, respectively,

associated with the potential V; j11(y). We have!

m[lﬂjﬁl(/ﬂ)@_”k”], y<y, j=1,--,N, keCT,
(2.6) Yij 1k, y) = ]Jl-l_l 2%k

m[“rlo,l(k)@ ] to(l), y—-o00, j=0, kER,

ﬁ [1+ 7 j1(k)e*™], y>y41, j=0,---,N-1, keCHF,
(2.7) Yegeiky) =< 77

———— [+ rv v (B)e*™] +0(1),  y—+4o0, j=N, keR,

tnn+1(k)

where t; j11(k), 7j;+1(k), and I j41(k) denote the transmission coefficient and the reflection coefficients
from the right and from the left, respectively, for the potential V; ;j41(y). Since V; ;11 € Li(R), it follows

that for each fixed y € R we have

(2.8) Vigjai(ky) = 1+ O(U/R), Vi 4a(ky) = o), k—oc in CF,

(2.9) Yegivi(k,y) =14+01/k), Yl (ky) =o(1), k—oco in C*.

Using (2.1) it can be shown that the functions defined by

eikyyl;]]]'-l-l(k’ y)’ €j7j+1(]€, $) = T/ e_ikyyr;jyj-l-l(k’ y)

H(x) H(x)

are solutions of (1.1). Let us introduce the matrices

(2.10) Nig+ilk, @) =

nji+1(k,x) & jya(k,x) ,
(211) Fj7j+1(k’$): 3 jIO,"',N,

g1k 2) & (k)
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N
(2.12) G(k) = [ Tz nlk, 20 — 0)7 T ga (k, 2, + 0).
n=1

It was shown in Ref. 1 that

11 __ b -9
(2.13) (k) ~ to(k) [ 0J6h) [0] ot ovya(k) R [1] ’
k) Tloa(k) 1]
(2.14) (k) [to,l(k) 1] g(&) [0- ’
pk) Ty w8 ) oo i [0
(2.15) (k) [1 tN N+1(k) ] %) -1] .
Moreover,
det Ty i1k, 2) = _tnmi—%’ det G(k) = %.
Let
1 1 1 1
(2.16) an:§<¢q_”+ﬁ)’ ﬁ”:§<@_¢q7)’
(2.17) E(k, z,) = [ﬁ O;T:kyn e y"] )

with ¢, as in (2.4); let us also define a(k) and b(k) by

a(k) bk
}

) N
2.18 =TT Bk, z,,).
(219 (—k) a(—’f)] nl;[l (0]

Let APY (almost periodic functions with Wiener norm) stand for the algebra of all complex-valued

functions f(k) on R which are of the form f(k) = > 5~ fjet**i where f; € C and A; € R for all j and

j=—0c0
1 b(k
Z]» |fi| < +oo. It is already known' that the functions a(k), b(k), m, and % belong to APY . In the
a a

next proposition we obtain the large-k asymptotics of the reduced scattering coefficients 7(k), p(k), and £(k).

Proposition 2.1 Under assumptions (H1)-(H5) we have

1 . =

(2.19) (k) = m—i—O(l/k), k— oo in CT,
oy .
(2.20) plk) = a(k) +O(1/k), k — oo,



(2.21) (k) = bc(t(_kk)) +0(1/k),  k— Foo,

where a(k) and b(k) are the quantities defined in (2.18).

PROOF: Using (2.8)-(2.10) we obtain
Fn,n+1(ka LTn4l — 0)_1Fn+1,n+2(ka Tn41 + 0)
(2.22) ant1(l+ O(1/k)) Bryr e 2 Hnri (14 O(1/k)) __

= , k—oo in Ct

Gugs 250 (L4 O(U/R)) aga(1+ O(1L/k)

where «,, and 3, are the constants defined in (2.16). Furthermore, using (2.13)-(2.15) and the fact!* that
tjj+1(k) =1+0(1/k), k—oo in C*,
rjj+1(k) = O/k), lja(k) = O(1/k),  k— Foo,

we obtain (2.19)-(2.21). 1

Proposition 2.1 is an improvement over Theorem 2.4 in Ref. 13, where the error terms in (2.19)-(2.21)
were only shown to be o(1). We refer the reader to Refs. 1 and 13 for various other properties of the reduced

scattering coefficients.

3. ESTIMATES ON WAVEFUNCTIONS

In this section we analyze the large-k behavior of the scattering solutions of (2.2). As in (5.1)-(5.2) of
Ref. 1, let us define the Faddeev functions Z;(k, y) and Z,(k, y), from the left and from the right, respectively,

associated with (2.2):

(3.1) Zi(k,y) = %f)e—iky—ikafl(k’ z),
(32) Zr(k’ y) = %eiky_ik[‘_fr(k, l‘),

where y is the quantity defined in (2.1) and Ay are the constants in (1.4). Note that e*¥Z;(k,y) and
e~y 7 (k,y) are the Jost solutions from the left and from the right, respectively, of (2.2). In this section

we analyze the large-k asymptotics of Z;(k, y) and Z,(k, y).

The next proposition shows that, for each fixed y € R\ {y1, - ,yn}, the Faddeev functions can be

written as the sum of an almost periodic function and a continuous function, the latter vanishing as £ — oo

in Ct.



Proposition 3.1 For each fixed y € R\ {y1, -, yn}, we have
(33) Zl(kay):‘]l(k’y)—i—O(l/k)a ZT(kay):JT(k’y)—i—O(l/k)a ]C—>OO iIl C+a
where

=j+1

, N 1
(34) Jl(kay):[l e_ZZky] ( H E(kaxn)) |:0:| ) yE(@/ja@/j-I—l)a J=0,--- N—1,
(3.5) Ji(k,y) =1, Yy € (yn, +00),

(3.6) Jolk,y) =1, y € (=00, 41),

1
; 0 .
(37) JT(k’y):[eZZky _1] (H E(k,l‘n)) |:_1:|a ye(yjayj+1)a j21,~~~,N,
with F(k, z,) defined in (2.17). The product notation in (3.7) means that n decreases from j to 1.
PROOF: When y € (yn, +00), from (3.13), (3.15), (3.21) of Ref. 1 and (2.10) and (3.1), we have

(3.8) Zi(k,y) = Yin vy (R, y), Yy € (yn, +00),

and hence Z;(k,y) = 1 + O(1/k) as k — oo in C*. Thus, we have (3.3) with J;(k, y) as in (3.5). Similarly,
from (3.13), (3.15), (3.22) of Ref. 1 and (2.10) and (3.2), we get

(39) ZT(k’y) :YT;O,l(kay)a yE (_Ooayl)a
and hence Z,(k,y) = 14+ O(1/k) as k — oo in C*. Thus, we have (3.3) with J,(k, y) as in (3.6).

When y € (y;,yj+1) with 0 < j < N —1, from (3.25) of Ref. 1 and (3.1) we see that
(3.10)

N-1
—i _ 1
Zi(k,y) =11 0]\/H(x)e ™Iy j 4k, z) (H Lpng1(k, 2ng1 — 0) ' Trg1 ngo(k, 2nga +0)) [0] :
where T ;41(k, x) is the matrix defined in (2.11). From (2.8)-(2.10) we have

(3.11) [1 0)/H(x)e ™I j41(k, ) = [1+O(1/k) e~ 2% (1 +0(1/k))].

Hence, using (2.22) and (3.11) in (3.10) we obtain

(3.12) Zik,y) = Lk, y) [L+ O(1/k)], k—oco in CT,
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with Ji(k,y) as in (3.4). Similarly, when y € (y;,y;j41) with 1 < j < N, from (3.26) of Ref. 1 and (3.2) we
see that

1
; _ 0
(3.13)  Ze(k,y) =[1 O01VH(z)e™ Ty ja(k, 2) | T] Tunsr(k, 2n 4 0)" ' Tyt ok, 2, — 0) [1] :

n=j

From (2.8)-(2.10) we have
(3.14) [1 0)/H(x)e™ Ty j01(k,2) = [2F(1+ O(1/k)) 14+0(1/k)].

Using (2.22) and (3.14) in (3.13), we obtain

(3.15) Ze(k,y) = Jo(k,y) [L+O(1/k)], k—oo in CF,

with J.(k,y) as in (3.7). Note that for each fixed y € R\ {y1,---,yn} the functions J;(k,y) and J,.(k,y)

are uniformly bounded in C+, and hence we see that (3.12) and (3.15) imply (3.3).

Recall that the Hardy spaces H (R) are defined as the spaces of all functions f(k) that are analytic in

k € C* and satisfy sup o [ . dk|f(k £ i€)[P < +oo.

Theorem 3.2 For each fixed y € R\ {y1, -, yn}, the functions Z;(k,y) — Ji(k,y) and Z,(k,y) — J,(k,y)
belong to the Hardy space H?I_(R)

PROOF: Tt is proved in Theorem 2.1 of Ref. 1 that, for each fixed x € R\ {1, -+ ,2n}, fi(k,z) and
f-(k, ) are continuous functions of k in C* and analytic in Ct; hence, for each fixed y € R\ {y1, -, y~n},
the Faddeev functions Z;(k,y) and Z,(k,y) are continuous in C+ and analytic in Ct. From (3.4)-(3.7) we
see that J;(k,y) and J,(k,y) are continuous in C* and analytic in Ct. Hence, by Proposition 3.1 we can

conclude that Z;(k,y) — Ji(k,y) and Z,(k,y) — Jr(k,y) belong to the Hardy space H?I_(R) ]

Note that we also can conclude the analyticity in Ct and continuity in C+ of Z;(k,y) and Z,(k,y)
from (3.10) and (3.13), respectively, because the matrices there have these properties. At first the inverse
matrices in (3.10) and (3.13) seem to have a (1/k) singularity at £ = 0 in the exceptional case; however, if any
Vi nt1(y) are exceptional potentials, we can divide each of those intervals (yn, yn+1) into two subintervals
such that the fragments on the two subintervals are generic;? hence even in the exceptional case, from (3.10)

and (3.13) we can conclude that Z;(k,y) and Z,(k,y) analytic in C* and continuous in C+.

Note that the matrix product E(k,zj41) - E(k, zx5) in (3.4) can be explicitly evaluated in analogy to
(2.28) of Ref. 13. Let us write

N Aj(k)  Bj(k)
FE k’, n) — 3
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where A;(k) and B;(k) will be explicitly evaluated. Thus, we can write (3.4)-(3.5) as
(3.16) Jik,y) = [Aj(k) + e B (k)] v € (), 5541)

with Ax(k) = 1 and By(k) = 0. Using induction, we can show that A;(k) and e_ZikyBj(—k) both are
exponential polynomials having at most 2V~J terms. All the coefficients in the exponential polynomials are
real constants and all the exponentials are bounded by 1 in absolute value in C*+. For future reference, we

list A;(k) and B;(k) for j=N—-1,N—-2,N —3.

An_i(k) =an, VBN (k) = BN.
AN—2(k) —any_1an + ﬁN_lﬁNeWk(yN—yN_l)’
62ikyNBN_2(k) =an_10n + 6N_1aNe2ik(yN_yN_l).

An_s(k) =an_san_1an + On_20n_1aye?hun-17yn-2)

+ an_ofn_1One?RUN=IN=1) L By oy By et RN TN -2)
62ikyNBN—3(k) =an_2aN_10N + ﬁN_zﬁN_16N62ik(yN—1—yN—2)

+an_zfn_rane?FUNTINCD 4 gy sy jay et TuN-2),

We see that, for j < N — 1, the term e?**¥~ B; (k) is obtained from A;(k) by interchanging Bn with ay.
In a similar manner, using
E(k’ $j)_1 o 'E(k’ $1)_1 = [E(k’ 1‘1) o 'E(k’ $j)]_1 )

we can explicitly evaluate the matrix product E(k, z1)--- E(k, ;) appearing in (3.7) in analogy to (2.28) of

Ref. 13. Let us write

Ci(k)  Dj(k) ]
Dj(=k) Cj(—k)
where C;(k) and D; (k) will be explicitly evaluated. Thus, we can write (3.6)-(3.7) as

(3.17) Jr(k,y) = [Ci(k) — e”™Di(=k)],  y € (yj,y541),

with Cy(k) = 1 and Do(k) = 0. Using induction, we can show that C;(k) and ez“cyDj(—k) both are

exponential polynomials having at most 2/ terms. All the coefficients in the exponential polynomials are
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real constants and all the exponentials are bounded by 1 in absolute value in C*+. For future reference, we

list C; (k) and D; (k) for j =1,2,3.

Ifj=1:
Ci(k) = ay,  e**Dy(k) = 3.
Ifj=2:
Calk) = oy + fy foe®F 027y, e?M2 Dy (k) = a1 By + Prage® 2y,
Ifj=3:

Cs(k) = ayasas + B Bacze 2790 4oy By Bae?kWa—v2) | 3) vy B2k Wa—y1)
ezikyaDS(k) — 04101263 + 61626362““(3/2—3/1) + alﬁza?)ez““(ya—w) + 61a2a362ik(y3—y1).

We see that, for j > 1, the term e%*%i D; (k) is obtained from C;(k) by interchanging 8; with a;.

4. FACTORIZATION

In this section we generalize the factorization formula of Ref. 15 and show that the reduced scattering
matrix corresponding to (1.1) can be expressed in terms of the scattering matrices corresponding to the
potentials Vj ;11(y) defined in (2.5) and certain matrices associated with the discontinuities of H(x) and

H'(x)/H(x). Using the scattering coefficients introduced in (2.6)-(2.7), let us define

1 _rj+1(k)
to k to k
(4.1) Aj,j+1(/€) _ J,J+1( ) J,J+1( ) ’ i=0,1,---,N,
ljj+1(k) 1

tij1(k) 1 41(=k)

L)
T(k T(k
(12) am= |7 T
(k) 1
(k) T(=k)
v v .
i+ i (85 + 55) e
(43) F](k): Vs Vs 3 _]Il, 'aNa
(5. _ _J) o2iky; s =
T 24k T 24k
where «; and §; are the constants defined in (2.16) and
(4 4) = 1 |:H/(l‘]' — 0) _ H/(l‘]’ + 0)
' ? 9 /H(z; —0)H(z; +0) LH(z; —0)  H(z; +0)
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Note that v; = 0 if and only if H'(z)/H (z) is continuous at z;. Following Sabatier’s terminology*~" we can

refer to Fj(k) as a “hard scatterer” and A; ;41(k) as a “soft scatterer.” The following theorem shows how

the matrices defined in (4.1)-(4.3) are related to one other.

Theorem 4.1 We have

(4.5) A=A 1 F1A oF5A2 3 Fn Ay Ny,

where A, Aj ;41, and F} are the matrices defined in (4.2), (4.1), and (4.3), respectively.

PROOF: Note that we have A; ;11 = G;D;, where we have defined

1

—— 0
o _ | in® D}_[l —%+1(/€)]
Tl ®) T L0 k)
tj,j+1(k)

Using the displayed equation in Ref. 1 following (14.4), we can relate A(k) and G(k) defined in (2.12) as
A = GoG Dy . Inserting the identity matrices G G]»_1 and D; D]»_1 in the appropriate places in (2.12), we then
obtain

N
(4.6) A=GoDo [] [D721Tnc1n(k,wn = 0)" ' T nga(ky wn + 0)G ] [Gn D]

n=1

Using (2.11) it can be checked that
(4.7) Dy Ty n(ky2n —0) Ty g (b, 2y + 0)Gt = Fy,
where F,, are the matrices defined in (4.3). Thus, using (4.7) in (4.6) we get (4.5). 1

It is already known'? that the function H(x)

b1 .
H(x):m, z€(zj,zj41), j=0,---,N,

hN,N+1IH+; hj—lyj:q‘jhj,j-l—la jIO,"',N,

corresponds to the scattering data Q(x), p(k) = —b(k)/a(k), and 7(k) = 1/a(k); as seen from Proposition
2.1, the scattering coefficients in this case coincide with their asymptotic expressions as & — zoo. In this
case, the matrix factorization given in (4.5) reduces to the factorization in (2.18). This is because in this
case v; given in (4.4) vanishes and hence the matrix F; (k) defined in (4.3) becomes equal to E(k, ;) defined

in (2.17); in fact, Fj(k) = E(k, z;) if and only if v; = 0. Furthermore, in this case V; j41(y) = 0 and hence

13



Aji41(k) =T in fact, A; j41(k) = Lif and only if V; ;11(y) = 0. In this case, we also have Z;(k,y) = Ji(k, y)
and Z,.(k,y) = Jo(k,y).

Now let us ask the following question. If we choose V; ;41(y) = 0 for j = 0,1,---, N, but still allow
v; # 0, what is the corresponding H(x)? From the factorization formula (4.5), by letting A; ;41(k) = I, we

can explicitly evaluate the corresponding scattering matrix. In this case, the corresponding H(z) is given by

— 1
(18) (=) = a; f1(0,2) + b; £-(0,x)’ v i), J=00 N,

1
aN = \/H—+a

and a;,b; for j =0,1,---N — 1, will be determined recursively by using the jumpsin H(z) and H'(z)/H(z)

(4.9) by =0,
according to (2.4) and (4.4), respectively. Using (4.8) in (2.4) we obtain

a; fi(0,x5) +b; f(0,z;) ,
_ - =1,
aj-1 fi(0,z;) + bj—1 f(0, z;) Vi ’

(4.10)

From (4.8) we have

(4.11) =2

and hence from (4.4) we get

(4.12)
aj—1 fi(0,25) +bj—1 f1(0,2;)  a; fi(0,x;) +b; f;
aj—1 fi(0,25) + b1 £r(0,25)  a; f1(0,25) + b fr

(0,l‘]’) _ ) ] ' .
G = [l 0 H 40, =L

Solving the linear system (4.10) and (4.12) with unknowns a;_; and b;_; in terms of a; and b; and known

quantities and using (4.9), we obtain

(4.13) aj v fr(0,2)) VH(z; +0) v, 1

aj_1 = ——+ =1

\/@ [fl(o’x)afr(oax)]

by oy 0 x) VH e +0) _
(4.14) bt = = S =N =0,

where [f;(0, 2); f-(0,2)] = fi1(0,2) f1(0,z)— f/(0, z) f-(0, ) is the Wronskian, which is a constant completely

determined by @Q(x) alone. We can also obtain the Jost solutions for (1.1) explicitly. In this case, since
Vij+1(y) = 0 we have Yy j41(k,y) = 1 and Y,; j41(k,y) = 1; thus the matrix T'; j11(k, 2) defined in (2.11)
is determined by using (2.10). Hence, using (3.8) and (3.10) the Faddeev function Z;(k,y) is determined,
and using (3.9) and (3.13) the Faddeev function Z,.(k,y) is determined. Then we obtain fi(k, z) and f.(k, z)
as in (3.1)-(3.2).

14



Note that in the above procedure, in case @Q(z) is an exceptional potential, i.e. if fi(0, ) and f,(0, z)
are linearly dependent, in (4.8)-(4.14) we need to replace f.(0,#) by a zero-energy solution of (1.5) lin-
early independent of f;(0,z) such as ¥(x) = fi(0,x) fox dy/ f1(0,y)?; with this choice of ¥(z), we have
[f1(0,2);¢(x)] = 1. In the exceptional case, it turns out that although different choices for ¢(x) lead to
different coefficients a; and b;, the resulting H(x) is independent of the choice of ¥(x). Also note that, if

N =1 it is necessary that the generic case occurs; however, for N > 2 the exceptional case may occur.

5. AN ALGORITHM TO RECOVER JUMPS IN H'(z)/H(x)

In Ref. 13 we described an algorithm to recover N, y;, and ¢; associated with the discontinuities of
H(x) in terms of the leading asymptotic behavior of the scattering data as & — Fo00. In this section we will
analyze the O(1/k) terms in the scattering data and will describe an algorithm to recover the constants v;
associated with the discontinuities of H'(x)/H (x) from the almost periodic part of the O(1/k) terms in the
scattering data. The algorithm of Ref. 13 must be applied first to recover N, y;, and ¢; before the algorithm
to recover v; is used. In order to use the algorithm, one also needs to know the value of wy 41, where we

have defined

Yi+1
W j41 = / dz Vjj1(2),

Yj
with V; ;11(y) being the quantity defined in (2.5). The constant wy n41 can be obtained from a reduced

reflection coefficient in various ways without solving the entire inverse problem. For example, as we will see
in Section 7 we have wn nvy1 = 2 (04, yn), where hy(t,y) is the solution of the Marchenko equation (7.7)

which is uniquely solvable; hence the solution of (7.7) at the fixed point yy gives us wn vy1.

Since Vj ;41 € Li(R), the scattering coefficients associated with V; j1(y) satisfy!*

1 W 541
= L L o1 /k), k — oo,
L g+1(k) i U
(ke Liiv1(k
rjj+1(k) = o(1/k), Ll():o(l/k), k — %00,
ti+1(k) tjj+1(k

and hence from (4.1) we have

Ajgaa(k) = T+ LT 4 o(1/k),
1

where we have defined J = diag(1,—1). Let us write (4.3) in the form

U
F]' = E]' + ﬁUj,
where E; is the matrix E(k, z;) defined in (2.17) and
1 e—Zikyj
Uj = _eZikyj -1

15



Thus, as k — +o0, from (4.5) we obtain A = Ey Fy--- Ex + O(1/k) and
20k[A—E1Ey---En] =wo 1 JE1Ey- - ENn+ w1 2E1JEy - Exn+ - -+ wnnt1E1 By - EnJ
(5.1)
+uviU1 By En+ v FiUsEs- - En+ -+ vnE1Ey - En_1Un + o(1).

Thus, from (2.18) and (4.2) we see that (5.1) allows us to express

. 1
. [p(k)
T
where A(k) and (k) are linear combinations of wg1,---,wn ny1 and vi, -+, vy with almost periodic

polynomials as coefficients.

Let us now explain how to compute vyy. When N = 1 we have

(54) A(]C) = (woyl =+ wlyz)al =+ V= Al,

(5.5) 2R Q(k) = (wo,1 — w12)P1 + 11 = Q.

Multiplying (5.4) by 1 and (5.5) by a; and subtracting the resulting equations, we obtain

1
(5.6) v = ) 2w 200151 + a1 — 1 Aq].
When N = 2 we have
(57) A(k) =A; + e2ik(yz—y1)A2’
(5.8) PRV Q (k) = Q 4 2Rz vQ,
where we have defined
(5.9) Ay = (w1 + w12+ woz)aias + vias + Vo,
(5.10) Q1 = (w1 + w12 — waz)1 Bz + 1182 + o0,

Ay = (wo,1 — w12+ wa3)31 02 + 112 — vaf,

Qs = (wo,1 — w12 — w2 3)B1as +vias —vaf.
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Multiplying (5.9) by £z and (5.10) by a2 and subtracting the resulting equations, we obtain
a1 (B2 — )y = —2wg z1vafs + By — sy,

and hence
1 aofdy — Fa Ay

2w 300232 +
g — o g

Vo =

As can be seen from (5.4), (5.5), (5.7), and (5.8) and in general be proved by induction, the quantity
e?kynQ)(k) is obtained from A(k) by interchanging Bx with ay and by changing the sign of wy n41. It can
also be shown that A(k) and **¥¥Q(k) both are exponential polynomials having at most 2 =1 nonzero
terms. To compute vy for arbitrary N, we let A; and € denote the constant terms in the almost periodic

polynomials A(k) and eZ**¥~¥Q(k), respectively. From (5.1) we have

N

N N

Vi
2wt oo | L
j=0 j=1 n=1

J

N N-1 N-1
O = | —2wn Nt18v + BN Z wjj+1+ PN Z o .
=0 j=1 & n=1
Using
N N-
BNAL— an = 2wn N+1 0N H aj + vn(BN — an) H s
] 1 :
we get
1 anfd — A
vN = ——— 2wy Ny1anOn + N}foNl
an — Oy H]':1 Qj

After obtaining vy, we can recover vy_1 as follows. The solution of the Marchenko equation in the
interval (yn, +00) yields Vv nv41(y) by (7.9); thus we also have the matrix Ay n41(k) defined in (4.1) because
it is determined by the scattering matrix of the potential Vi ny41(y). Note that from the unitarity of the
scattering matrix corresponding to the potential V; ;11(y), we have det A; ;41(k) = 1. Using (2.16) it can be
shown that det F;(k) = 1. Thus, we can easily form the matrix AAJ_V}N+1FJ;1 and recover vy_1 from this
matrix as we have recovered vy from the matrix A. Note that the reduced reflection coefficient from the

right associated with the matrix AAJ_V}N+1FJ;1 is given by

_ i fo
1ot 1]
(5.11) PN (k) = —

e
-1 -1
o []
Once vy_1 18 obtained, we recursively get the remaining vy_o, - ,v1.
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6. A SINGULAR INTEGRAL EQUATION

In this section, when there are no bound states, we formulate the singular integral equation (6.7) whose
kernel and nonhomogeneous term are determined by the reduced reflection coefficient p(k). We also show that
(6.7) is uniquely solvable and its solution leads to the recovery of H (). In a similar manner, we formulate the
singular integral equation (6.10) in terms of £(k) and prove its unique solvability and show that its solution

also leads to the recovery of H(z).

For each fixed y € R\ {y1, - ,yn}, from (5.11) of Ref. 1 we have

(6 1) Zl(_ka y) i T(k) _p(k.)eZiky Zr(ka y) & cR
' Zo(—k,y) | | —t(k)e= 2R r(k) Zik,y) | '
Using (2.19)-(2.21) and (3.3) we obtain
1 b(k) eZiky
(6.2) Ji(—=k,y) B a(k) a(k) , LeR
. r(—=k,y) - _b(_k)e—2iky ! 1k, y ’
a(k) a(k)
Subtracting (6.2) from (6.1), we obtain
Zi=kv) = k) = |+(b) - %] Zo(k.0) + 5 ko) = o)
(6.3) )
_ o 2iky _ _ & o 2iky
PO (20, 2) = k) = [o(8) + 20| 0t ),
1 1
Ze(=kas) = k) = 1) = 5| 2k + s (k) = (k)
(6.4)
— U(k)e™ " [Z,(kyy) — T (k, )] — [E(k) - —bi(_k]“))] e M T, (k. y).

Let us analyze (6.3). Using Propositions 2.1 and 3.1 and Theorem 3.2, for each fixed y, in the absence
of bound states, of the four terms on the right hand side, we see that the first two belong to the Hardy space
HZ (R) and the last two belong to L*(R.); the term on the left hand side belongs to H? (R). Let IT denote

the orthogonal projection operators from L?(R) onto H3 (R), i.e.

Wen)(t) = 3 [ i)

Let us define

(6.5) Xi(k,y) = Zi(=k,y) — Ji(—k,y), Xk, y) = Z(=k,y) — Jo(—k, y).
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Applying the projection TI_ on both sides of (6.3) we obtain

2i(-)y _ b 2i( )y
(6.6) Xiesy) + 10 (pe2 OV g X)) = =1 ( o+ =| W) )|
where (Jf)(k) = f(—k). Note that (6.6) is a singular integral equation and can be written as
(67) Xl(kay)—i—(ole)(kay):Pl(kay)a kERa

where we have defined

(6.5) OX) ) = 5 [ X, keR,
(6.9) Pk = 5 [ P [+ B e

Notice that the integral operator O; defined in (6.8) is the same as the operator defined in (5.23) of Ref.

1. Comparing (5.21) of Ref. 1 and (6.7), we see that the kernels in these two integral equations differ

by a minus sign. We also recall that the solution of the singular integral equation of Ref. 1 is given by

Xilk,y) = [Zi(=k,y) — Zi1(0, )]/ [k /H(z)], where Z;(k,y) is the quantity defined in (3.1), whereas the

solution of the integral equation of this paper is given by (3.6). The factor 1/k in the expression for X;(k, y)

used in Ref. 1 was introduced to ensure that X;(k,y) belongs to an appropriate Hardy space, namely to

H” (R) if p < 1/(1 — «). However, this factor, while providing the desired behavior as k — oo, introduced

some complications at & = 0. With the present definition (6.5) is is easy to show that X;(k,y) is continuous

as k — 0in C*+ and X;(k,y) = O(1/k) as k — co in CT, without imposing any stronger condition on Q(z)

than @ € L{(R).

In a similar manner, in the absence of bound states, from (6.4) we obtain

Xp(y) + 1 (ﬁe‘”(')yJXr(ny)) = -1 ([15— j—b] 6_2“')%(',3/)) :

a

which is equivalent to
(6.10) X, (k,y) + (0. X))k, y) = Pr(k,y), keR,
where we have defined

1 e ds 2isy
(0. X)(k) = 5 /_Oo TR Z,OE(—S)e X(s), keER,

(6.11) Po(k,y) = i/_(: S_Zﬁ [z(s) - b(_s)] e~ ] (s, y).
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The solvability of (6.7) and (6.10) is analyzed in the next theorem.

Theorem 6.1 The singular integral equation (6.7) has a unique solution X; € H? (R) for every nonhomo-
geneous term belonging to H? (R) and the solution can be obtained through iteration. Similarly, (6.10) has
a unique solution X, € H? (R) for every nonhomogeneous term belonging to H? (R) and the solution can

be obtained through iteration.

PROOF: The operator O; defined in (6.8) is a strict contraction on H? (R), which is proved in Theorem 7.1
of Ref. 1. Hence, (6.7) is uniquely solvable and its solution can be obtained through iteration. The proof

for (6.10) is given in the same manner. i

Next we will recover H(z) from an appropriate set of scattering data. We will consider the generic and

exceptional cases separately because the scattering data in these two cases are not the same.

Let us first consider the generic case; in this case an appropriate set of scattering data consists of
{p(k),Q(z)}. We proceed as follows. Using the method of Ref. 16, from p(k) we get b(k) and a(k); then
from these we get N, {31, -+ ,y~}, and {¢1,- -+, g} by using the method of Ref. 13. Hence, we have «; and
B; for j=1,---,N. Since Q(z) is known, we also know the zero-energy Jost solutions of (1.5); these Jost
solution are identical to the zero-energy Jost solutions of (1.1). For example, we can get fi(0, ) by using
(5.25) of Ref. 1. Next we obtain Ji(k,y) using (3.4) and (3.5). Note that Ji(k,y) is uniquely constructed
from p(k) because we have already have y;, «;, and g; for j = 1,---, N. From (3.1) and the fact that

H(x) = dy/dz, we have

dy _ dx

Using Ji(k,y) and p(k) in (6.7) we obtain X;(k,y) uniquely. Then using (6.5) we write (6.12) in the form

dy _ dx
(6.13) X0, 0+ Z0.0F ~ R0,

We get H from (6.13) as

(6.14) Hy = f_oo dyé[Xl(an)‘i'Jl(O,y)]z.
Jo oo d/ f1(0, 2)?

7 in the generic case, f;(0,z)? grows like 2% as z — —c0

Note that both integrals in (6.14) converge because!
and Z;(0,y)? grows like y? as y — —oo. Next, using a generalization of the method given in Theorem 5.1 of
Ref. 13, we obtain zq,---,zn. This is done as follows. If N = 1 and y; = 0, then z; = 0. If N = 1 and

y1 # 0, then we can proceed as in the case N > 2. If N > 2, then at least N — 1 of the points y1, -, yn
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must be nonzero. If at least one of these is positive, we can pick the smallest of them, say y,. Then z, is

uniquely determined by

Yr dy e da

6.15 / =H / _—
(019 o 0+ 50 0P -y T
and we recursively determine xp11,---, 2y using

Yp+1 dy Tpt1 dr

S = Hy — .

Yp [X:(0,y) + J1(0, y)] T, fi(0, 2)

Similarly, we can determine x,_i,%p_2, -, ®1. If all y; are nonpositive, then we pick the one with the

smallest absolute value that is nonzero (either yn or yy_1) and find the corresponding #; by using the
appropriate integral of the form (6.15). Having found each z; corresponding to y;, we obtain y(z) by solving
the first order separable ordinary differential equation (6.13) with the initial condition y(x;) = y;. Having

y(z) in each interval (z;,2;41), we get H(z) = dy/dz.

Now let us consider the exceptional case. In this case, we cannot use (6.14) to obtain Hy. In fact, for
the unique recovery of H(x) we need to include Hy in the scattering data; otherwise, we get a one-parameter
family of H(z) corresponding to the set {p(k), Q(x)}. Thus, in the exceptional case, we recover H(z) from

the scattering data {p(k), H4, Q(x)} by the method outlined in the generic case.

Note that one can also recover H(x) from the solution of the singular integral equation (6.10) using the
scattering data {£(k), @(x)} in the generic case or {{(k), @(x), H1} in the exceptional case. One then needs

to solve the analog of (6.12) given by

dy _ dx
(6.16) 7007 R0,

with the initial condition y = 0 when # = 0. Note that from (6.5) we have Z,.(0,y) = X,(0,y)+ J,(0,y), and
fr(0,2) is the zero-energy Jost solution from the right of (1.5) corresponding to @(z). The potential Q(z)

uniquely determines!®18=20 f,(0, ), for example, by

(6.17) fr(0,2) = 1—1—/ dz(x — 2)Q(2) fr(k, 2).
Once we obtain y as a function of « from (6.16), we recover H(x) as
Z,(0, y)*
6.18 H(z)= H_—.
(0,19 () = 0T
Note that in the exceptional case H_ can be expressed in terms of Hy by using (5.29) of Ref. 1, namely
2

1— p(0) (1 + R[O](O))
6.19 H =0
(6.19) FTap0) \T0) )
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where R[O](k) and T[O](k) are the reflection coefficient from the right and the transmission coefficient, respec-
tively, associated with (1.5). Hence, in the exceptional case, one can use H_ in the scattering data instead
of H because of (6.19). Note also that in the exceptional case f;(0,2) and f.(0,z) are linearly dependent

and we havel!”

1+ RI(0)

(6.20) f:(0,2) = —5 0

fi(0, 2).

Let fl[o](k, z) and fio](k, z) denote the Jost solutions of (1.5) from the left and from the right, respectively.

In the generic case we have

(6.21) 70ks2) = k) 000 ) k) [ x 7, (dk "
— 00 7 ) %

—Qik

TV (k)
using the fact that fl[o](O, z) = f1(0,2) and fr (0, z) = fr(0,z), we have

. 22k

7. MARCHENKO INTEGRAL EQUATION

where the Wronskian [fl[o](k, z); fio](k, z)] is equal to

Hence, in the generic case from (6.21), after

In this section we show that the singular equation (6.7), with the use of Fourier transform, can be
transformed into the integral equation (7.7) generalizing the Marchenko integral equation?®1®=20 for the
one-dimensional Schrodinger equation. We establish the unique solvability of (7.7) and describe how its

solution leads to the recovery of H(z).

Using (2.20) and the continuity of p(k) and b(k)/a(k), we see that p+(b/a) € LP(R) for any p € (1, +0o0].

We may then write

(7.1) o) =2 [ de o),

where ¢ € LY{(R) for ¢ € [2,400). The symmetry relation F(—k) = ( ) for k£ € R valid for p, a, and b,

implies that g is real valued. Since b/a belongs to APY, we have b(k)/a(k) = — 3", v,e'*’=, where b, are

bl

different real numbers and 7, are real constants satisfying >~ |ys| < +oo; thus we can write (7.1) in the

form

(7.2) plk) = Z v etkbs 4 /_00 dz %7 ().
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Let us write (7.2) in the concise form

(73) o= [ dutey e

oQ

for a suitable real measure p which is the sum of a discrete measure (with weights 7, at the points b;) and
an absolutely continuous measure (with Radon-Nikodym derivative g). Let F denote the Fourier transform

defined by

(7.4) Fon = 5= [ ke g

— 00

Since X;(-,y) and Pi(-,y) appearing in (6.7) belong to H? (R), their Fourier transforms are supported on

the positive half line; hence, we have

(7.5) Xl(k,y):/ dte_“”hl(t,y), Pl(k,y):/ dte_ikthlo(t,y),
0 0

where hy, hjg € L{(RY) for any ¢ € [2,4+0c0). Furthermore, as seen from (3.16), J;(k,y) consists of a finite
sum of exponential terms; thus we have Ji(k,y) = >, ws (y)e® W) where, in each interval (Yj, Yi+1), ws(y)

is a constant and ¢,(y) is either a constant or an affine function of y. Thus, from (6.9) we obtain

ho(t,y) = =) wiy) ot =2y — (),  t>0.

Now let us take the Fourier transform of both sides of (6.7). We have
(7.6) hi(, ) + (FOLF h)(, y) = o+, ).
Using (7.2) or (7.3) we can write (7.6) as the Marchenko-like integral equation

—(t+2y)
mn)+ [ A =z =t = 20) = hu(t). t20,

oQ

or equivalently

(7.7 ity + > % hl(—t—2y—bs,y)—|—/ ds o(—s —t — 2y) hi(s,y) = hio(t,y), t>0.
{s:bs<—t—2y} 0

We will call (7.7) a Marchenko equation. Note that when N =0, i.e. when V(y) given in (2.3) is well defined

for all y € R, the integral equation (7.7) reduces to

(7.8) ha(t,y) + /OOO dso(—s —t = 2y) hi(s,y) = —o(—t = 2y), >0,
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which is the Marchenko equation*®~2% for the ordinary Schrodinger equation. In a similar manner we can
also obtain a Marchenko integral equation associated with the reflection coefficient £(k), but we will not list

it here. The next theorem shows that (7.7) is uniquely solvable.

Theorem 7.1 Eq. (7.7) has a unique solution in L?(R*) for every nonhomogeneous term belonging to

L?*(R7T), and the solution can be obtained through iteration.

PROOF: The operator (; in (7.6) is a strict contraction on H? (R) as indicated in the proof of Theorem
6.1. Considering L*(R*) and H? (R) as subspaces of L?(R), we see that \/27F, where F is the Fourier
transformation defined in (7.4), is a unitary operator on L*(R) mapping H% (R) onto L?(R7¥). Thus, the
operator FO;F~1 acting from L*(R*) into L2(R*) is a strict contraction. Hence, (7.7) is uniquely solvable

and its solution can be obtained through iteration. |

Let us now discuss the recovery of H(x) from the solution of the Marchenko equation (7.7). Once hi(t, y)
is obtained from (7.7), we can get X;(k,y) from (7.5) and recover H(x) by repeating the procedure described

in Section 6.

Let us also describe another way to recover H(z). This is done in conjunction with the algorithm
described in Section 5, where N, y;, ¢;, are recovered first; recall that these are the parameters associated
with the “hard scatterers.” Next we recover the quantities associated with the “soft scatterers,” namely we
obtain V; ;41 (y). This is done recursively as follows. First we solve (7.7) only for y > yn and get h;(t,y) in

the interval (yn, +00). Because of (3.8) we obtain?!

dhy (0+,
(7.9) Vv ns1(y) = _Q%a yv <y < oo,
(7.10) Z1(0,y) = 1—1—/ dz (z — y) Vv n41(2) Z1(0, 2), ynv <y < +o0.
y

Then, as described in Section 5, we form the new reduced reflection coefficient plN=1(k) defined in (5.11)
and obtain Vi_1 n(y) from the solution of the Marchenko equation corresponding to PN =(k) by using the
analog of (7.9). Continuing in this manner, we then recover V; ;11(y) for j = 0,1,--- N. Then we obtain

Z1(0,y) for y € R\ {y1, -+ ,yn} as follows. From (3.1) we have

Zl(k’yj - 0) = @Z;(/ﬂ,y]’ +0)’

_ Zi(k,y; +0) — 9%k (6] _Y

Zi(k,y; — 0
l( ’y] ) \/@ 21]6'

) Zl(kay] + O)a
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as well as Z;(k,+o0) = 1 and Z](k,+o0) = 0. Hence, Z;(0,y) and Z{(0,y) satisfy the following internal

boundary conditions:

(7.11) Zl(O,yj—O):\/@Zl(O,yj—i—O),
Z1(0,y;, + 0
(7.12) Z,’(O,y]»—O): M-Fl/j Zl(O,y]»—O).

Vi

Thus in each interval (y;, y;4+1), we can uniquely obtain Z;(0,y) from V; ;+1(y) by using
) Yit+1
@13 A0 = 0540 ZOae =0+ A0 -0+ [ G =0V A0.2)
y

Thus, using (7.10), (7.11)-(7.13) we obtain Z;(0,y) for y € R\ {y1, -, y~n}. Once we have 7Z;(0,y), we can

recover H(z) by using the procedure outlined starting with (6.12).

Note that although we assume that there are no bound states associated with (1.1), some of the V; ;11 (y)
may have bound states. In terms of the factorization formula (4.5), this happens when the hard scatterers
F;(k) in (4.5) overcome the bound states from the soft scatterers A; ;11(k), resulting in no bound states
for (1.1); in other words, the poles of ¢; j41(k) in CT are canceled by the terms in Fj;(k), resulting in
no poles in C* for 7(k) appearing in A(k) in (4.2). The recovery of V;;t1(y), even in the presence of
bound states is well understood;?* since each Vj ;11(y) has support contained in a half line, the reflection
coefficient 7; ;41(k) uniquely determines V; ;41(y) without needing the bound state energies and the bound
state norming constants; in fact, both the bound state energies and the norming constants are uniquely

determined by r; j41(k) alone.

We can also obtain H(x) by modifying the procedures described earlier. For example, using the reduced
reflection coefficient from the left £(k), the analog of (7.7) associated with £(k) can be used to obtain V; ;11(y)
starting with the interval (yo,y1) and moving to the interval (y1,y2) and continuing in this manner. One
can also solve the Marchenko equations associated with £(k) and p(k), respectively, simultaneously starting
with the intervals (yo,y1) and (yn, yv41), respectively, and moving to the intervals (y1, y2) and (yv—1, yn),
respectively, and continuing in this manner until all V; ;41(y) are obtained. Then, using (7.11)-(7.13) one

gets Z;(0,y) or Z,(0,y), from which H(x) is obtained using (6.12) or (6.16).

8. EXAMPFPLES

In this section we illustrate the methods described in Sections 5-7 through explicitly solved examples.

In Examples 8.1-8.3 we illustrate the recovery of H(x) using the solution of the Marchenko integral equation
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(7.7). In Example 8.4 we illustrate the method of Section 5 to recover the discontinuities in H'(z)/H (z). In
Example 8.5 we illustrate the alternative procedure described in Section 7 using (5.11). Finally, In Example

8.6 we illustrate the recovery of H(z) in terms of the solutions of the singular integral equations (6.7) and

(6.10).

Example 8.1 Let us demonstrate the Marchenko method of Section 7. As our scattering data, for a given

Q(z) with no bound states and a given H,, let us use

k+ia
k+ 1y

(8.1) plk) = ¢

bl

where ¢, «, and 7 are real constants satisfying —1 < e < 1, v > 0, and v* > a?¢?. It is straightforward but
tedious to show that for y < 0 the denominator in (8.11) and (8.12) is nonzero if and only if (o« 4+ 5)e # 0.
Thus, in this example, we will assume that (o + B)e # 0 and postpone the case (o + f)e = 0 to Example
8.2. Using the method of Ref. 16 we construct 7(k) by solving the Wiener-Hopf factorization problem
r(k)r(—k) = 1 — |p(k)|* for k € R, and we obtain

(8.2) k)= JI— ekt

k+ iy
where we have defined the positive constant
v2 — aZe?
8.3 =4/ —
(8.3) p —

It can be verified that |r(k)|? + |p(k)|> = 1 and that 7(k) has no poles or zeros in CT. Since 7(0) # 0, we

are in the exceptional case. Using the method of Ref. 13, we obtain

1—e¢ 1 €
8.4 N=1 = =0 k)= —, blk)=-—
( ) ) q1 1+€a Y ) a() ma ()

From (3.16) we get

1— Ee—Ziky 0
) < )

(8.5) Nk =4 Viee 7
1, y >0

Thus, from (6.9) we obtain
13
(8.6) Pi(k,y) =3 k+iy
0, y > 0.

(a0 —9)V1—¢? [ezw — eZiky] , oy <0,

Using (8.6) in (7.5) we have

E(a - 7) Y(t+2y)
_de v, L t>0, {4+2y<0,
hlo(tay) = \/1—62 Y

0, t>0, t+2y>0.
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From (8.1) we see that we can write (7.2) as

with

0, t <0,
8.7 t) =
(&7 o) { ela—v)e 7 >0,

and hence g(t) is supported only on ¢ > 0. The Marchenko equation (7.7) has the following form:

(8.8) hi(t,y) =0, t>0, t+2y>0,

—(t+2y)
hi(t,y) +ehi(—t —2y,y) + e(a — ) eV(t+2y) / ds e’ hi(s,y)
(8.9) 0

E(a - 7) Y(t+2y)
_de ), L 40, t+2y<0.
V1—é2 Y

Notice that from (8.8) we obtain X;(k,y) = 0 for y > 0, and hence using (8.1) and (8.5), from (6.13) we

conclude that

_ H_|_ _ ¢ dz
(8.10) H(z) = 0,27 y_H_|_/0 7fl(0,2)2’ x>0,

where fi(0, #) is the zero-energy Jost solution from the left associated with Q(z). We can solve (8.9) exactly

and obtaln

(8% =7")e’" + e(y = B)(a + B)e” Pl+2)
V1= 3[(a+ B)ee=20y 4+ 3 — 4]

(8.11) hi(t,y) = t>0, t4+2y<0,

where § is the constant in (8.3) and the denominator does not vanish. Using (8.11) in (7.5) we get

(8.12)

_(BAk)(B7 = ) ] 4 (8 —ik)e(y — B) (o + B)e” PV [1 — 2V (FHR)]

b= (74 W1 =l + ee 250 49— R
Hence, using (8.5) and (8.12) we find
_ [y—caclat B 498

(8.13) Zi(0,y) = T Feaclat BT —y 1 3 y < 0.
Using (8.13) in (6.12) we obtain

7+ e 20y =8)/8 20y —P)/B ] _ v dz
s e S - | = 1 [ g v<o

_ Hp y—ea e(oz—i—ﬁ)e_wy—l—'y—ﬁz

(8.15) H(x)= 70,27 7 T ea |elat B2 = ’H—ﬁ] , y<o,
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where y in (8.15) is obtained in terms of z from (8.14).

Example 8.2 In this example we consider the same scattering data as that in Example 8.1 but with the
additional condition (« + f)e = 0, where 3 is the constant in (8.3). If € = 0 then p(k) = 0 and 7(k) = 1, and
the Marchenko equation (7.7) gives us hy(t,y) = 0 for ¢ > 0 and y € R; thus, there are no discontinuities in
H(x) or H'(z)/H(z), and we have

Hy

H(z) = 700,22

reR.

If 3= —a but € # 0, then ¥ = 3; in this case we have

p(k):ek_ :7, (k) =1 — €%

k+ iy

In this case, for > 0, (8.10) is still valid. When « < 0, we proceed as follows. In the Marchenko equation
(8.9), putting &« = —y we obtain
(t+2y)

hi(t,y) + e hi(—t — 2y, y) — 2ve eV(t+2y) / dseV® hi(s,y)
(8.16) 0

= Qieﬂ“fzy), t>0, t+2y<0.

The solution of (8.16) is given by

2ey ev(t+2y)
(8.17) hi(t,y) = N TR t>0, t4+2y<0.

Using (6.5), (7.5), (8.5), (8.8), and (8.17) we obtain

14+el—ee®¥
1 V4 =3\ .
(8 8) 1(0,3/) 1—€1+€62’yy’ y<0

Using (8.18) in (6.12) we obtain

1—ec 2/y 2/v /x dz
8.19 - =1 !
(8.19) 1—|—€[y+1—eezw 1—e¢ *Jo fi(0,2)* ten

Hy 14¢/[1—ee? :
2 H(z) =
(8.20) (2) fi(0,2)2 1 —¢ (1 + 6627?/) ’ y <0,

where y in (8.20) is obtained in terms of « from (8.19).

Example 8.3 In this example, we consider the scattering data of Example 8.1 with v2 = a?¢?. When

bt
¥ = +ae, we have 8 = 0, and hence p(k) = ck £ 7 Since p(0) = 41 is not allowed (cf. Theorem 4.2 of Ref.

k+ iy
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1), we cannot have ¥ = 4+ae. Thus, the inverse scattering problem to be solved corresponds to the scattering

data

ek —

k+ iy’

V1— ek
k+ 1y

thus H, cannot be specified arbitrarily in the scattering data and it is determined as in (6.14). In this case,

plk) = Q(z),

when there are no bound states. We have 7(k) = , and hence this corresponds to the generic case;

(8.8) still holds. Putting o = T (8.9), we obtain
€

—(t+2y)
hit,y) +ehi(—t —2y,y) —v(1 +¢) eV(t+2y) / ds e’ hi(s,y)
(8.21) 0

= M(ﬂ(f“y), t>0, t+2y<0.

V1—¢?

The solution of (8.21) is given by

2l

8.22 hi(t,y) = ,
(3:22) (1) = ==

t>0, t+2y<0.

Using (7.5), (8.5), (8.8), and (8.22) we obtain

1—€e—2vy
8.23 Z1(0,y) = ————, < 0.
Using (8.23) in (6.12) we have
(8.24) _(+dy / <0
. x .
1—e— 27y fl 0 z)

Letting #,y — —oo in (8.24), as in (6.14), we get

1+¢
27f dz/fIOz)

(8.25) Hy =

Thus, from (8.24) and (8.25) we find

d—e [y dz/fi(0,2)?
T2y f dz/fIOz)

- 2 de/ 0,2
(8.26) H(z) = B 10, P /(0. z < 0.

Alternatively, by using (6.21) we can write (8.26) as

(1= L0, 2); 220, 2012 [2 . dz/ (0, )
27 fr(0,$)2

This expression agrees with that obtained in (6.51) of Example 6.2 in Ref. 1, but the method used here is

H(z)= , x < 0.

simpler.
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Example 8.4 In this example we describe how to obtain v; defined in (4.4) related to discontinuities in
H'(z)/H(z) using the method outlined in Section 5. Let us use the scattering data of Example 8.1, and
hence p(k) is given by (8.1) and 7(k) is given by (8.2). We proceed as in Example 8.1 till (8.7); we then set
up the Marchenko equation only for y > 0, namely, h;(t,y) = 0, which is given by (8.8). At this point we

can conclude that Vi »(y) = 0 and hence wq » = 0. Using (5.2)-(5.5) we obtain

A, = 26-7) 0, = 2(a—f)
e T e
Thus, from (5.6) we get
(8.27) P Clke)

(1—|—€)\/1—€2.

Hence, H'(x)/H(x) is continuous at = 0 if and only if (o — ) = 0, i.e. if and only if p(k) of (8.1) is a

constant.

Example 8.5 In this example we illustrate the iterative method outlined in Section 7 to recover H(z), based
on the matrix factorization in (4.5). Let us again use the scattering data of Example 8.1. We proceed as

in Example 8.4 and get H(z) given in (8.10) for # > 0, V1 »(y) = 0, and 24 given in (8.27). Thus, we have

A1,2 =TI and
ela—17) ela—7)
Fi(h) = Yaarg Tkt
rVi=e | _de=y) o=y |
k(L +e) k(L +e)

where A; ;11(k) and Fj(k) are the matrices defined in (4.1) and (4.3), respectively. From (4.1) and (4.5) we

obtain Ag 1(k). Note that, in this case, p[o](k) defined in (5.11) and ry 1 (k) corresponding to Vi 1(y) coincide.

We have
ke k_ k(k +iB)
(828) 7“071(]6) = s tO,l(k) = s
(k= k) (k= k) (k= k)(k— k)
where ky and k_ are the constants defined as
__i'y—l—a)z _ de(y —a)
(8.29) be= -5 1+ VI+E], R T

Next, we will solve the Marchenko equation (7.7) for y < 0 with the input of (8.28) and (8.29). In fact, since
there are no discontinuities associated with the reflection coefficient in (8.28), the Marchenko equation (7.7)
reduces to (7.8). Note that the sign of E in (8.29) is the same as the sign of €(y — «). There are three cases

to consider, namely F =0, E < 0, and £ > 0. When £ =0, i.e. when ¢ =0 or & = 7, we have ro1(k) = 0,
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and hence we obtain h;(t,y) = 0 in the Marchenko equation giving Vj 1(y) = 0, because in analogy to (7.9)

we have

, —oo <y < 0.
dy Y

(8.30) Vou(y) =

Thus Y7.01(k,y) = 1, and so H(z) given in (8.10) for all z € R. Next, we consider the case £ < 0. In this

case both k4 and k_ lie in C~, and hence using (8.28) in (7.1) we obtain

0, t <0,
(8.31) o(t) = ik k_ [emik+t _ o=it-t]

i .
P , >0

The solution of the Marchenko equation (7.8) with the integral kernel in (8.31) is given by

0, t > —2y,
Mt = § kyko (3P = P 4 (o)t - e
5 RS R R ’ v
where § is the constant in (8.3). Again using (8.30) we obtain
0, y >0,
(8.32) Voal(y) = B 83%e(B — a)(B + v)e™2PY Y <0

[€(8 =) + (8 +7)e=2v]*

Corresponding to Vj 1(y) in (8.32), we have the zero-energy Jost solution from the right given by

—e(B =)+ (B4 7)
=)+ (T

Using (3.9) we see that for y < 0, Z,(0,y) is given by (8.33). Using (6.16)-(6.18) and (8.33) we obtain

(833) Yr;O,l(Oa y) = Yy < 0.

2 —a)/p 2¢(8—a)/B _ _de

(8.34) YT B—a)+ 8+ * «(B—a)+(B+y)e _H_/o [(0,2)% <
B B ) il M

(8.5) H@ = 5002 =)+ (7 4 ) ] ’ <0

where y in (8.35) is obtained in terms of x from (8.34), and f.(0, ) is the zero-energy Jost solution from
the right associated with @(z). Using (6.19) and (6.20), one can show that (8.34) and (8.35) are identical
to (8.14) and (8.15), respectively. Finally, let us briefly consider the case where the constant E defined in
(8.29) is positive. In this case, k4 is in C~ and k_ is in C*. Thus, V4 1(y) has one bound state. However,
since Vp 1(y) is supported on a half line, its bound state norming constant cannot be chosen arbitrarily and

is determined by rg 1(k) alone.?? Routine computations?! lead us again to H(x) given in (8.14).

Example 8.6 In this example, we demonstrate the recovery of H(z) by the method outlined in Section

6, namely by solving the singular integral equations (6.7) or (6.10). As our scattering data, let us use the
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same scattering data given in Example 8.1 with the same restrictions on the parameters €, a, and 7. First,
using the method of Ref. 13 we get the quantities given in (8.4). When y > 0, we will solve (6.7); for this
using (3.16) we get J;(k,y) = 1 and from (6.9) we have Pi(k,y) = 0. Thus, the solution of (6.7) for y > 0 is
given by X;(k,y) = 0; hence from (6.13) we obtain H(z) for # > 0 given in (8.10). Now let us consider the
situation when y < 0; in this case, it is easier to obtain (k) and solve (6.10). Using the method of Ref. 16
we construct 7(k) given in (8.2) and using £(k) = —p(—k) 7(k)/T(—k), we get

_ k—dak+ip
(8.36) E(k)__gk—i—i'yk—iﬁ'

Using (8.36) in (6.11) we obtain

(8.37) Pk, y) = 2B P gy

= - , < 0.
k—if B+~ Y

Since X, (k,y) is analytic in C~, a contour integration along the boundary of C~ converts (6.10) into the

algebraic equation
2ief 0 — «
k—if g+~

Using (8.37) and the analyticity requirement on X, (k,y) to evaluate X, (—i3,y), we get

X, (k,y) — PV X, (—iB,y) = Pr(k,y), y<O.

(8.38) Xp(hyy) = 20 Poo A y<0.

S k—iB B4y By + (B —a)ey’

From (3.17) we have J.(k,y) = 1 for y < 0. Thus, using (6.5) and (8.38) we get

(B4 e — (B —a)
(B+7)e? +e(B—a)’

Zr(0,y) = y < 0.

Thus using (6.16)-(6.20), we obtain H(z) given in (8.14).
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